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O KOHCTPYKLMN KAHOHUYECKON (hOPMbI
Ha paccnoeHumn penepos

Jlano nmospoOHOE M3JI0KEHHE KOHCTPYKIMH KaHOHWYe-
CKOHl (hOpMBI Ha PacCIOEHHU PENepOB INPOU3BOJIBHOTO IIO-
psiKa Haj rIIakUM MHOrooOpasueM. B wactHocTH, mokasa-
Ha KOPPEKTHOCTH ITOCTPOCHUSI OJTHOTO M30MOp(H3Ma BEK-
TOPHBIX NPOCTPAHCTB, UTPAIONIETO KIIOYEBYIO POJIb B JaH-
HOW KOHCTPYKIMH, a TaKKe OIMHMCAHO JICHCTBHE ATOTO M30-
Mop¢uzMa.

Knrouesste cnosa: rinaakoe MHOTOOOpasue, CTPys, paCCIIOEHHE perie-
POB, KaHOHHYECKast (hopma

BBenenue. Kanonndeckas (opma Ha paccloeHHH peENepoB
HIMPOKO UCIIONIB3YETCs MPH U3ydeHnn nuddepeHInanbsHO-reoMeT-
PUYECKHX CTPYKTYpP Ha TIaJIKUX MHOrooOpasusix (M., Hamp., [2; 3;
5—7]). Tlomxonsl, mpUMEHSEMBIE PA3TUYHBIMA ABTOPAMH [
OIHCaHUS €€ KOHCTPYKIIHH, BECbMa Pa3HOOOpPAa3HbI, B CBSI3U C YeM
BO3HUKAeT HEOOXOJUMOCTb WX COTOCTAaBJIICHUS U BBIPAOOTKH €Iu-
HOTO TojXxoaa. M3mokeHne KOHCTPYKIMH KaHOHUYECKOW (OpMEL,
BEITIOJTHEHHOE B MTOI0OHOM KJTFOYe, — TaKOBa HaIlla Ieb. B cBsI3u
C 3TUM 0co00e BHHMaHHWE YJENIeTCS BOCCTAHOBIEHHIO TEXHHYE-

Hocmynuna 6 peoakyuro 14.05.2023 2.
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CKUX JeTajield, MpOMyIIeHHBIX B BHIIIEyKa3aHHBIX paborax. B
YaCTHOCTH, KITFOUEBYIO POJIb B KOHCTPYKIIMHA KaHOHUYECKO# ¢op-
MBI Hrpaet n3oMoppusM Pg (cM. 1. 2), ¥ TaHHAS CTAThI B OCHOB-
HOM IIOCBSIIIIEHA TIPOBEPKE KOPPEKTHOCTH TOCTPOCHUS ITOTO H30-
Mop}H3Ma, a TaK)Ke OIUCAHUIO €T0 ACHCTBHS.

Ha nporspkenun Bcelt paboOThl MHIEKCHl TPUHUMAIOT CIIEIYIO-
Vi€ 3HAYCHHS:

iﬂj} k! l! mljl}jZl = L_n-

1. Pacciioennsi penepoB BbICHIMX MOPSIAKOB. B 5TOM myHKTE
M3JIararoTcs HEOOXOMUMBIC MpeNBapUTENbHbIC CBENCHHS. Tepmu-
HOJIOTHS U 0003HaueHus B3aThl u3 [3] u [7]. [lycte M — n-mepHOe
rragkoe MHOToobOpasue. Pemep mopsinka p (p-periep) 6 Ha M B TOU-
Ke X € M — 310 p-CTpys jg f Bcskoro nuddeomopduzma f okpecT-
Hocteil Touek 0 € R™ u x € M, takoro, uto x = f(0). B cBoto
ouepenb, oToOpaxkeHue f sIBIsieTCS MpelcTaBuTeneM pemnepa 6. Ha
mHoxectBe HP (M) Bcex p-periepoB Ha M MMeEET MECTO MPOEKITHSI
m,: HP(M) —» M, j¥f » £(0). JlokanbHEIME KOOPAMHATAMH JIAH-
HOTO p-pernepa orHocutenbHo kaptel (U,xY) wa M, rae x': U —
R™ — koopauHaTHBIe (YHKIMH, CUYUTAIOTCS 3HAYCHHS B TOUYKE
0 € R™ 4aCTHBIX MPOU3BOJHBIX 10 p-TO MOPSIKA BKIFOYHTEIHHO
or dynkimii x'o f, 3a7A0mMKUX KOOPAMHATHOE MPEICTABICHHE
otobpaxenus: f B nmaHHOW kapre. TakuMm oOpasoM, Kaxmaas Jo-
xanpHas kapta (U,x") ma M ompenenser Ha MHOxecTBe HP (M)
JOKAIBHYIO KapTy ¢ 00:1acTbio 7, ' (U) # KOOpAMHATHBIMA (yHK-
TUSMH

i i i i
(X5 X510 X o e Xy )

3aJIaHHBIMH Ha T, 1(U) no npasuny

x'(0) = x! (np(G)),
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x A 9%(x' o f)
Pgy=—— 22 i gy=— 1J
le(H) - oth ‘0' leJz(e) otiitiz O’ Y

. 9P (xt o f)

L _ . . .
%o O = 5000 o0k . lshsjsmsp=n

rae (t1,t2,...,t") — cramgapTHEIe KOoOpAMHATH Ha R™. Y106HO,
OJIHAKO, Pa3pelIuTh JHOOYIO NEPECTAHOBKY HHAECKCOB J1, jo, ... 1jp»
YTO C YUETOM PaBEHCTBA CMENIAHHBIX YACTHBIX MPOU3BOIHBIX MPH-

BOAUT K CUMMCTPUH KOOPAUHAT IO BCEM HMXKHHUM

x;ﬂ'z" o ’xfljz -Jp
uHaekcaM. [locTpoeHHble TaKUM 00pa3oM KapThl HAJENAIOT MHO-
xectBo HP (M) Bcex p-perepoB Ha M CTPYyKTypOW TIIaJKOTO JiO-
KaJIbHO TPUBUAJIBLHOTO PACCIOCHUS C KAHOHUYECKON MPOEKIINEH 1T,

u 6azoii M, npuuem
dim HP (M) = nCyy,.

Eciu B xauectBe M B3aTH R™ CO cTaHIapTHBIME KOOPIHHATA-
MH, TO BBIIICONUCAHHAS KOHCTPYKIHMS MPHUBOIAUT K TIIOOATbHON
kapre Ha HP (R™). CooTBeTCTBYIOMIMIT HAOOP KOOPIUHATHBIX (DyHK-
Ui 0003HAYUM Uepes3

i i
WU Wy e Wy )

[TycTh D,f — muddepeHnuansHas rpymmna Iopsaka p, T €CTh
rpynma JIu, oOpa3oBaHHasi BCEBO3MOXHBIMH p-periepamMu Ha R™ B
touke 0 € R™ OTHOCHUTEIBHO KOMIIO3ULIUH p-CTPYH. 3aMETUM, YTO
D,zl’ C HP(R™), nmpuuem sz BhIIENAETCA ypaBHeHHAMH Ul = 0,
i=1n. Torma mua D! rnoGambHO 3amaHBl KOOPIMHATHI
(u},u}k, ...,u}l oo jp)' Enmanna rpynmsl DE onpenmensercs xak
e= jé’ (idgn), a oOpaTHBIt 351eMeHT K § = jé’ S — Kak p-cTpys 00-
parsoro orobpakenns: &t = j¥(s™!). Ha HP(M) ompeneneno
TpaBoe JieiicTBHe TPyTTBl DY 10 3aK0HY KOMTIO3HIIMH CTpYii:

Re:0 008 =0,0€HP(M), & €Dy,
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JanHoe neiictBue sBisieTcsi CBOOOIHBIM U TPAH3UTHUBHBIM Ha
cnosix pacciaoenust HP (M).

B kagecTBe npumepa puBeAEeM KOOPIUHATHOE IPEACTaBICHHUE
JTAHHOTO JEUCTBUS IpU p = 3:

Sl ook ~L a0, m i P4
x-—xkuj,xjk—xmujk+quu.uk,

S . A , (1)
Xijr = XmUji + 3x1‘9qufjku?) + x,‘oqru}’uZuf
rne (x, X}, Xjx, Xjk)> (X5 &, Xjjeo Xjr)» (W), Wjg, Ujyy) — KOOP-
JMHATHI pertepoB 6, 6 u cTpyn & COOTBETCTBEHHO.

Takum o6pasom, HP (M) HajeneHo CTPYKTYpPOii TIIaBHOTO pac-
cioeHus ¢ 6a3o0il M, CTpyKTypHOH Tpymnmnoin D,ZZ A KaHOHUYECKOU
npoekuuei P: HP (M) —» M.

Tak Kak KaAbli p-penep OmpenessieT MOoCIeA0BaTeIbHOCTD
penepoB BCEX HU3IINX MOPSAAKOB, TO IS TIOOBIX p U ¢, TAKHUX, YTO
p > q, onpeneneH roMoMOopGH3M INIaBHBIX PACCIOCHUI

mh: HP (M) - HI(M), j§ f = jgf .

Bceskoe rimagkoe orobpaxkenue ¢: M; = M, rimaakux MHOT000-
pasmiit M; u M, mopoxxaaeT roMmoMop(hH3M pacCIOCHUN PeTriepoB

@P:HP(My) - HP(My), j§f » jd (@ o f),

Ha3bIBaEMBIl p-bIM NPOJIOJDKEHHEM OToOpakeHus ¢. Ecim ¢ —
aupdeomopdusm, To P — n30MopPuU3M IIIABHBIX PACCIOCHHIA.

I'naBHoe paccioenne HP (R™) mszomopdro R™ X D, to ects
ABJISETCS TPUBUAJIBHBIM. B camoM nene, Grmarofapst HaIMYHUIO TII0-
0aJIbHOTO CEeUEHUS

oP:R™ - HP(R™), u » j¥(t,),

rae t,: R" - R™ — Tpancisauums Ha aneMeHT u € R, cymectByer
H30MOp(H3M TIaBHBIX paccrioenuit R™ X DE na HP (R™), 3amaBa-
eMblii 1o hopmyIe

(w,&) »oP(uw)o & u€eR &€ DL
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Torma kacatensHoe npocTpancTso T, HP (M) npeacraBiseTcs B
BUJIE MPSIMOI CyMMBI

T,HP (M) = Ty(im o?) @ T, Dy,

npuuem Ty (im oP) otoxaectisiercst ¢ ToR™ = R™ nocpenctBom
usomopdusma doyo?, a T,DE — ¢ anre6poii JIu g!, rpymmsr Jlu DE.
Takum o6pazom,

T,HP(M) = R" @ o, @)

2. Kanonnueckas ¢popma. Cornacuo [7], xanonuuecxas ¢ghop-
Mma O Ha paccnoenun HP1(M) — s10 BekTopHO3HAUHAs mudde-
pennuansHas 1-popma

©: T(HP*1(M)) » R" @ g,

onpesiensemas cienyromuM obpasom. Iycts X € To(HPYL(M)),

rae 6 = jP* @ € HP*1(M), nonoxum 6 = 7'[5“(9) U 3aMETHM,
4TO dnpp T e Ty (HP(M)). anee paccmorpum auddepenmman

npoaosmkeHust P otobpaxenust ¢ B Touke e € HP (R™):
g = do@P: T,HP (M) - To(HP (M)). (3)

3aMeTHM, YTO TIOCKOJIBbKY (9 — JOKaNbHBIH auddeomopduzm, Py
SBJISAETCS H30MOP(PHU3MOM BEKTOPHBIX IPOCTPAHCTB, a IOTOMY
ompesieseHo 00paTHOe 0TOOpakeHNE

D5t: To(HP(M)) > T,HP (M) = R™ @ gb,.
Torpa monararoT
0(x) = o5 (dnh ™ (0). (4)

WNupiMu cioBamu, kKaHOHMYECKass opMa TakoBa, YTO €€ CyKEHHE

Ha Ty (Hp“(M)) npejcTaBIsIeT co00l KOMITO3UIKIO au(hepeH-
. +1
[[ajia KAHOHHYECKOM MPOESKIINU npp

Pyt

W JIMHEHHOTO OTO6pa)KeHI/I$I
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B cBs3u ¢ maHHOW KOHCTpPYKIMEW BO3HHMKAET BOMNPOC O KOp-
PEKTHOCTH TOCTpoeHus: nzomoppuzma Py: mouemy Py 3aBuCHT
JHIIB OT penepa 6, HO He OT MPEACTABISIOLIETO ero 0TOOpaKeHUs
@? OOCYXICHUIO 3TOrO0 BONPOCA Mbl IOCBSITHM AaJbHEHIIYIO
4acTb CTaTbH.

[Ipexxne Bcero 3ameTuM, 4TO BBUAY paszioxkeHus (2) orobpa-
xeHne Py BIOIHE ONpeeseTCs] CBOUMHU CYXEHUSIMH Ha KaxXa0e
U3 MpAMBIX ciaraeMbix R™ u gb mo oTmemsHOCTH. DTH CysKeHHS
MBI PaCCMOTPUM B HIDKECJIEAYIOIUX MTyHKTAX.

3. Cy:xenue @y Ha R™. Cyxenne @g|pn nuzomopdpusma Oy Ha
HepBOE CllaraeMoe MpsMOit CyMMBI (2) TMOTHOCTBIO OMPEICTSIeTCs
HabOpPOM BEKTOPOB

Xi(0) = deo? (5] ) =T,
rae
2 = dgo” (o= 0) € T,(im o?) c T,(HP (R™)).

Toraa B cuiy nenHoro npaeuia i auddepeHimana uMeem

X;(0) = (de” o doo™) (37| ) = do(e? ° ?) (5] )

3amerum, uto QP o gP ecth cyxenue @P|gn otobpaxkenus @P
Ha R™, npuuem mist mo6oro u € R™, nexaiero B 007acTu omnpe-
JITIEHUS] OTOOPaXKEHHUS (P, UMEEM

(@Plrm) (W) = @P(a? W) = ¢P(j§ (tu)) = Jj§ (¢ ° tu.).

Urak,
a
X,(9) = do(9” ) (3] ) 5)
rae @P |gn AefcTBYET MO MPaBUITY

PP lgn: u P jE (@ o t). (6)

10
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Jlemma 1. Bekropsr X;(6) 0mIHO3HAYHO OMPENENSIOTCS perie-
pPOM 6, TO eCTb He 3aBHCST OT BHIOOpA €r0 NPEICTABUTEINS (.

Hoxaszamenbcmseo. PaccMOTpUM JIOKaJIbHYIO KapTy ¢ KOOpAHU-
Hartamu x':U — R B okpectHocTH U Toukn x, = (). O6o3Ha-
9HM 4epes

—0 —i —I —i
(X Xjkes oo Xy jpn)

JIOKQJIbHBIC KOOPAMHATHI pernepa @ OTHOCUTEIIBHO TaHHOW KapThl:

j o =i ; —i ;

X = (pl(O)J xj = ](pl(o): ey lejz---jp+1 = ajljz...jp+1(pl(0)r (7)
rae @' = x' o @, npuuem 0; — cumBoI U PepeHIMPOBAHUS TI0 t/,
0j,j,..jc = 0j,0;, ...0;_ (s = 2). Torna orobpaxenue @P|gn umeer
crenyromiee KOOpANHATHOE NPE/ICTaBICHHE B JIOKATBHON KapTe Ha
HP (M) (cm. 1. 1):

i — i(tk) i _ i(+k
xt= @' (t), %, o = Ojpe® (E), 1S @ <p. (8)

B cuny (8) BekTopsl X; (0) UMEIOT ClIEAYIOIIEE BRIPAKCHHIE:

P
dp | 9 9(0: . o p
AR 0 MXr.jalg
C yuerom (7) nony4nm
A I N (IR A
Xi(0) = x; 6xk|g + Xij oxk , oot Xijy gy 0%, jy..sp e’ ®

OTKyZa BUJHO, YTO JTaHHbIE BEKTOPHI 3aBUCST JIMIIbL OT pemnepa 0.
JlemMma mokaszaHa.
3ameuanue 1. B yactHocTH, nipu p = 3 umeem:

—k 0
+ X%
Jjl k

oxj 0

)

—k 0 —k 0
XL(H) = X m|6 +xl-ja—x}{ .

rae 6 € H3(M).

11
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3ameuanue 2. Penep @ € HY(M) 1-ro nopsaka onpesenser
n3oMopdu3M BeKTOpHBIX mpocTpancTB R™ — T, M, 3amaBaemblii
6azucom {X;(6)};_17-

3ameuanue 3. Ecmu p >q > 1, 6 € HP(M), 0’ = né’(@), TO
dng (X;(6)) = X;(8"), 10 ectb Bektop X;(6) mpoektupyercs B

TouHOoCTH Ha BekTop X;(0") mus moboro i = 1,n.

4. Cy:xxenne ®gy Ha gfl. Cyxenne <I>9|gp n3omopdusma Py Ha

BTOpOE CllaraeMoe MpsiMOH CyMMBI (2) TOJHOCTBIO OIpEIeNseTcs
BEKTOpaMH BHJa

X(v,0) = (dep?) (W), (10)
rae
v €gh =T,D} < T,(HP(R™), X(v,6) € To(HP(M).

O6o3nayenne B neBoit uvactu (10) ompaBmaHo cienyromieit
JIEMMOI1.

Jlemma 2. Bektop X(v,0) onHO3HA4YHO OmpeAensercs BbIOO-
poM BekTOpa v € gb u pemepa @, To ecTh He 3aBHCHT HM OT perepa
6, HU OT BBIOOPA €r0 MPEACTABUTEINS .

Ilokazamenvcmeo. 3aMeTuM, 4T0 0TOOpaXkeHne QP mepecraHo-
BOYHO c jieficTBueM rpymmsl DY wa HP (R™) u ma HP (M) npaBsiMu
CIBUTaMHU:

QP(u-&) = @P(u)-§ ue€HP(RM), ¢ €Dy,
B camom nene, mycTh 4 = jé’ b, &= jé’ s, TOr/Aa
PP =L (pobos)=F(pob) jis= 9P .
[ToaToMy cyxenue nzomopdusma @P Ha rpymiy Dfl’ (a 3HAUwMT,
u auddepeHran JaHHOTO Cy>KEHHS B €IMHUIIE €) He 3aBUCHUT OT
@, a onpezenseTcs TUIIb AeiicTBHEM Tpymmsl DY Ha cioe paccio-
enust HP (M) — M, npoxopsiieM uepe3 Touky 0 = ¢P (e):

PP(§) = gP(e°8) = pP(e)-§ =06,

12
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1, TaKUM 00pa3om,
@P|,p: Df > HP(M), £ 6 - &.
n

Torna u3 ompenenenus nuddepeHnnana BbITEKAeT, YTO €CIU
y:R — D? — npowussonbrklii myTh Ha D ¢ KacaTenbHBIM BEKTO-
pomvaoput = 0, T0

d

X(v,0) = de (9P 1,p) ) = 2| (8-7)(®), (11)

dtlg

MIpUIeM, KaK U3BECTHO, OT BEIOOpA MyTH Y 3HaueHHEe muddepeHim-
aya oToOpakeHHs He 3aBUCHUT. TakuM oOpa3om, mpaas yacth (11),
a 3HAa4YUT, U BEKTOp X (v, Q) 3aBUCAT Juib oT 6 u v. JlemMa noka-
3aHa.

3ameuanue 4. Bekroper X (v, Q) B Kax10il Touke 6 € HP (M)
00pasyroT 0asuc BepTHKaIbHOrO nonpocrpanctsa Vg € To HP (M),

TO €CTh MOJANPOCTPAHCTBA, KACATENBHOTO K CJIOK Ty, 1(x) paccno-
enust HP (M), rne x = m,,(0).

3ameuanue 5. U3 dopmyner (9) ciemyer, 4To AN KaXIOTO
duxcuposanHoro v € gh Bexroproe mone XP (v) ma HP (M), 06-
pa3oBaHHOE BEKTOpamMHu X (v, Q), B TOYHOCTH COBIIAmacT ¢ ¢GyHma-
MEHTAJIBHBIM BEKTOPHBIM TosieM Ha HP(M). COOTBETCTBYIOIIHM
aneMeHTy V. OTMETHM, 4TO (yHAaMEHTAJIbHBIE BEKTOPHBIE IOJI
oTIpeieIeHbI Ha JTF00OM IJTaBHOM paccioeHn# [4, c. 57].

Kaxp1ii SIeMeHT v € gh MOoKeT OBITh €IMHCTBEHHBIM 06pa-
30M MPEJCTaBJICH B BUJIE

— ,ia) i AJk i oajkl i Ji-Jp

Jijs _ __ 0
9;1" = m (1 £ s < p) — BEeKTOPHI HaTYpaNBHOTO 0a3u-
1-Js'e

ca anre6psi JIu gh = T, D} oTHOCHTENBbHO CTAHAAPTHBIX KOOP/MHAT
p i i
Ha Dy (cM. 11. 2), a Ha KOOPAMHATHL Vjy, ... , Vj, Jp

Tpe6OBaHI/Ie CUMMCTPHUYHOCTH 110 BCEM HMXKHUM MHACKCAM.

TIe

HaKJIaJabIBaACTCsL
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Jlns mpuMepa BHIBENEM BhIpakeHHe (YHIAMEHTANLHOIO BeK-
TopHOTO Mo X3 (V) B NOKAIBHBIX KOOPAMHATAX HA PACCIOCHHH
H3(M), rae

v = v}a{' + v}ka{'" + v}kla{'"l. (12)

Vpasuenuss mytd y:R — D3 ¢ kacaremsubiM BekTopom (10)
MOJKHO TIPEJICTABUTH B BUTIE

ui(t) = 6 +vjt + o(t), up(t) = vjt + o(t),
u]lkl(t) = vjiklt + O(t),

rae o(t) — wieHbl MopsiaKa MajJoCTH OOJIbIe eAUHUIbI ipu t — 0.
[oncrasnsist manHbIe ypaBHeHu B (1), morydanm

x(6) = xf + )t + 0(D),
x5 () = xf + E (Ot + 0(8),
fj-ikl(t) = x}kl + E]‘:kl(x)t +o(t),
rac
10 = xfvf, € (0) = xby vl + 2x), v,

f]l:kl(x) = x,"nvﬁ(ll + 3x,in(lv},'§) + 3x,"n(jkvgl.

(13)

Takum 00pa3om, B qaHHOM ciiydae popmyna (11) gaer cieny-
1olee BeIpaskenue s X 3 (v):

3 _ zi 0 i o i _9_
X*(v) = fj(x) 6xji. + f]k(x) ale',k + f]kz(x) ax]i'kl’

rae K03hHUITHEeHTHI E]‘:(x), E]‘:k (x), E}kl (x) BeIpaxkaroTcs mo ¢op-
mynam (13).

Bakiawuenue. [Tockonbky cyxenus Pglpn u (Dglgp HA30MOp-
n

¢uzma @y BMECTE TOTHOCTHIO OTMPEACISIOT JaHHBIH HU30MOP(H3M,
n3 neMM 1 1 2 BeITEKaeT

14



A.B. Kynewios

Teopema. Hzomopgusm @g BeKMOPHLIX NPOCMPAHCIE
T.HP(R™) u ToHP (M) onpeoenen ¢popmynoii (3) koppexmmno, mo
ecmby 3a8ucum auuw om penepa 8 u ne sasucum om vlbopa npeo-
cmasumens @ 0anHO20 penepa.

3ameuanue 6. Mzomoppuzm Py, ompenenseMblii pernepom
6 € HP*1(M), nanenser kacaTelbHOE NPOCTPAHCTBO Ty (H P(M ))
0a31coM, COCTOSIIIIUM U3 BEKTOPOB

Xi(e)r XL]' Xijkl ey X:il"'jp'

4

rae
Xijl...js = XP (aih---js’g) = @, (aih---js), 1<s<p.

3ameuanue 7. JIuneiinas oGonouka Ly Bextopos X;(0),i = 1,n,
SIBIISIETCS N-MEPHBIM TIOAIPOCTPAHCTBOM B Ty (Hp (M)), TOPU30H-
TaJlbHBIM OTHOCHTEJILHO TIPOEKIIMH Ty, U OJIHO3HAYHO ONpEIENseT-
cs1 perriepoM 6. OTMETHM, YTO aHAIOTHMYHBIMU CBOWCTBaMH 00a-
JIA0T R-TUTOCKOCTH HA PACCIOCHUSX Kk-/PKETOB CEUCHHH JIOKABLHO
TPUBHAJIBHBIX paccioenuii [1, c. 104].

OOCyXIeHUI0 BOMPOCa O TOM, KaK BBIBECTH KOOPIUHATHOE
MPEeCTaBICHUE T CKAIAPHBIX KOMIOHEHT (OpMbI O, mosyyae-
MBIX TIPH €€ Pa3I0XKEeHUH 10 CTAHJAPTHOM 0a3uCy MPOCTPAHCTBA
R™ @ g, MBI 1aHUpyeM MOCBATUTH OTAETBHYIO CTATHIO.
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On construction of the canonical form on the frame bundle
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The detailed description of the construction of the canonical form on
the higher order frame bundle over an n-dimensional smooth manifold is
given. In particular, it is shown that some vector space isomorphism play-
ing the key role in this construction is defined correctly, i.e. it depends
only on the frame of order p + 1 and does not depend on the choice of its
representative, i. e. a local diffeomorphism which (p + 1)-jet is exactly this
frame. This isomorphism acts from the direct sum of n-dimensional
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arithmetic space and the Lie algebra of the p-th order differential group to
the tangent space to the p-th order frame bundle over the manifold at the
p-th order frame lying “below”. The action of this isomorphism can be
splitted into two its restrictions. The first one acts from the first direct
summand, and the second one acts from the second direct summand. It is
shown that the first restriction depends only on the choice of the (p + 1)-fra-
me, while the second one is closely related to fundamental vector fields
and therefore does not depend of this frame at all.

Keywords: smooth manifold, jet, frame bundle, canonical form
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AdchmHHbIE Npeobpa3oBaHnsA KacaTeNbHOro paccroeHms
obLiero npocTpaHcTBa NyTen

HUccneayrorcss MHQUHATE3UMANIBHBIE MTPE0Opa3oBaHUsL
KacaTeJIbHOI0 pacclioeHust OOIIero IMpocTpaHCTBa ITyTei.
OO1ee POCTPAHCTBO MyTeH sBIsETCS 000OIIEHHUEM TIPO-
cTpaHcTBa adGUHHON cBI3HOCTH. [10 apUHHON CBI3HOCTH
o0IIero mpocTpaHcTBa MyTed mocTpoeHa adduHHAST CBS3-
HOCTh Ha KacaTelbHOM paccioeHuu. s WHQHHATE3U-
MaJIbHOTO MPeo0pa3oBaHMs KACATEIbHOTO PACCIOCHHUS CO-
CTaBJIeHA CUCTEMa YPaBHEHHH MHBAPUAHTHOCTH MMOCTPOCH-
HOW aPHUHHON CBSI3HOCTH. DTa CHCTEMa SBJSICTCS CHUCTE-
Moii udepeHIaIbHbIX YpaBHEHHH BTOPOTO TMOPSIKA OT-
HOCHTEJFHO KOMIIOHEHTOB HMH(HHUTE3UMAIBLHOTO IMpeod-
paszoBanus. OCHOBHBIC Pe3yJIbTAThI CTATHU IOJYYCHBI IO-
CPE/ICTBOM aHaJTM3a 3TOI CHCTEMBI C Y4E€TOM CBOWCTB OJTHO-
pomubIXx yHkIwid. [Toka3ano, 4To MONHBINA JTUGT HHOUHU-
TE3UMAITLHOTO Tpeo0pa3oBaHus 0a3bl ABISACTCS MHPHHUTE-
3UMaJbHEIM apUHHBIM ABIKCHHEM KacaTeIbHOTO Pacciio-
SHHsI TOTJIa ¥ TOJBKO TOTJA, KOTNa WHOUHHUTE3UMAILHOES
mpeobpa3oBaHue 0a3bl sBIsACTCA aQPUHHBIM IBIDKEHHEM B
obmeM mpocTpaHcTBe myTei. HaiimeHsl HeoOXOoauMble U
JIOCTATOYHBIC YCIIOBHS TOTO, YTO HHOUHUTEIUMAILHOE TIPe-
0o0pa3oBaHHe KacaTelIbHOIO pPAacClIOCHUs, TOPOKACHHOE
BEPTHKAJIbHBIM BEKTOPHBIM MOJIEM, OCTABJISIET MHBapUAHT-
HOW a(PUHHYIO CBSI3HOCTh KacaTelIbHOTO pacciocHus. [1pu-
BOJIATCS YCJIOBUS, KOTOPBIC SIBJITFOTCS TAKXKE HEOOXOIMMBI-

Hocmynuna 6 peoakyuro 16.04.2023 2.
© Hukutun H. 1., Hukutunaa O.T°., 2023
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MU U JOCTaTOYHBIMH, YTOOBI COXpaHSIONIee CI0W HHO)UHH-
Te3UMabHOE MpeoOpa3oBaHUe KacaTeIbHOTO PACCIOCHUS C
apGUHHOI CBA3HOCTHIO ABISUIOCH aPUHHBIM JIBHKCHUEM.

Knroueswie cnosa: xacatenbHOe pacciioeHue, o01iee MPOCTPAHCTBO My-
Teit, npousBoaHas Jlu, nnduHUTe3UMaTbHOE ahHUHHOE Ipeodpa3oBaHue

[ycte M — n-mepHoe auddepeHnEpyeMoe MHOrooOpasue,
T(M) — ero kacarenbHoe paccinoenue, m: T(M) - M — KaHOHH-
YyecKasi IpOeKLusl.

O6mee npoctpanctBo myteit [1] ects mapa (M, H), tne H —
QG hepeHITnaIbHO-TeOMETPUIECKI 00bEKT, 3aJJaHHBII Ha Kaca-
TeNbHOM paccioenuu. I1yctsb (xi), rae i = 1,n, — cucTtema Koop-
nuHaT okpectHoctH U € M. B okpectnoctu U = w1 (U) otnoCcH-
TEJIbHO WHIYUWPOBAaHHBIX KOOPJIWHAT (xi,xn+j ), rae i,j = H,

06bexT H umeer kommonentst H: (x1, ..., x™, x™*1, ..., x?™), onHo-
POIHBIE BTOPOH CTENEHH OTHOCUTEIBLHO CIIOEBBIX KOOPIUHAT
M+l ,2n

- )

BekropHoe mnone X € F(U) sBnsiercss MHQUHUTE3UMATBHBIM
adhpuHEBIM TpeobpazoBaHWEeM B OOIIEM MPOCTPAHCTBE MyTEH TO-
IZla ¥ TOJIBKO TOTJa, KOTAa

Lycli} = 0. (1)

Lyc — o6o3HaueHne npou3BoaAHOM JIn B1OIE NOIHOTO MU(Ta BEK-
1 9%*HM

2 oxntigxntj
cBsA3HOCTH [/ o0Iiero mpocTtpaHcTBa myTteil. Yciosue (1) paBHO-
cutbHO yenosuio LycHM = 0.

B [3] mo addunHO# cBs3HOCTH [ 00IIET0 MIPOCTPAHCTBA Iy TEH
ctpoutcs apduHHAA cBA3HOCTh I'C Ha KacaTenbHOM PacCIOeHHH
T(M). Ecnu 6a3a xacaTeabpHOTO PACCIOCHUS — IPOCTPAHCTBO ad-
¢unnO# cBazHocTH (M, V), TO I'C = V¢,

Addunnas cesasHocts I'C HaswBaeTcs nonuviv augpmom ag-
@unnoti ceaznocmu I 00IETO MPOCTPAHCTBA My TEH.

TopHOTO oISt X [2], Fi? = — KOMIIOHEHTHI adHUHHOM
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B nokanbHBIX KOOpIUHATAX (x‘,xn+] ) OKPECTHOCTHU U 06bekT
I'C uMeeT KOMIIOHEHTHI

Fh = I—;;l’ Fn+l] FTL+] Fn+ln+] 0 Fn+h = x"g, rl;l’
LN =00, =0 L =0 (Liho=Tn). (2
B (2)
6—6 rf g r? = rPxnth =1
[ axa'+ a n+p o Uﬁx (p’ﬁ - ’n)'

3anuiueM ypaBHEHUsI MH()UHUTE3UMAIBHOTO ad(UHHOTO Ipe-
obpazoBanus X = &4(xt, ...,xzn)a—A KacaTelbHOI0 paccilOoeHus
X

T(M) co cs3HOCTBIO ['C:
0pc €4 — 0p&A Ty + 08P It +
+0.EP T4y + EPay T4 =0 (A,B,C,D = 1,2n). 3)

Jlns mabUHATE3NMATBHBIX adUHHBIX Mpeodpa3oBaHUi Kaca-
TENBHOrO paccroeHus ¢ adpguuuoil cBazHOCTRIO I'C cremyromue
YTBEPXKACHUS.

Teopema 1. Ionuwiii augpm X¢ eexmoprozo nona X oxpecmmo-
cmu U mHozo00pazusi M sgnsemcst ungpunumesumanvvim agpghun-
HbIM npeobpazosanuem kacamenvnoz2o paccioenus T(M) c agh-
¢unnoti ceasnocmoio I' C mozoa u monvko mozda, ko20a X seis-
emcsi UHQUHUMESUMATIbHBIM Ah)uHHbBIM Npeodpazosanuem obuye-
20 NPOCMPANCEa nymet.

loxazamenvcmeso. Ilyctb

. d ;
¢ — El(xl’ m’xn)W + xn+aaaf‘(x1, m’xn)

axn+i

— TOJIHBIA JTU(T BEKTOPHOTO OIS
i(.1 n a : 1
X=f(x,...,x )W (l,O'=1,n);

3aJJaHHOT0 Ha MHOroo0Opasuu M, sBisieTcs MH(PUHUTE3UMATbHBIM
adduHHEBEIM TIpeoOpazoBanneM B mpoctpanctee (T(M),I'¢). U3
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muddepeHnnansHpIX ypapaenuii (3) mpu 4, B, C = 1,7 nomy4um,
4TO LXCFi? = 0. 3nauur, X sBisgercs MHPUHUTE3UMAIBHBIM ad-
(bUHHBIM TIpeoOpa3oBaHUeM B MPOCTpaHCTBe myTei. [IycTh Tenephb
BEKTOpHOEe moyie X sBisieTcss MHOUHUTE3UMAIBHBIM ad(UHHBIM
npeoOpa3oBaHueM B IpocTpaHcTBe myTteid. Torma B cury (1) He-
TPY/IHO TIOKa3aTh, uTo Lycle = 0, rae [l — KoMIOHeHTH 06bek-
ta cssHocTH I'¢. CrnenoBarensHo, X spnsercs ahduHHBIM Ipeod-
pazosanmem B ipoctpanctse (T (M), I'). Teopema nokasaHa.

BekTtopHoe nojie X kacaTebHOro paccnoenus T(M) Ha3bIBaeT-
Cs1 BEpTUKAIBHEBIM [4], ecu it mr000# auddeperiupyemoit GyHK-
iy f Ha MHOrooGpasuu M Bemonusercs yciosue X (fV) = 0, rue
fV — BepruxanbHblil TuGT QyHKIMM f, 3a0aHHON Ha M, B Kaca-
TENIBHOE paccioeHue. B JOoKalbHBIX KOOpIHHATaX (xi,x"+j ) OK-
pectroctu U

0

axn+r

Teopema 2. Bepmuxanvroe sexmoproe none X na T(M) sens-
emcs UHQUHUMESUMATbHBIM AQOUHHBIM Npeobpa3osanuem 8 npo-
cmpancmee (T(M),I'®) moz0a u moavko mozoa, ko20a 6vinonus-
I0MCAL YCOBUSL:

a) X = DV + Y*C, 20e DV — sepmuxanvuviii mugpm ungpunu-
Me3UMATbHO20 apdunHo20 npeobpazosansl

X — En+i(x1' ___’xZn)

0
D = D%(x1, ..., x")—
( 0x¢%

6 obujem npocmpancmee nymetl,

0

VXC = Cl?(xl, ...,x”)x”+BW

— BEPMUKATILHO-6EKMOPHOE NOOHAMUe apgunopa C[? (1, ..., x™),

3a0annozo nHa b6aze M [5];
b) DF Ijjg = 0, Ijjp Vs DP2™* = 0;

21



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

C) _0 CB n+arhﬁ_0

(chKl,; + Cakl)xm+e =o.

iaj

B ycnosusx b), c) meopemol 2 V; — Koeapuanmuas npoussoo-
Has omHocumenvHo ceazHocmu I Kiﬁ « j — KOMnoHenmul men3opa

h
dxntB

KpU6U3Hbl ~ 00We20  npocmpancmea  nymel, F’?B =

l
(,j,hs,ap=1n).
Hoxazamenvcmeo. IycTh BEpTHKAIBHO-BEKTOPHOE TOJIE

X =, x®) (i=1Ln)

axn+i

KacarelpHOro paccioenus I(M) siBiseTcs MHQUHHTE3NMAIBHBIM
apdurHBIM npeobpasosanuem B npoctpancte (T(M),I'¢). Uc-
cnexyeM ypaBHeHHs (3), cocTaBlICHHBIE JUTs HHOUHATE3UMAIBLHOTO
ap¢punHOro npeobdpasopanus X. U3 (3) npu 4,B,C = n+1,2n
nMeeM

EVFE = cl(xt, .., x™x™ + Di(xY, ..., x™) (,ba=T1,n).
IIpu I0MyCTHMBIX TIPEOOPa30BAHMAX KOOPAUHAT
aft
— 1 n N+l n+a
=f (L., x"), iti=_—T_x
f( ) T2

oxpectHoctu U, cocraBmsmomue CL(x1,...,x™), mpeoGpasyrorcs
KaK KOMIIOHEHTHI Tensoproro nons (1, 1), a D*(x?, ..., x™) — kak
KOMIIOHEHTBl BEKTOpPHOro mnois Ha M. Jlud TeH30pH0r0 101

C (C&) U BekTOpHOTO monst D = D% (xl,_ ”) — COMOCTaBUM

Ha T (M) BEKTOpHBIE MOJIS

XC = cl(xY, ..., x™) x™® —— DV = Di(x!,..,x™)

x St axnﬂ'
v _ VX v
Torpa BektopHoe nose X = C + D" . YuutsIBasg, 4To

EFt = Cl(xt, ..., x™)x™ % + Di(xY, ..., x™),
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u3 (3) mpu cienyIonmx 3HaueHusaxX uHaexcoB 4, B, C':
a)A,B,C = 1,n;
byA=n+12n, B,C= 1,n;
c)A,C=n+1,2n, B= 1,n

MTOJTy UMM

ho B h
DAL p =0, Cix™er 5 =0,
0 Chamte — I"if OpChx™ — Cf (x"+“6a1"if —xnrars I“ifs) +

+ Lo, CExm* e + Lk 9,cBxm+e + chxmre(aprt +

X005 I = 20 Ty — x™ [F L) =0, (4)

Lpe Iij = Ijg Vs DPxX™, 5)

Vv, ¢l = 0. (6)

3necy V; — o0o3HaueHNe KOBapUaHTHOW MPOM3BOAHOM OTHO-

CHTENBHO CBSA3HOCTHU I 06IIero mpocrpancTsa myteit, D¢ — moi-

o 0
Hblii UPT BekTOpHOrO mons D = D%(x1,..,x™)=— c Gasbl Ha

ox¢%
KacaTelbHOE Paccioenue, Lyc — obo3Hadenue mpousBoaHoM Jln
h
or:;
Bi101Tb BeKTOpHOrO 101 D€, [0 = - =25

B (4)—(6) unnekcsl i, j, h, a, §, S IpUHUMAIOT 3HAYCHUS OT 1
70 7.

Ecnu 006e wactu cooTHomeHHs (5) YMHOXHM Ha X
MPOCYMMHUpPYEM TIO I, j, TO B CHILY Fl-;-‘ﬁ x™ =0 [1OJIy4YUM, 4TO

n+iyn+j

(LDc I“i;-l)x"“x"” = (. W3 3TOro COOTHOIICHHUS, YUUTHIBAS, YTO

Lyex™i=0wu H" = " x™ix™J | umeem L,cH" = 0. 3uauur,
D ij D

BEKTOpHOE moJie D siBisieTcss WHPUHUTE3UMATbHBIM ahGUHHBIM

JBHXKEHHEM B mpoctpaHcTe myTeil. Ho Torna us (5) ciemyer, uro
I}?B Vs DEx™*S = 0. U3 (4) ¢ yaeroM (6) moxydnM, 4To

( C;Kiﬁaj + C;Kihj S) x4 Cfx"”xn“asl";‘iﬁ -

—CEx™a (ISt o —x™STY T ) 7)

ijs
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B (7) K[}S — KOMIOHEHTHI TeH30pa KpUBU3HBI K 00111ero mpo-
crpanctBa myTtedl. Ecnm npomuddepeHnnpyeM COOTHOLICHHUS
C, 4 ”'“"1" h ip = 0 10 x*, a 3aTeM 110 HHJIEKCY S IPOCYMMHpYEM €
x™*$ 10, yunThiBas (6), IPUIEM K COOTHOIIEHHUAM

CB n+a,n+sy thlﬁ Fhl p ( Cﬁlw;;a C&’Fﬁ,) xS nta (8)

B, n+aph _
U3 Cox™ I’} p = 0 HETPYIHO TAKXKE MOJTYIUTh, YTO

Fv n+51—vh Cfxnﬂx — Cﬁrh ﬂlw;]xn+s_ (9)

jivp viji

C yuerom (8) u (9) u3 (7) cnemyet, 4to

(ChK?,;+ CaKhi)ama =0,

Takum 00pa3zoM, MOKa3aHO, YTO €CJIM BEPTUKAIBHOE BEKTOPHOE
none X Ha T(M) sBnsercs I/IH(bI/IHI/ITGSI/IMaHLHHM adpuHEBIM TIpE-
obpazoBanmeM B mpoctpanctee (T(M),I'¢), To mng nmons X BHI-
TIOJTHSIFOTCSL YCIOBHS @), b), ¢). CpaBeauBo u oOpaTHOE YTBEp-
xaenne. Jlro6oe Bextoproe mone X = DV + VXC, rne D — undu-
HUTEe3UMaNbHOe ad(OUHHOE JBMXKCHHWE B IPOCTPAHCTBE MYTEH,
VX — BeprukansHo-BekTOpHOE MIOMHsTHE abduHopa CL(x, ..., x™)
¢ 6a3pl M Ha kacatenbHOe paccioenue T(M), Iisi KOTOPOTO BbI-
MOJIHSIOTCSL yCIIOBUSL b), ¢), siBIsieTcS MHOUHHUTE3UMAIbHBIM ad-
(uHHBIM MpeobpasosanueM B npoctpanctse (T(M),I'C).

Teopema 3. Ungunumesumanvroe npeobpazosanue X xaca-
menvhoeo paccroenus T(M), coxpansiowgee ciou, s181semcst unpu-
HUME3UMATbHbLIM APOUHHBIM NPeodpA308anHuem 6 NPOCMPAHCHIGE
(T(M), ') mozda u moavko mozoa, xozda

X=X‘+D"+C",

c pv . .
20e X“ D" _ coomeemcmeenno nonnwlii u eepmuxanshuiii 1ugpmol
UHDUHUMESUMATLHBIX ADUHHBIX NPeoOPA308aHULl

X =800 2™ 5 D= D'(x', ..., x™ o
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6 npocmpancmese nymeii na T(M), CV* — sepmuxanvno-sexmop-

noe noouamue apgunopa CL(xY, ...,x™) ¢ 6aser M na xacamens-
Hoe paccioenue T(M), u svinonnsiomes yciosus b), c) meopemol 2.

Ioxazamenvcmeso. Ilycts X — unduHMTE3UMANBHOE adUH-
Hoe mnpeobOpaszosanue B mpoctpanctse (T(M),I'¢), xoropoe co-
xpansieT ciou. Tak kak X COXpaHseT CIIoU, TO B JOKAJIbHBIX KOOp-
JMHATax (xi, x™t ) okpecTHOCTH U NiepBhIe 71 KOMIIOHEHT MOJIs HE

3aBHCAT OT CIIOEBBIX KoopauHaT x 1, .., x2™,

_ . d :
X = fl(xl, ...,xn) ﬁ-l_ E"“(xl, ...,xzn) W

O603HaunM uepe3 X MPOEKLHUI0 BEKTOPHOro nojis X Ha 6asy
; a .
M, X = &(xt, ..., x") o4 VI3 ypasHennit (3), COCTaBIEHHBIX s

uHQUHUTE3UMANBHOTO  addUHHOrO TpeoOpasoBanHus X pu
AB,C = 1,n, MIOJIyYHM, 4YTO LXcHh = 0. 3gaunr, X sgBIIETCH
WH(OUHUTE3UMATFHBIM aQQUHHBIM TpeoOpa3oBaHHeM B 00IIEM
rpocTtpaHcTBe myTeit. Ho Toraa B cuity TeopeMsl 1 BeKTOpHOE T10J1e
X¢ saBnserca ad@uHHBIM OpeoOpasOBaHMEM B HPOCTPAHCTBE
(T(M), ). B cuny cpoiictBa npou3BoaHoii JIu BepTUKaIbHOE BeK-
TopHoe Tone Y = X — X sapnserca adpduHHEIM mpeobpazoBaHeM
B npoctpanctae (T(M), ). Cormacro teopeme 2, Y = DV + V¢,
rne D — nnpunuTe3uManbHoe apuHHOE IpeoOpa3oBaHue B IPO-
CTPAHCTBE MTyTEH M BBITIOJIHAIOTCS YCIOBHA b), ¢) TeopeMsl 2. 3Ha-
uur, X = X¢ + DV + CVX.

CrpaBe/yiuBo 1 obOpaTHoe yTBepikicHue. JIloboe BEKTOpHOE
none X = X¢ + DV + C"* xacarensroro paccnoenns T(M), rae
X C, DV COOTBETCTBEHHO MONHBI 1 BEPTHKAJIbHBIN JIN(THI UH-
¢uHUTE3NMaNBHBIX ad(UHHBIX TpeobpasoBanuii X, D B mpo-
CTpaHCTBE IyTeid, VX(C __ BepTHKanbHO-BEKTOPHOE MOXHSTHE ad-
dunopa CL(x%,..,x™) ¢ 6asel M Ha KacaTelIbHOE pPACCIOCHHE
T (M), npu BBITIOIHEHUH YCIIOBHiA b), ¢) TeopeMbl 2 siBisietcst ad-
¢unEBIM 1BMXKeHNEM B IpoctpancTse (T'(M), I'¢).
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In this paper, we study infinitesimal transformations of the tangent
bundle of a common path space. The general path space is a generaliza-
tion space of the affine connectivity. By affine connectivity of the com-
mon path space, we construct an affine connection on the tangent bundle.
For the infinitesimal transformation of the tangent bundle, a system of in-
variance equations for the constructed affine connectivity is compiled.
This system is a system of second-order differential equations with res-
pect to the components of the infinitesimal transformation. The main re-
sults of the article are obtained by analyzing this system taking into
account the properties of homogeneous functions. It is shown that the
complete lift of an infinitesimal transformation of base is an infinitesimal
affine motion of a tangent bundle if and only if the infinitesimal transforma-
tion of base is an affine motion in the general path space. Necessary and
sufficient conditions are found that the infinitesimal transformation of a
tangent bundle generated by a vertical vector field leaves the affine connec-
tivity of the tangent bundle invariant. Conditions are given that are necessa-
ry and sufficient so that the infinitesimal transformation of a tangent bundle
with affine connectivity that preserves layers is an affine motion.

Keywords: tangent bundle, general path space, Lie derivative, infini-
tesimal affine transformation
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O CBAIBHOCTM, KPyUYeHUe U KpUBM3HA KOTOPOM
He ABNATCA TEH30paMU

Wzyuaercst MHOrooOpasue, CTpyKTYpHBIE YpaBHEHHUS U
JIepUBaLlIOHHBIE (POPMYJIBI KOTOPOTO TOCTPOEHBI C MOMO-
b0 JleopManyii BHENIHET0 M 0ObIYHOTO auddepeHima-
70B. PaccMOTpeHBI paccioeHnsl HECHMMETPUYHBIX Koperie-
POB M penepoB 2-To HOopsaKa Ha 3TOM MHOT000pa3uu u 3a-
nmana addurHas cBs3HOCTH. JlOKa3aHO, YTO KPWBH3HA WU
Kpy4EeHHE 3TOM CBS3HOCTH HE SIBISIIOTCA TeH3opamu. Ilo-
CTpOEHA KaHOHMYECKAas CBA3HOCTH M MOKa3aHO, YTO OHA SIB-
JI€TCs MIIOCKONW M HECUMMETPUYHOM.

Kniouesvie cnosa: Bo3mynienue nuddepeniuana, KacaTelbHoe Mpo-
CTPaHCTBO 2-TO MOPAIKA, HECUMMETPUUHBIE peTriepbl U KOpEnephl 2-To Mo-
psAnka, OOBEKTHI KPYUCHHS W KPHUBH3HBI, TUIOCKAs M HECHMMETPUYHAS
CBSI3HOCTD

BBeaenne

Beenenuem nedopmaruivi BHEITHETO W OOBIYHOTO AU depeH-
nuanoB D u d Ha TIamkoM MHOT000pa3uu X, B [4] ObLI MOCTpOEH
anmapar, T03BOJAIONINI MOCTPOMTh MHOT006pasue X,, ¢ HecHM-
METPUYHBIMU (QopMaMu U PepeHINANBHBIX TPynI 2-ro 1 0ojee
BBICOKUX MOPSIKOB, a TAaK)K€ HECHMMETPHYHBIMU BEKTOPAMH Kaca-
TEITLHOTO TPOCTPAHCTBA 2-TO W 0Oo0jiee BHICOKMX TOPSAIKOB. Pac-

Hocmynuna 6 peoakyuro 21.12.2022 2.
© INomaxosa K. B., 2023
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cMaTpuBaeMoe MHoroobpasue X, mpejacTaBiser coboii aedopma-
A0 OOBIYHOTO TIIAIKOTO MHOT000pasus X, ¥ Ha3sIBaeTCs Aedop-
mupyrommmcs [2; 10].

B nanHol paboTe Mbl MPUBOIUM CTPYKTYPHBIE (DOPMBI U JICpH-
BALIMOHHbIE YPAaBHEHHMs TIOTy4eHHOTO MHOTr000pasus X,,. 3azaem
adbPuHAYIO CBI3HOCTH Ha 3TOM MHOT000pa3HH, a TaKKe OOBEKTHI
ee KpWBH3HBI W KpydeHHs. PaccmMaTprBaeM KaHOHHYECKYIO ad-
(hPMHHYIO CBSI3HOCTB, 0OBEKTHI €€ KPUBU3HHI U KpyueHwus. [lomyden-
HBIE pe3yJIbTaThl B 3HAUUTEIHHOMN CTETIEHN COTJIacyIOTCS C pe3yJib-
TaTaMH PabOT MO HErOJIOHOMHBIM periepaM [7] U HEroJOHOMHBIM
MHOro00pasusm [8].

Hedopmanuu muddepentmanos D u d B kokacarenbaom T X, u
KacateiabHOM T X, IpocTpaHCTBaX MHOr000pasust X, ObUIM ompese-
seHsl B [4] ¢ moMonpio BBeaeHus BHemmHero moms f = f(x!, x%) ms
BO3MYILIEHUs BHemHero auddepeHnmata D 1 BHYTPEHHETO OIS
fS=f f(x") Ui BO3MymleHus auddepenimana d; i,j,k =
= 1, ..., m. B HacTosmeli paboTe mpoAoibKaeM U3ydaTh CIydaid, Koria
3HaYCHUsS WHIEKca & HyMEpYyIOT 3JIEMEHTHl MaTpHIThI (xji-), TO €CTh

(xf) = (xll) Hff = fle=1,0CTa.anbIe=0; 6 =m+ 1’ w,m mz'

3ameuanue 1. B pabore [11] paccmarpuBaercs TioOaibHas
reoMeTpHUs HEKOMMYTATUBHBIX TEOPUH IOJISI ¢ TOUKH 3PEHUs Ie-
¢dopmanuy, rae u3ydaeMble NPOCTPAHCTBA-BpeMs — 3T0 Aedop-
MalMy KJIACCUYECKUX INPOCTPAHCTBEHHO-BPEMEHHBIX MHOT000pa-
3uii. [loka3aHo, Kak MOYKHO TIOJIYYUTH ACPOPMAIIAIO aCCOIUUPO-
BaHHBIX BEKTOPHBIX PACCIOCHHH.

3ameuanue 2. CrnegyeT OTMETHUTH, UTO KacaTelbHbIE (a TaKxKe
KoKacaTeNlbHbIe) POCTPAaHCTBA MHOroo6pasuit X,, u X,, He pas-
JUYAIOTCA, pa3Inine MPOSBIAETCS s 2-r0 U 0oJjiee BHICOKHX I10-
PSAKOB.

B [4] BremHss nedopmanus BHemHero auddepennuana D (To
ecTh oTOOpaxkeHue D) m BHemHss aedopManus auddepeHiuana
KacaTeIbHBIX BEKTOPOB (TO €CTh 0TOOpaXkeHHe d) OMPENEICHHI 110
3aKOHaM
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Dw = Dw + (df A )| 27+,

dv = dv +d@(f*))os

_—
rue
f=reha8), 4=, v =v';, d(v(f%)) = v'd(a;f).

HpI/I‘IeM BIOJIb JIMHUU P Ha MHOFOOGpaSHI/I Xm BBITTOJIHAKOTCA
TPAAULIUOHHBIC paBCHCTBA

p?| =0, D(dv)| =o.

p p

3ameuanue 3. Jina nuddepennuana D cupasenmso Dg = dg,
D(df) = 0,D(dx*) = 0, D?(agdx®) = 0 (cm.: [4]).

3ameuanue 4. Tlpu orpaHuueHHH Ha MOIIPOCTPAHCTBO Jie-
dhopmanmu BHENHETO AU depeHInana, paccMaTpiuBaeMbIe B pabo-
Tax [2; 9; 10; 12; 13], seistorcs auddepeHmaiamu.

. P - v
B yactHOCTH, 17151 97eMeHTOB dx' u J; = 51 OTIepaTopBI Dud

AT
D(dx") = NjdxJ A dx*,
d(@,) = (0, + N};0¢ ) @dx,
rie
Nj = 8iednf, Njoe = oyf*

— KOCOCHMMETPHUYECKHUI 1 CHMMETPHIECKHI 00BEKTHI, 33 101
Bo3mymieHus quddepennuanos D u d Ha snemenTax dx' u 0;.

1. CTpyKTypHBI€ YPABHEHMS U IePUBALMOHHBbIE (GopMYJIbI
nedopMUpYyOIIEr0Ccs MHOT000pa3us

PaCCMOTpHM HaJl M-MEPHBIM Ae()OPMHUPYIOLIUMCS MHoroo6pa—
sueM X,, TIIaBHOE paccioeHue penepos 2-ro nopsaka D2 (X,,) co
CTPYKTYPHBIMHU YpaBHeHUAMH [4; 5; 7; §]
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Nl — j ~1
D' =’/ A&, €))
D&t = &k ABL + wk A & )
j = Wj AWk jko
D&l = @i A&} — By A&} — By A& + wh A @y

[Ipu ¢uxcamum TOYKHM MHOTO0Opa3usi CTPYKTypHBIE (DOPMBI
&)’},&)’}k MpeBpamamTcs B (HOPMBI, ABJISIONIMECS WHBAPUAHTHBIMHU
¢dopmamu (0000mmIeHHOH) AnddepeHIraIbHON TPYIIBL 2-T0 TO-
panka D2, [7]. Ypasuenus (1), (2) 3a1ai0T IiaBHOE pacciOeHHe
KacatenbHBIX peniepoB DY (X,,,). Ero THmoBbIM cioeM sBisercs
nuHeitHas rpynma DY =GL(m), neiictBylomas B KacaTeabHOM
npoctpanctee TX,, B Touke A, (PUKCHPYEMOii BIIOJIHE HHTEIPHPY-
eMoii CHCTeMO# ypaBHeHHiT @' =

3ameuanue 5. bynem coXpaHSATh TallOYKy Haj HECUMMETPHU-
HbEIME (hopMaMU (B TOM YHCJIE TBYXHHACKCHBIMH (popMammu &)’é) u
HECHMMETPUYHBIMH BEKTOPaMH, IMOJIYYEHHBIMU B PE3yJIbTaTe IpH-
MEHEHHs o1epatopoB D i d, 4T00BI MOIIEPKHYTh HX CBs3b ¢ D 1 d,
a TAIOKE OTMETHUTE HX OTIHHYHE OT KIACCHYECKUX (hopM 1 BEKTOPOB.
l

CDopMH w', @}, @Dj;, OTHOCHTENHHO HATYPAIBHOIO KOpErnepa

]J
{dxt, dx dx; k} BBIpakaroTcs mo ¢popmynam [3—5]

w! = x}dxj,
; = —Séjkdx,i — ek, ©)
v}k e+ (X [kxsl] o',
&)/}kl K ' X5 W)y xjswkl + vskmél + ("')gklsws’

rae x/ — JokaibHbIe KOOPAUHATHI TOYKHA Ha MHOrooOpasuu. TeH-
30pHBIH TudepeHInanpHbIN onepaTop A ASHCTBYET O 3aKOHY

Aci _— i I ~i i ~l i~
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CitoeBble KOOpIWHATHI 1-TO TOpsaKa x} 00pasyroT HEBBIPOXK-
* .
JICHHYIO MaTpuily, JUis KOTopoil (xj) — obpaTHas MaTpulua, TO
iJ — si
eCTb XX}, = Op. '
Crnoesble KOOPAMHATBI 2-TO TOPs/KA Xjj HECHMMETPUUHBI MO

HIKHUM HUHJICKCaM, HpI/I‘ICM
vi  _ _aji
Xkl = ~Njks
rue

k = x[15k of.

KOMHOHCHTBI Njj MOXHO BBIPa3UTH C TIOMOIILIO PaHee BBe-
nenHbx Njj, 1o (bopMyne N} ik = xlN N} p 1.
Koopaunatser xj

= 0. 3uauwur, Npq = 6[q p1f = 0, 4TO BBINOJHSETCS B CITydae

k CUMMETPHUYHBI 110 HMXKHUM HHACKCaM, €CJIA
i
ik

dpf =0, 10 ectp f = f(x%). B srom cmyuae f¢ = const,

Dw = Dw, dv = dv, no3toMy 04YE€BHUIHO HECUMMETPHUUYHBIE (op-
MBI U BEKTOPBI HE MMOTYYAFOTCS.
BceBosMoxcHLIe aIbTEPHAIIMU CJIOEBBIX KOOPIMHAT 3-TO TO-

psaKa Xjy; yIOBJIETBOPSIOT COOTHOUICHUAM
~i _
Xy = 0,

v- 1 . o v. .
Xk = 5 (NgpeXy)s — NjXy — XN — NjN&) # 0,

g Lo . .
Xy = 5 Nspdie — s[lN]k N]Slx;‘k NjiNg) # 0.

CioeBble KOOpANHATLIL 3-ro nopﬂm(a kl CUMMCETPHUYHBI TOJIb-

KO TI0 TIOCJICIHAM JIBYM MHJEKcaM K, | Kak cieJCcTBHe UCIIOIb30Ba-
Hus temMMbl Kaprana.

AnbrepHupoBanue GopMm o k MMeeT BUT
~i

1 . .
— _ NS NI xS _ Xl l
@i = —AN; ( NixXsp = 5 Xspe X — X[jg) @
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TO €CTh
~i i k
@pji) = —ANj; (mod w®).
[Ipu dpukcanuu TOIKH MHoroo6pa3m TTOJTYI1M

~i s
w[jk]|wl=0 6"] 6xfax5 dxt.

i
3HaunT, GOpMBI Wj HECUMMETPUYHBI J@Xe HpH (UKCALHH

TOYKH MHOTO0Opa3us, TO eCTh
~ k
Kpowme Toro,
~i — I ANS k
D) = XjsANjg (mod w™).

Kanonunueckas hopma 1-ro mopsiika w = w'e; Ha MHOT0OOpa-
3un X, CBsA3bIBaeT kacareiabHoe TX,, = span(g;) U KoKacaTellb-
Hoe T*X,, = span(w") mpocTpaHcTBa K 3TOMY MHOTOOOpa3HIO B
ero Tekyuei Touke. Kobasuc {w'} conpspkeH moasmwxHOMY 6a3ucy
{&:}, 10 ectb w'(gj) = §;. HMna noctpoennsix nuddepennuanon
CTIpaBeJINBO

Dw' = D' + Nj,w/ A wk,
de; = de; + le’j.a)j®65,
rie
e = X[ Njgx }’x,‘j, NE = x! XN,

— KOCOCHMMETPHUYECKUI U CI/IMMeTpI/I‘-IeCKI/II/I OG’LCKTH 3aJIaroNIue
Bo3MyeHns nuddepeninanos D u d Ha seMeHTax w' u g.

Jlumus p Ha MHOrooGpasum X, 3adaeTcs ypaBHEHHSIMH
w'=plw, mpuueM Dw = w A wq u

Ap' - plw; = piw.
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CrnoeBbie (hOpMBI &5}‘ , @j), MHTEPIPETUPYIOTCS KAK KOMITOHEH-

Thl MH(UHUTE3UMAJIBHOTO MEPEeMELICHUs BEKTOPHOI'O pemnepa &,
&;j, YIOBJIETBOPSAIOLIETO AEPUBALMOHHBIM YPABHEHUSM

Y. o« i X —k ke
Ag; = &;Q@w’, A&; — ;@8 = W @&y, 4)

KOTOpbIE NoIyueHbl An((epeHIIMPOBaHIEM KacaTeIbHbIX BEKTO-
poB 1-ro u 2-ro nopsiAKoB

E * 5 ok * 5 ok
— ) v _ 2k vk 1o kaé
& =X 0;, &j=x;xj 0y + X;j& + x;x; Ny O¢,

0

~ oxt’

a 7]
aij = =

0 = oxiant 05 = 5%

BexTopbl &;j HECHMMETPUYHBI, IPUYEM

X — _nNk
i) = ~Nijew

* * * *
vy _ X1k vk 1k p€
Eujy = XiXj Oy + X(ij) €k + x;X; leag.
PasmepHOCTh KacaTeNbHOTO NPOCTPAHCTBA 2-TO  MOPSIKA

T2X,, = span(sk, & ]-) ne(OpPMHUpYIOIIErocsi MHOroobpasus X,
pasra dimT?X,,, = m + m?.

2. AQpdunnas cBA3HOCTb HA MHOT000pazuu X,,

B rmaBHOM paccioennu penepoB D} (X,,) co cTpyKTypHBIME
ypaBaeHusmu (1), (2) 3amagum adduHHYO CBA3HOCTH 1O JlanTeBy
C IOMOILBIO HOpM

=i i P~k
j = @ =T
rae f‘]l:k — ¢ynximu Ha paccnoennu D}, (X,,). duddepenmupys
dopmbr @}, TIoTyHHUM

NSl
D&l =

LAY+ Bk A (K V]l:k + (b/]lk) — f‘fkf‘gl Awk Aot (5)

S
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Cornacno teopeme Kaprana — Jlanresa, apbunHas CBA3HOCTH
3a7aeTcs onem oowekra [y

AT + @) =T}, @ (6)

C yderom (6) ypaBHeHHA (5) IPUHUMAIOT BHI:

DSl — Sia Sy Bl A o5k A >l
Dw; = w; AN@; + Rjjg N 0" A",
o .
re Rjj; — KOMIIOHEHTBI 00beKTa KPUBU3HBI aQUHHON CBsI3HO-
CTH, BbIpakaromuecs no gopmyie

ﬁ]!kl = r}[k,l] - r‘f[kr‘ILSII]‘ )

KpuBuzna ap@puHHON CBS3HOCTH HE SIBIISIETCS TEH30POM Ha
nedopMupyromemMcs MHOrooopasuu X,

X pi =S —1 —
3ameuanue 6. B padote [8, c. 52] cpaBHeHHUS Ha 00BEKT KpHU-
BU3HBI R}k HeCUMMeTpHIecKor ad(UHHON CBI3HOCTH HETOJIOHOM-

HOTO TJIQJKOTO0 MHOTO00pa3usi uMeroT BUJ (8), TO €CTh 0OBEKT ﬁ;k

00pazyeT reoMeTpuYecKuii 00beKT (KBa3UTEH30p) JIMIIb BMECTE C
0OBEKTOM CBSI3HOCTH.
VY4uThIBas, YTO BBIPAXKEHHs I albTEPHUPOBAHHBIX (QOpM

@(ki]> Bjky] M3BECTHBI, CpaBHEHUA (8) MOXHO 3amucaTh B yTOY-
HEHHOM BHJE:

A R} = —V,BNg, 9)

rie TeH30p ¥y, umeet Bun ¥y, = Ljj, + Xj,.. U3 (9) BUaHO, 4TO KpH-
BH3HA ABJIAETCS TEH30POM (IPUYEM HYJIEBBIM) TONBKO TPH ¥js = 0,
TO €CTb ISl KAHOHMYECKOI CBS3HOCTH, PACCMaTPUBAEMOH Jajiee.

Baenem dopmbl ahuHHOIM CBAZHOCTH (] B CTPYKTYPHBIE ypaB-
Henus (1):

2

8

D&t =&’/ A&t + ThLo! A a*,
jk
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rae Tk = F[ jk] — OOBEKT KpyueHus ap(UHHOI CBAZHOCTH. AJib-
TepHUPYS ypaBHEHHUS (5), MOIYYIUM ypaBHEHHUS
RFL o4 o~ B~
A T + @pjig = Tijp®
W CPaBHEHUS
X Pl =% NI
AT =A Nj,.
[Tpu dukcanuu ToUKn MHOFOO6paBI/Iﬂ nMeeM

- i —
A Tjk - 6"] 6xfax5 dx?.

OTKyIa BUIHO, YTO OOBEKT KPYUCHHS le He 00pa3yeT TeH30p.

YTBepmnelme 1 Ha ded)opmupyfou;emc;l MHo2006pazuu X,

i

obvexm kpyuenus T 4 ap@unnol ceaznocmu F] W He A6Isemcs men-
3opom. Cnedosamenvho, ag@uunas c8sa3HOCMb HA MHO2000PA3UL
X 6Ce20a ¢ Kpyuenuem, mo ecms HeCUMMEmPULeCKas.

Ha nedopmupyromieMcss MHOrooOpasuu X,,, paBeHCTBa lek =0
HE SIBIISTIOTCS. MHBAPUAHTHBIMU, CJIEJIOBATEIILHO, OHH MOTYT BBITIOJ-
HSTBCS JIUIIb B OTAEIBHBIX TOUYKaX MHOT000pasus X,y

[To anamoruu ¢ [3; 6] cipaBeIMBO

YrBepikaenue 2. /[na aghdunnoti cesazHocmu cnpaseoiuso pas-
JI0dICeHUe

i oo~ i _ =il LD
Ui = =X + Vji, 20e Vi = Vip (x, xg).
Beipaxkenust Ui Kpy4eHHUst ¥ KPUBM3HBI C YYETOM TEH30pa JIe-
dbopmaruu ¥j, umeroT Buz

e = ~Xijrg Vi = Njke + Vijug,
]!kl = aSVjL[kxlSi - 7;SNI§Z - 7]s[k7|ls|l]
3. OcHamamwoniee NoANPOCTPAHCTBO
BeenieMm B ypaBHeHus (41) GpopMbl aGUHHO# CBA3HOCTH @ ]

dEi = 6{@8] + gij®(l)],

37



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

rie
Ecij = él] + F Sk,

WK ezij = x x ka, + (F + xl])sk + x f;ag. C y4eToM TeH30-

pa )Vikj uMeeM

51 = x x (alk + leaf) + ]/ng

BekTtops! & j YIOBJIETBOPAIOT (P HepEHIMATBLHBIM CPABHEHUSM

Agl] =0 (mod (l)k),

3HAYHT, COBOKYIIHOCTh BEKTOPOB £;; MHBapuaHTHa (Ipu Qukcauun
TOYKH MHOTr006pasus). Jlius MHOroo6pasus X,,, BEKTOPHI &; j ompe-
nensoT nuHeiiHOe nomnpoctpanctso E = span(§;)): E c T2X,,,
%m(m + 1) < dimE < m?,

HaiiieM BeKTOpbI, NpMHAJIEKAIIME MEPECEUEHUI0 MpO-
crpancts £ N TX,,

vke = vUE; & vhe = vl (& + Tg),
vke, = i (x! xkalk + %6 + x! ka 0 + Tker),
vke, = vifSZ;SE}‘a,k + vij(%ll‘j + fi';)sk + v”x ka 1Ot
B crity TMHEHHOH HE3aBUCUMOCTH €y, Oy, O TIOTYUNM
vk = vl (xf +T), v”xl Jk =0, v”x x NE 0.
Bunum, uto cucrema
vk = vij?ikj, v”x(l k) =0, v"lei =0

vMeeT HeHyleBoe pentenue. Takum o6pasoM, mpocTpaHcta £ u
TX,, nepecekaroTcs.
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3ananue ad)UHHOI CBAZHOCTH B paccioenuu penepos L,z (X,,)
HaJl TJIaIKUM MHOrooOpasueM X,,, SKBUBAJICHTHO OCHALICHUIO MHO-
roo6pasust X, moJIeM NMOANPOCTPaHCTB £ = span(&;;) [8, c. 50].

HecuMMeTprYHbIE BEKTOPBI £;; MOXKHO TIPEICTABUTh B BHJIE
CYMMBI KOCOCUMMETPHUYHBIX BEKTOPOB é“'[i j] 1 CUMMETPUYHBIX BEK-
TOPOB g(l])

&ij = &uj) T )y
rie
g k
i ( — Nijpe,
* 5 ok * 5 ok
S _(rlik ~k Bk Lekprs
Eij) = (xixj )alk + (%G + Tl e + (xixf Ny ).

AJBTEpHUPOBAHNE U CUMMETPUPOBAHHE MOXKHO MPOW3BOIUTH
oA 3HaKoM omepatopa A [8, c. 50]. 3Ha‘-II/IT WHBapUaHTHBIMU SB-
JII0TCS. COBOKYNHOCTH BEKTOPOB &)1, s(u) U MOJIIPOCTPAaHCTBA
Ep. Eoy.-

OcHamaromee poCTPaHCTBO E pacmajaeTcs Ha NpsMyIo CyM-
My IMOANPOCTPAHCTB E[] u E(), to ectb E = E ]GBE(), pa3MepHo-
CTH KOTOPBIX BBIYHCIISIOTCS CIEAYOIMM oOpa3om [8, c. 50]:

(10)

dimE}; = %m(m +1), dimE) = %m(m -1).
C oMOIIbEo TeH30pa T/i-‘j pasercTsa (10) MOXKHO 3amucaTh KOpode:
11 = Vi€

s _(Xirk ok k€
Eujy = (xixj )alk + Y(ij ek + (xix; Ny, ) 0¢.
4. Kanonn4eckasi CBA3HOCThL

PapeHcTBO HymoO Tensopa ¥, = F + x! |c BBUIEIET KAaHOHMYe-
Cc
ckyto abpdunyio cessHocTb [y, = —Xjj,. O6bexT ¥}, = Vji (xl,xg )
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SBIISIETCS. TEH30pOM Aedopmanuu OT KaHOHMYECKOH aduHHON
C C

cBsi3HOCTH [), K IPOM3BONIBHOIA, TO ecTh Yjj, = [j — .

Teopema. Cnpasednusvl ciedyrouue ceoUCmEa KAHOHUYECKOU
C

s L

appunnoii césizsnocmu Uy, = —Xj;,.
1. Kanonuueckasn ap@unnas céa3Hocms A61aemcs NI0CKOU U
HeCcUMMempU4HolL, Mo ecmo
C

C
Tl _ L Dl
Tl = Nk, Ri, =o.

JleiicTBUTENBHO, B CHITy BBIpaeHHH (7) MOIYyYUM PaBEHCTBO
C

]lk = Jlk, TO €CTh

(g}

Tfe = %6 0uf

2. 3adanue xanonuyeckol ag)uHHOU CEAHOCMU 8 PACCIOeHUU

penepos D} (X,,) nao mmozoobpasuem X, sxeueanenmmo ocha-
C C

wenuio mrozoobpasus X, norem noonpocmpancmes E = span(é; i)
dononusowux kacamenvuvie npocmpancmea TX,, do conpuxaca-
C
rowuxcs npocmpancms T?X,,: TX,,®F = T?X,, [8, c. 49].
C

o B i ok _
Hist kaHOHMYeCKO#t cBsi3HOCTH [} = —Xj3 mmeem y;; = 0, mo-

3TOMY

Qa o

(i1 = 0,
S * 5 % E
i) = xl-lx}‘((')lk + N;.0¢).

3. Pasencmeo Hynio KOBAPUAHMHBIX NPOU3BOOHBIX KOOPOUHAM
* 1 % :
j _3J
X; 6exmopos &; = X;0; 6vlOensem KaHOHU4ecKyto agumnmnyio
cesaznocmo. Ilpu smom 6asucHvie KacamebHvle 6eKMOPbL &; nepe-
HOCAMCSL AOCOMOMHO NAPATIENbHO OMHOCUMENbHO KAHOHUYECKOU

CBA3HOCMU.
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[eiicTBuTEnbHO, BHOCS (POPMBI CBA3HOCTH B ypaBHEHHUS Ha m
* *

TEH30pOB X}, ..., x™:

J— xi=k 4 iy
dxi = x,0; + x; Xjw",
J =k

0 Y B~ sl ok
noiayuuM dx; — x, @; = Xj V3w

, TO €CTh KOBapUaHTHBIN an-

= * - ¥ 7
(hepeHnman in] U KOBAapUAaHTHbBIEC NPOU3BOIHbBIC kai] KOOpAUHAT
% ;

J

X; BEKTOPOB €; BBIPAXKAKOTCS 10 (popmylie

*

Ol = o) — ISk T 1) — xixl
Vx; =dx; — x,@;, Vixi =x]Vi.
- *i o
PaBseHcTBO kai] = 0 uMeeT MecTo, eciu ¥}, = 0, TO ecTh Bek-

TOPBI &; NEPEHOCATCA abCOIIOTHO napauiCiibHO B KaHOHHUYECKOMH
CBA3HOCTH.
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On a connection with a torsion non-tensor and a curvature non-tensor
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This paper relates to differential geometry, and the research technique
is based on G.F. Laptev’s method of extensions and envelopments, which
generalizes E. Cartan's method of moving frame and exterior forms.

A manifold is studied, the structure equations and derivational formu-
las of which are built using the deformations of the exterior and ordinary
differentials. The manifold in question is a deformation of an ordinary
smooth manifold. The bundles of non-symmetrical coframes and frames
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of the second order on this manifold are examined and an affine connec-
tion is given. It is proved that the curvature and torsion of this connection
are not tensors. A canonical connection is built. It is shown that the cano-
nical connectionis flat and non-symmetrical.

Keywords: differential perturbation, second order tangent space, non-
symmetrical second order frames and coframes, torsion and curvature
objects, flat and non-symmetrical connection
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Pointwise orthogonal splitting of the space of TT-tensors

In the present paper we consider pointwise orthogonal
splitting of the space of well-known 77-tensors on Rieman-
nian manifolds. Tensors of the first subspace belong to the
kernel of the Bourguignon Laplacian, and the tensors of the
second subspace belong to the kernel of the Sampson Lap-
lacian. We give examples and prove Liouville-type non-exis-
tence theorems of these tensors.

Keywords: Riemannian manifold, 77-tensor, Liouville-type non-exis-
tence theorems, sectional curvature

Introduction

Let (M, g) be an n-dimensional (n = 2) Riemannian manifold
with the Levi-Civita connection V. By S?M we understand the
vector bundle of symmetric bilinear differential two-forms. We
define the divergence of symmetric two-tensors fields 5: C*S*M —
— C®T*M by the formula § := — trace, o V (see [1, p. 35]).

We recall that a symmetric divergence free and traceless
covariant two-tensor (transverse-trace free tensor) field is called
TT-tensor (see, for instance, [2]). The vector space of TT-tensors
@7 is defined by the condition

STT(M):= {p € S?M | § ¢ = 0, traceyp = 0}.
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Any TT-tensor is denoted by @7 (see [2]). As a consequence
of a result of Bourguignon — Ebin — Marsden (see [1, p. 132; 2])
the space of TT-tensors is an infinite-dimensional vector space on
any closed Riemannian manifold (M, g). Such tensors are of fun-
damental importance in stability analysis in General Relativity
(see, for instance, [3]) and in Riemannian geometry (see, for ins-
tance, [1, p. 346—347; 2]). A simple example of TT-tensors is the
Ricci tensor of a Riemannian manifold of zero scalar curvature.

The tangent space T,)M at any x € M is an n-dimensional Euc-
lidian vector space E with the orthogonal group 0(n, R). We con-
sider the space

S(E) ={G €E~ ®53E | G12(c) = 0},

where SZE is the space of trace-free symmetric two-tensors on E
and Gp,(c) = Yr-1G(ex, ex,c) for an orthonormal basis
{eq, ..., ey} and an arbitrary ¢ in E. By [4], the tensor space G(E)
has the orthogonal splitting G(E) = S,(E) @ S,(E) for two
subspaces irreducible with respect to the action the orthogonal
group 0(n, R):

G.(E) ={® € G(E)| ®(a,b,c) = ®(b,a,c)},
S,(E) ={® € G(E)| ®(a,b,c) + ®(b,c,a) + ®(c,a,b) = 0}

for arbitrary a, b, ¢ in E. Then the tensor field V™7 on (M, g) is a
section of the vector bundle S(TM), the fiber of which at each
point x € M is the space S(E). As a consequence, we obtain a
pointwise decomposition of Vg7 into a sum of the tensor fields
corresponding to the pointwise irreducible components of the ac-
tion of the group O(n, R). This decomposition of VoT determines
a rough classification of TT-tensors, where the first class &; con-
sists of TT-tensors for which their covariant derivatives are sec-
tions of G;(TM) and the second class &, consists of TT-tensors
for which their covariant derivatives are sections of S, (TM).
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1. The first class of transverse-trace free tensors

Suppose @7 € G, then it satisfies the differential equation

(Vxp ™Y, 2) = (Vyo™) (X, 2)
for any X,Y,Z € TM. In this case, the condition trace;o™" =0
takes the form § @7 = 0. It follows that the tensor field @7 is a
Codazzi tensor with zero trace and zero divergence.

A simple example of @T7 € &; is the second fundamental
form of the minimal hypersurface of a Riemannian manifold of
constant curvature (see [1, p. 436]). On the other hand, the geomet-
ry of manifolds bearing Codazzi tensor fields is described in detail
in the literature (see, for example, the survey in [1, p. 590—598]).
In turn, we can formulate the following local result.

Theorem 1. Let (M, g) be a Riemannian manifold of constant
curvature C. Then a TT-tensor @7 € &, has the form

@' =Hess(f) +C - fg

where f € C2M is a solution of the equation Af +n C f =0 for
the Beltrami Laplacian on functions A: = tracegVZ.

Proof. A Codazzi tensor ¢ on (M, g) with constant curvature C
has the form (see [1, p. 436])

¢ =Hess(f) +C - fg

for the C2-function f on (M, g). If ¢ = @7, then it is a solution
of the equations Af+nCf =0 and Adf = Cdf, because
tracegp = 0 and § ¢ = 0, respectively. Recall that A:=80 Vis
the rough Laplacian (see [1, p. 52]). In addition, it is easy to prove
that the second equation above is a consequence of the first
equation.

J.P. Bourguignon (see [1, p. 355; 5, p.273]) constructed the
Laplacian Ag: C®S?M — C®S?M by the formula

Ap=d & +8d
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where

for arbitrary X,Y,Z € TM (see [1, p. 355]). Inturn, ¢ € C*S?M is
called harmonic if it belongs to the kernel of Ag. Therefore, a
Codazzi tensor with constant trace and, in particular, with zero
trace is harmonic (see [6, p. 350]). In turn, if (M, g) is a closed
manifold and a harmonic symmetric bilinear form ¢ is given in a
global way on (M, g) then ¢ € kerAg (see [7]). Furthermore, an
arbitrary ¢ € ker Ag on a closed Riemannian manifold (M, g) with
nonnegative sectional curvature K (o) is parallel and if K(¢) > 0 at
some point, then ¢ is a constant multiple of g (see also [7]). Using
the above, we can formulate our theorem.

Theorem 2. An arbitrary TT-tensor @T7 € &, on a closed
Riemannian manifold (M, g) with nonnegative sectional curvature
K (o) is parallel. Moreover, if K(o) >0 at some point, then @TT is
a zero-tensor.

It is well known that a Riemannian symmetric space of com-
pact type is a compact (without boundary) Riemannian manifold
with nonnegative sectional curvature (see [6, p. 387]). One can sta-
te the following assertion.

Corollary 1. An arbitrary TT-tensor ¢’ € S, on a Rieman-
nian symmetric space of compact type (M, g) is parallel. Moreo-
ver, if the holonomy group Hol(g) of the space (M, g) is irredu-
cible, then ™" = 0.

On the other hand, we proved the following proposition (see
[7; 8]): if the sectional curvatures of a connected complete non-
compact Riemannian manifold (M, g) are everywhere nonnegative,
then there exists no nonzero Codazzi tensor ¢ € C °°Sg M,p=2,
such that fMllgollqdvolg < oo for at least one q € (0,+). The-

refore, we have the following theorem.

Theorem 3. Let (M, g) be a connected complete noncompact
Riemannian manifold with nonnegative sectional curvature. Then
there is no a nonzero TT-tensor @TT €S, such that
fM||<pTT||qdvolg < 4o for at least one q € (0, +).
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2. The second class of transverse-trace free tensors

Now suppose that ¢TT € &,, then it satisfies the differential
equation

Vxe™(¥,2) + (Vyo™(Z,X) + (Vo™X Y)=0 (1)

for any X,Y,Z € TM. In this case, the condition tracego™ =0

takes the form § @7 = 0. From (1) it follows that the tensor field
™" is a symmetric Killing two-tensor with zero trace and zero di-
vergence. The geometry of manifolds bearing symmetric Killing
tensor fields is described in detail in the literature (see, for
example, [9; 10]). For a Riemannian manifold of constant curvatu-
re, we can formulate the following local result.

Theorem 4. Let (M, g) be a Riemannian manifold of constant
curvature, then a TT-tensor @7 € &, has the form

(pz}T = eZ“’(Al-jkl kal + Bijkxk + Cl]) (2)

for w = (n+1)"YIn(detg) with respect to a local coordinate
system {x*, ...,x"} of (M, g). The coefficients Ayjx; . Biji and C;;
of (2) are constant symmetric with respect to the first two
subscripts and satisfying the identities

Ajjri + Ajrir + Ariji = 0; 3)
Bijk + Bjki + Byij = 0; 4)
97 Aijia = 9YBijx = g’Cy; =0 (5)

fori,jkl=1,..,n

Proof. According to [11] and [12], if (M, g) is a Riemannian
manifold of constant curvature, then the general solution of the
equation (Vx@)(X,X) =0 for any X € TM has the form (2) for
w = (n+1)"'In(det g) and the constants A;jx;, Byjx, C;; which
are symmetric with respect to the first two subscripts and satisfying
(3) and (4). In this case, the condition traceyp = 0 takes the form
(5). Therefore, the equalities (2)—(5) describe the solution of (1).
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We proved that every divergence-free Killing tensor ¢ € C*S?M
on a closed Riemannian manifold (M, g) with nonpositive sectio-
nal curvature K (o) is parallel and if K(o) < 0 at some point, then
@ is a constant multiple of g (see [13]). This implies the following
result.

Theorem 5. An arbitrary TT-tensor ¢T7 € S, on a closed
Riemannian manifold (M, g) with nonpositive sectional curvature
K (o) is parallel. Moreover, if K(a) <0 at some point, then ¢TT is
a zero-tensor.

If ¢ € C®S?M is a traceless symmetric Killing tensor on
(M,g) and Agi= 86" —6*8 is the Sampson Laplacian, then ¢
belongs to kerAg (see [1, p. 356; 24]). We recall here that the
symmetric derivative §*:C®°S?M — C®°S3M is defined by the
equation

for arbitrary X,Y,Z € TM (see [1, p. 35, 356]). At the same time,
in [14] was proved that there is no a nonzero symmetric two-tensor
field ¢ € kerAg on a simply connected complete Riemannian
manifold (M, g) such that fMllcpllqdvolg < + o for at least one
q € (0,+ ). Note that such Riemannian manifold is diffeomor-
phic to R™ and has an infinite volume.Using the above, we can for-
mulate the following theorem.

Theorem 6. There is no a nonzero TT-tensor T! € S, on a
simply connected complete Riemannian manifold (M,g) of
nonpositive sectional curvature such that fM”(PTTllqdvolg < 4+
for at least one q € (0, +).

An example of such a manifold is a Riemannian symmetric
manifold (M, g) of non-compact type, since it is simply connected
and has nonpositive curvature.

Corollary 2. There is no a nonzero TT-tensor ¢! € S, on a
Riemannian symmetric manifold of non-compact type (M, g) such
that fMll(pTTllqdvolg < 4o for at least one q € (0, + o).
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OuddepeHuupoBaHne nuHelHbIX anredp
C eAMHULEeN Hag nonem

JIuneiinsre anreOpbl HAZ 3aJaHHBIM IOJIEM BO3HUKAIOT
MIPY M3YYEHHUH PA3IMYHBIX 3a7a4 anreOpbl, aHAIN3a U Teo-
metpun. Omeparust auddepeHupoBanns, BO3HUKIIAS B
MaTeMaTH4ecKOM aHan3e, OblIa IEpEeHEeCeHa B TEOPHIO JIH-
HEHHBIX anreOp HaJ| ITOJIEM, a TAKXKE B TEOPHIO KOJIEII.

MHoxecTBO Beex MU epeHIIMpOBaHNi JTMHEHHOW al-
reOpsl camu 00pa3yrT JHHEHHyI anrebpy. Orta anreOpa
HasbIBaeTcs anredpoii nuddepenimposanuii. [1pu 3Tom oHa
JIOIyCKaeT CTPYKTypy anreopsl Jlu. Ecim anrebpa, mud-
(epeHIMpoBaHNsl KOTOPOH pacCMOTPEHBI, SBISIETCS] KOHEU-
HOMEpHOH, To ee anredpa Jlu muddepentmposanmii Oyner
TaKKe KOHEYHOMepHOH. [ToaToMy BO3HMKaeT ecTecTBEHHas
3aa4a omnpeaesicHus pasMepHocTy anredp JIun nuddepenim-
pOBaHMIA paccMaTpUBAEMON JTHHEHHON anTeOphl WA OLIEHKH
CBEpXY pa3sMepHOCTH anreOps! 1uddepeHIpoBaHIH.

Jlnst pereHus 3THX 3a7a4 B paboTe MOTydeHa cucreMa
JIMHENHBIX OAHOPOJHBIX YpPaBHEHHM, KOTOPOU yAOBIETBO-
PSIIOT KOMITOHEHTHI TIPOM3BOJIBHOTO An(depeHIINPOBaHMS.
OreHka paHra 3TOi CHCTEMBI ITO3BOJISIET MOIYYUTh OLICHKY
CHU3Y paHra MaTpulbl paccMarpuBaeMoil cucrteMsl. [lomy-
YeHa OLEHKa pa3MepHOCTH cBepXy anredp Jlu muddepen-

Hocmynuna 6 peoakyuro 29.04.2023 2.
© Cynranos A. ., ['me6oBa M. B., CynranoBa I'. A., 2023
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LMPOBaHUM MPOU3BOJIBHON KOHEYHOMEPHOHN JIMHEWHOH aii-
reOpbl, oOnanaroniel IJIaBHONW eIUHUIEH HaJ| MPOM3BOJIb-
HBIM II0JIEM, XapaKTEePUCTHKA KOTOPOro OTJIMYHA OT JABYX.
JlokazaHa TOYHOCTH IIOJIyYEHHOH OLICHKH ITyTEM IIOCTPOE-
HUSI TMHEHHOM anreOpsl, anrebpa JIun nuddepenmpoBannit
KOTOPOH peann3yeT MaKCHMaJIbHYI0 Pa3MEepHOCTh alareopsl
nuddepeHIMpoBaHuil TaHHOU anreOphl.

Knroueswie cnosa: anredpa Jlu, nuddepeHpoBanme JTUHSHHON ai-
reOpbl, pa3MepHOCTH anreOpsl JIu, muHeliHas anredpa

1. HeoGxoauMpble MOHATHA U CBEAeHUS
U3 TEOPUH JUHEHHBbIX aiaredp u ux auddepenuupoBannii

JluneiiHoil anrebpoil Hax moseM P Ha3bpIBaeTCs BEKTOPHOE
IIPOCTPAHCTBO HaJ THM IIOJEM, Ha KOTOPOM 3aaHa OuiIMHeiHas
olepanys, Ha3zblBaeMas omepaieil ymMHOXkeHHs. bynaem cumrarts,
YTO pacCMOTpeHHas anredpa A sBIseTCs KOHEYHOMEPHOH, a mpo-
W3BEJICHUE JIIOOBIX IBYX 3JIEMEHTOB X U ) 0003HAYUM 4Epe3 X).

JuddepenuupoBannemM IHHEHHON anreOpsl A Ha3bIBaeTCS
BCSIKUU JTHMHEHHBINA omepatop D: A — A, yIOBIETBOPSIONINA YCI0-
BHIO

D(xy) = D(x)y + xD(y)

JUTSL JTFOOBIX DJIEMEHTOB X M} U3 A.

MHOXeCTBO BCEBO3MOXKHEIX nuddepeHnnpoBanuii anredopsl A
o0o3HadaeTcsi cuMBOJIOM DerA. DTO MHOMKECTBO JIOITYCKaeT ecTe-
CTBEHHYIO CTPYKTypy anreOpsl JIu Hax mosieM P OTHOCHTEIBHO
oTepanyy KOMMYTHPOBAHUS, ONPEeIEHHON TI0 TIPABHITY

[D1'D2] = D,° D,—D,°D;,

rjie ° sBJsieTcs Komnosunuen oroopaxenuit D; u D,.
Anrebpa Jlu DerA uMeeT pa3MepHOCTh, HE MPEBPALIAIOIIYIO
n?, rne n — pasmepHocTh anrebpsl 4 [2]. s J0Ka3aTelbCTBa
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3TOr0 YTBEP)KACHHUS BO3BMEM IIOJIHYIO JIMHEHHyro anrebpy Jln
gl(n, P) kBagpaTHBIX MaTpHIl MOpsaKa # Hag moseM P. Onepanus
KOMMYTHPOBaHHUsI B 3TOH anreOpe 3ajaHa 1Mo MpaBuiIy

[B,C] = BC — CB,

rne BC u CB — mipomsBenenus matpunl B u C u3 gl(n,P). Pazmep-
HOCTB 3TOM anreOpsl JIn Hax nonem P paBHa n2.

JHanee B anredpe A BbiOepeM HEKOTOpHIH 0azuc (eq, ey, ..., €,).
Jis mpousBosibHOTO MudepeHnupoBanus D anreOpbl 4 OI0KUM

D(e;) = x{‘ek, x{‘ eEP

u cocraum Matpuiry M(D) = ||x¥||, nns snementos x¥ Gynem

CUNTATh, YTO BEPXHUM MHAEKC YKa3blBa€T HOMEP CTPOKH, & HIX-
HUW — HOMEp CTOJIOIA.

SIcHo, uto M (D) siBisietcst aneMeHTOM MHOXecTBa gl(n, P). Tak
Kak g quddepenuupoBannss D OTHOCUTENBHO BBIOpaHHOTO Oa-
suca (eq,ey,...,e,) Matpuna M(D) ompexeneHa €AWHCTBEHHBIM
00pa3zoM, TO MOKHO OTIPEIEITHTHh OTOOpPaKCHHE

f:Der A - gl(n,P)

yciosueM f(D) = M(D).

MOoHO 70Ka3aTh, YTO OTOOpaKEHUE f SABIAETCS TOMOMOP(hU3-
MOM, TIpUYEM HHBEKTUBHBIM, TO ecTh Ker f = {0}. B cuiy storo
3akmodaeM, uto dim(Der A) < n?.

Ilycte D(g;) = x{‘ek ueej = Ci’j-ek, rie Ci’j- — CTPYKTYpHBIE
MOCTOSIHHBIE aJIre0pbl OTHOCUTENBHO Oasuca (eq, €y, ..., €e,). Orne-
patop D Oyxaer nuddepeHIUpOBaHUEM TOTJa U TOJBKO TOTJIA, KO-
rua

D(eiej) = D(ei)ej + eiD(e]-).

OTU COOTHOUIEHNUS PaBHOCHIBHBI CIEAYIOIeH cucTeMe JTMHEH-
HBIX OJIHOPOJIHBIX YPABHEHHI1 OTHOCHTEIILHO TIEPEMEHHBIX XK :

Chix™ + Clox™ — clixlh = 0. (1.1)
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DTy cUcTeMy IPEACTaBUM CIIEAYIOIINM 00pa3oM:

CIR)* =0, (1.2)
rae
C(H1%) = 8F Cpri + 87Ch, — 6hCE. (1.3)
1 npuk =i
k _ _ _ -
3neck §;° = {0 npnk % i cumBon Kponekepa, 1 enu

HAYHBINA 3JeMeHT ot P, 0 — HeUTpaibHBIN (HyJIEBOM) 2JIEMEHT
nosis P.
U3 cxamsipos C(%|K,) cocraBuM npsiMoyronbHyio MaTpu
p ijlm pAMOY y puiy

C = C(lm

I7ie TpOoika MHJEKCOB (?j) ($UKCHpYET CTPOKY, a mapa MHAEKCOB

(X,) — cronben sroit Marpunpl. Tak, Hampumep, ckansp C (?jli‘n)

ABNseTCA K0d(h(PUIMEHTOM TIPU MEPEMEHHOM XK, B ypaBHeHHH (Z)

(pm pUKCUPOBaHHBIX WHACKCAX A, I, ], k, m).

[Tockompky cuctema (1.2) nuHEHHASss W OJHOPOMHAS, TO UMEET
MECTO

Teopema 1.

(1) dim(Der A) < n? — p, 20e p — pane mampuysl C;

(2) ecrurang C = r, mo dim(Der A) < n? —r.

OtmeTtuMm, 4To paHr Matpuilsl C He 3aBUCUT OT BhIOOpa Oa3uca.
[Mostomy dim(Der A) He 3aBUCHT OT BEIOOpa Oasmuca.

2. OueHka cBepxy pa3MepHoOCTH aaredpsl Jlu
nuddepeHUMpPOBaAHUIT TUHEHHOI aaredpsnl A,
obJanaromei exuHNNEH

[peamonoxxum, uTo NrHEHHas anredpa A oOnasaeT equHULIEH,
TO €CTh B Hell uMeeTcs sneMeHT & Takoi, uro dx = x6 = x. Die-
MeHT § OOBIYHO HA3BIBACTCA INIABHOM enuHuIeh anreopst [1]. Ode-
BHUJHO, YTO anredpa 4 MMeeT JIUIIb TOJIHKO OJIHY TJIABHYIO €IHHU-
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uy. s uccnenoBanus anredpsl nuddepeHIrpoBaHuid anredopst 4
BbIOEpeM crienuanbHBIM 00pa3oM Oas3uc B Heil. BkiiounM riaBHyIo
eauHUIly B 0Oa3uc u o00o3HauuM & = ey. OcTalbHbIC 3JEMEHTBI
0a3nca MOTyT OBITH BBIOpaHBI MPOU3BOJILHO. ToOr/Ia MOMyYuM ciie-
IYIOIIUA HAaO0op 0a3uCHBIX 3JIeMeHTOB: (eg,€eq, ...,en—1). TaK Kak
epe; = ejey = e;, TO CTPYKTYpHbIE NMOCTOSIHHBIE anreOpsl 4 OyayT
YIOBIETBOPATH YCIOBHAM

ck =8k, cl = sk

i

OTH COOTHONICHUS SBJISIFOTCSI HEOOXOAMMBIM H JOCTATOYHBIM
YCIIOBHEM TOTO, YTO 3JIEMEHT SIBIAETCS TIaBHOW €IWHUIICH anred-
pol A. Cunras, 4to €y = §, mepelieM K UCCIeIOBaHUIO MATPHUIIBI
C.

Teopema 2. Pazmeprnocmo aneeopor DerA ancebpol A ¢ edunu-
yeii ne 6onvue, yem (n — 1)?, 20e n = dimpA npu ycnosuu, umo
xapaxmepucmuka noist P ne pasna 2.

Jlokazamenvcmeo. PaccMoTpum matpuily 7, COCTaBICHHYIO U3
K02 (DPUITMEHTOB MIPU TIEPEMEHHBIX

x,x) (i>1), x¥ (k>0
B YPaBHEHHSAX

() G (m>1), (o) (h=01,..,n-1).
Brraucimm i ko3 dunuents! mo hopmynam (1.3), momyanm
CG1|(1)) = C(}1 + 6110 =2, CGuilo) =0,
C(}n1|8) = 5#1(:&1 = 5#“6'(80'(1)) = _55[(:&0 =0,
C(GolR) = 8 +6 —8;Cgo = .

Ha ocHoBaHuU MONy4YEeHHBIX COOTHOIICHHM MOXKHO CIENAaTh
BBIBOJ] O TOM, YTO MaTpHIia 7 IMeeT CIeAyIoIIee CTPOCHHE:

2 0 *
T = 0 En—Z * ’
0 0 E,
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rne E; — eMHWYHAs MaTpuiia mopsaka s. PaHr 9Tol MaTpuirs!
paBeH 2n — 1. CienoBatenbHO, paHT MaTpuIlkl C HE MEHBIIE, YeM
2n — 1. OTcrozia 3aKiIro9aem, 9To

dim(Der A) <n?—-(2n—1) = (n— 1)2,

Jlast toKa3aresbcTBa TOYHOCTH OIICHKH PACCMOTPUM aire0py
(n — 1)-nyanbubix uncen R(eq, &y, ..., q_1) ={ag + a1& + -+
An-1&n-1l @g, Ay, ..., ay_1 € P, &6 = 0}, &y — enununa anreo-
peL. Ilostomy D(gy) = D(gp€p). OTcrona

D(&) = D(&9)&g + €D (o).

3naunr, D(gy) = 0. Cnenosarensho, x5 =0 (i = 0,1,...,n — 1).
[Mockomeky €& =0, To D(g;)gj + €D (g;) = 0. Orcroma, mono-
xuB D(g;) = x{‘sk (k=01,..,n—1), nonyuum

0 0. —
x; g +x;g =0.

Ecm i =1, j#1, 10 x =0, x; =0 B Caly IMHEHHOH He-

3aBUCHMOCTH &1, & (j # 1). 3uauwr, x3=0mu xjp = 0. To ectb
0

x=0((k=12.,n—-1).

Ecmm xe dimA = 2, 1o 2x0e; = 0. Tak Kak XapaKTepHUCTHKA
nons P # 2, 1o xY =0 (i # 0).

Takum o6paszom, umeem x5 =0 (i =0,1,..,n—1).

CrnenoBarenbHo, Kaxngoe aupepeHIHpoBaHUE 3aqaeTcsl pa-
BeHCTBOM D (¢;) = x{‘sk (i,k=0,1,..,n—1).

Cnenosarensho, dim R(gq, &y, ...,&4-1) = (n — 1), D10 110-
Ka3bIBa€T TOYHOCTh OLICHKH B TEOpeMe 2.

3aMeTHM, YTO aHAJIOTHYHBIC 3a/la4d aBTOpaMH OBUIM PaccMOT-
peHbI i HopAaaHoBBIX anreOp [§], a Takke IUIsi HEKOTOPBIX APY-
rux areOp crenuaibHOro Buaa [5S—7].
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Linear algebras over a given field arise when studying various prob-
lems of algebra, analysis and geometry. The operation of differentiation,
which originated in mathematical analysis, was transferred to the theory of
linear algebras over a field, as well as to the theory of rings.

The set of all differentiations of a linear algebra themselves form a
linear algebra. This algebra is called the algebra of differentiations. At the
same time, this algebra admits the structure of a Lie algebra. If the algebra
whose differentiations are considered is finite-dimensional, then its Lie
algebra of differentiations will also be finite-dimensional. Therefore, there
is a natural problem of determining the dimension of the Lie algebras of the
differentiations of the linear algebra under consideration or to obtain an
estimate from above of the dimension of the algebra of differentiations.

To solve these problems, a system of linear homogeneous equations
is obtained, which is satisfied by the components of arbitrary differentia-
tion. Evaluation of the rank of this system allows us to obtain an estimate
from below of the rank of the matrix under consideration.

Keywords: Lie algebra, differentiation of linear algebra, dimension of
Lie algebra, linear algebra
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O rpynne aBToMop¢KU3MOB anrebpbl NAOPanbHbIX Yucen

B pabote uccienyrorcs aBToMOpPQHU3MBI anredp ILIio-
PaNIbHBIX YHCENl, KOTOPbIE SBISIOTCS 0000IIeHreM anredpsl
JQyaJIbHBIX YHCeN. AJTreOphl IUTIOpabHBIX YHCEN OKAa3aIHCh
B LIeHTpe BHUMaHUA npodeccopa Kazanckoro ynusepcure-
ta A.Tl. [llupokoBa. 3aHUMAsICh TEOMETPHEN KacaTeIbHBIX
pacciioeHuil BBICIINX MOPSIKOB, OH YCTAaHOBHJI, YTO Kaca-
TENIbHBIE PACCIOCHUS] BBICIIUX MOPSIKOB Hajd TIIaAKUMHU
MHOT000pa3usIMH HECYT CTPYKTYPY TIaIKOTO MHOTO0Opa-
3Ws HaJ ajareOpaMu IUTIOPAJIbHBIX YHCEN. DTO ITO3BOJHIO
emy B 1970-e TOIIbI TOCTPOUTH TEOPHIO TH(TOB TEH30PHBIX
moJieit W IMHEWHBIX CBSI3HOCTEH C TIIaIKOT0 MHOTOOOpasus
B €r'0 KacaTeJIbHbIE PACCIIOEHHSI IPOU3BOJIFHOTO MOPSIIIKA.

Wzyuarorcst aBTOMOpGHU3MBI anreOphl IUTIOpPaIbHBIX Y-
celn. JlokazaHO, 4TO MHOXECTBO BCEX aBTOMOP(HU3MOB all-
reOpbl IUTIOPABHBIX 4YHMcen oOpasyer rpymmy. OmmcaHo
CTpOEHHE 3TOH Tpynmbel. B KkauecTBe MpHUMEpOB yKa3aHBI
TpynOmbl  aBTOMOPGU3MOB anreOphl IUIIOPANbHBIX YHCET,
MMEIOLINX HEOOIBIIYI0 Pa3MEPHOCTb.

Kniouesvie cnosa: anredpa MIOPaIbHBIX YUCEN, aBTOMOP(H3M, BEK-

TOPHOE MPOCTPAHCTBO, MaTPHLa aBTOMOpdHU3Ma

Tocmynuna 6 pedaxyuro 27.04.2023 e.
© CynranoB A. ., Cynranosa I'. A., Monaxosa O. A., 2023

63


https://orcid.org/0000-0002-8790-5747

IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

1. Anredpa nuopajabHbIX YHCeJ

PaccmoTpum -MepHOE BEKTOPHOE MPOCTPAHCTBO V Hall mojieM
JIIEUCTBUTEILHBIX YHcel R ¢ O0a3ucoM (50, el e? ..., sm_l), Ha KO-
TOpPOM 3aJlaHa OWIMHEHHas omepalysi YMHOXCHHS, YIOBIETBO-
pAtOIIast CIACIYIOIIMM YCIOBHSIM:

0 = cagh — ca
gagﬁ = €a+ﬁ (a’ﬁ = 1,2,...,m - 1), (1)

[NonyuenHas nuHelHas ajareOpa Ha3bIBACTCsS alreOpoON IUTIO-
panbHBIX YKces 1 0003Hauaerca cuMmbonaoM R(e™1) [1]. U3 storo
OIpeeNHus CIeayeT, 4To deMeHT £0 sABisercs eIMHUYHBIM dJle-
MeHTOM aredpsl R(e™™1). Bynem cuurtats, uto e® = 1 (1 — enu-
Huna nonsg R). U3 onpenenenust 6a3UCHBIX 3JIEMEHTOB CIIEyeT, YTO
anre6pa R (™™ 1) aBnsercs KOMMYTAaTHBHOI M aCCOIMATUBHOM.

CoortHorrenre €™ = (0 maeT OCHOBaHHS K 3aKIIFOYCHHIO, YTO
KXl OasucHbli ameMent €% (a = 1,2,...,m — 1) sBusercs ae-
JuTeneM Hysl. BEeKTOpHOE MOANPOCTPaHCTBO, HATSHYTOE HAa 3TH
JIEMEHTHI, ABJIseTCa uaeanoM airebpel R(e™™1), npuuem makcu-
MaJIbHBIM. DTOT HJicall Ha3bIBACTCS PATUKAIIOM aNreOpbl TLTIOPaib-
HBIX umcen u o6o3Hayaercss Rd(R(e™™1)). Iepeiinem k aBTOMOp-
dusmam anredpsr R(e™1).

Omnpenenenue. OOpaTUMBIi THHEHHBIN OTIepaTop

¢:R(e™™ ) - R(e™™H)

Ha3bIBACTCS A8MOMOPHUIMOM DTOW aITeOpbl, €CIIM BBITOIHIIOTCS
ycnosus ¢(xy) = ¢p(x)P(y) ans mobwix x,y € R(e™™1).

Wuaue rosopsi, asTomopdusm anrebpsl R(e™™1) nmopanbabix
gHCell TIPEICTaBRIsIeT co00it n30MophHOE 0TOOpaKEHHE 3TOM anred-
pbl Ha cebs. MHOKecTBO Beex aBToMophu3MoB anredpsl R (™™ 1)
o6o3HayaeTcsa cumBosioM Aut(R™™1).
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Teopema 1. [[ns nobozo asmomopusma ¢ ancebpvr niio-
panvubix yucen umeem mecmo pasencmeso (1) = 1.

Jlokazamenvcmeo. 11ycTh ¢p — TIPOM3BONBHBIN aBTOMOP(H3M ai-
re6psl R(¢™™1). Torna as moboro anementa a € R(¢™™1) umeem

p(Da =) (P~ (@) = p(D)(P(p~ () =
=¢1- ¢ (@) = (@ (@) =a.

Amnanornuno a¢ (1) = a. Ilockonbky B anrebpe R(e™™1) ume-
€TCsl TOJIbKO OJHa equauma, To ¢ (1) = 1.

Teopema 2. Jlna mobozo asmomopdusma ¢ € Aut(R™™1)
umeem Pp(e) = x,e% (@ =1,2,...,m — 1).

Joxazamenvcmeo. Ilyctb

d(eV) = ape® + age*(a # 0).
Torma
P(e?) = p(e'e!) = p()p(e") = (ape’ + age®)(aoe® +
+ageP) = (ag)?e® + b, b € RA(R(e™ ™).
[TpuMeHsst MeTo] MaTeMaTHIECKOI MHTYKIIUH, IOy IHM
P = (ap)*e® +¢c,  c € RA(R(e™ L))

UIs 1000ro HatypanbHoro uucia k <m—1. [lpu k=m—1
HUMEEM CJIe/IyIoIee PABEHCTBO:

0 = (ap)™ 1e® +d, deRAR(E™Y)).

Orcroma crnenyer (ag)™ 1=0 u d=0. CrenoBaTensHo,
ay = 0. Teopema 2 mokasana.

2. Onucanye rpynnbl aBToMopdusMoB aaredpsl R(e™ 1)

B 1. 1 6610 0TMeueHo, uTo Gasuc anrebpel A = R(e™™1) co-
cTaBisioT demenThl 1, € = &1, €2,...,e™ L, 3nech £ spnsercs
CTeneHpl0 djeMeHTa & = &b, Jlns Kaxmoro asToMopdusMa
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¢ € AutA mb1 nonyunm, uto ¢(e) =t,e®* (@ =12,...,m—1),
rae tq, tp, ..., tyjp—q — IPOU3BOJIBHBIE JECUCTBUTEIBHBIE YHCIIA
(mapameTpsl).

Torma B cuimy Toro, uto ¢ — aBTOMOp(dHI3M anredpsl 4, MOXK-
HO HalTH 00pa3bl OCTAIBHBIX Oa3MCHBIX 3JEMEHTOB, TO €CTh

oY) (r=23,....m—=1):
$(e) = (P()" = (ta, ™M) .. (ta,8™) =

_ A+ g ot
=1, 2,12 A

Mycts ¢(e?) = d)ﬁs“, Au=12,...,m— 1. Torna nomyumm,
aro ¢y =t a

1_

v = dity-a, *)
rJie Mo MHAEKCy A BeJercs cymmupoBaHue oT 1 1o m — 1 mpu
ycnoBuu v — A > 0. Ecmu v — 1 < 0, To no omnpeznenenuio oyaeMm
CUMUTATh, YTO t,,_, = 0.

Teopema 3. Koosghgpuyuenmot (;b:} Y00871em80pPAI0m MoAHcOecm-
8am

1) ¢4=0, ecnu p < 4;

2) qb/{l = (t,)* (no unodexcy nem cymmuposanus) ons A = 1,2,
om—1.

Jlokaszamenscmeo.

1. Jloka3aTenbCTBO MPOBEEM METOJIOM MaTeMaTHYECKOW WH-
OyKIMu mo A > 2upu > 1.

Ilycte A — ¢ukcupoBaHHOE HATypajbHOE YHCIO, PaBHOE
2,3, ..., m— 1. JJokaxxem, 9T0O ¢ﬁ=0 IUIs Beex U < 2.

I[Ipu p =1 umeem (I){1 =¢it,_,, v=1. Ho t;_, =0 mpn
1 — v < 0. CrefoBarensHo, ¢pf = 0.

[Ipenmonoxxum, 4To ¢1/} =0 misIBcex U < A — 2.

Jloxaxxem, UTO ¢,{1_1 = 0. B cuny paBencrBa (*) umeem
qﬁ%_l = gb&t(l_l)_v. Ecm v < 41— 2, 10 ¢/ = 0 mo uHIyKTHBHO-
My npeamnooxenuro. Iloaromy qb,{‘_l =0.
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2. TlpuMeHNM TakKe MeTOJl MaTeMaTHUECKOH MHIyKIIHH.

Ipu A = 1 cooTHomEHNe 2) HACTOSIIEH TEOPEMbl UMEET BH
¢ =t,. C npyroii croponsl, ¢(el) = ¢(e) = tyef. Orcionma
1=t

Ilycts (,‘b/{1 = (t;)* ms kaxaoro pukcupoparHoro 1 < m — 1.

JlokaxxeM, 4TO ¢,{1:11 = (t;)**?. Jins sroro pacemorpum (*).

W3 Hero nomyuyum, 4ro
A+1 _ 42
bi+1 = Puta+n)-po
IJIe 110 UHAEKCY U BeneTcsi cymMmmupoBanue (npu yciaoBun (A + 1) —
p = 0). [lo ”HAYKTHBHOMY TPEIOTIO0KEHHIO, ¢)ﬁ‘ =0,ecmm u < A.

IMostomy mpu p = A umeem (A + 1) —u < 1. Orcrona ciexnyer,
uro (A + 1) — p = 1 (unave: ¢(341)—, = 0). Takum oOpazom,

A4+1 _ Ay _ (A — A+1
dii1 = it = (1)t = )
YTBepkaeHue 2) TEOpeMbl 3 T0Ka3aHo.
N3 Teopemsl 3 criemyer, 94TO MaTpHIa IPOU3BOJIBHOTO aBTO-

MopdusMa ¢ anrebpsl R(¢™1) oTHOCHTENLHO ee ecTecTeCTBEH-
HOro 0a3uca UMeeT BUJ

1 0 0 0
0 t; 0 0
M@)=|0 t, t2 .. 0 , t1 # 0.
0 ¢me1 Pmoq ..o (™!
CrnenoBaTenbHO,

dimAut(R(e™ 1)) =m—1=dim(R™™1).

MoxHO paccMoTpeTs BHA Matpuiibl M(¢) mis Broporo, Tpe-
THETO ¥ YETBEPTOTO IMOPSIIKOB:

AutR(e) = {(é tO) |t, ER,t # 0},
1
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1 0 0
AutR(e?) =40 t1 0 |]t;,t, €ER,t; # 0y,
0 t, (ty)?
( 1 0 0 0 \

, 0t O 0
AutR(S ) = \0 tz (tl)z 0 / |t1, tz,tg S R, tl * O

0 t3 241t; (t)3

OTH MaTpuLBl NPEACTABISAIOT TPYMIb ABTOMOPHHU3MOB aireo-
PBI IUTIOPAIBHBIX YUCET B YACTHBIX CIIydasX.
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On the group of automorphisms of the algebra of plural numbers
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The algebra of dual numbers was first introduced by V.K. Clifford in
1873. The algebras of plural and dual numbers are analogous to the
algebra of complex numbers. Dual numbers form an algebra, but not a
field, because only dual numbers with a real part not equal to zero have an
inverse element.

In this work, automorphisms of algebras of plural numbers, which are
a generalization of the algebra of dual numbers, are studied. Algebras of
plural numbers were in the center of attention of the professor of Kazan
University A.P. Shirokov. Studying the geometry of higher-order tangent
bundles, he established that higher-order tangent bundles over smooth
manifolds have the structure of a smooth manifold over algebras of plural
numbers. This allowed him in the 70s of the twentieth century to
construct a theory of lifts of tensor fields and linear connections from a
smooth manifold to its tangent bundles of arbitrary order.

In this paper, we study automorphisms of the algebra of plural
numbers. It is proved that the set of all automorphisms of the algebra of
plural numbers forms a group. The structure of this group is described.
The groups of automorphisms of the algebra of plural numbers with small
dimension are indicated as examples.

Keywords: plural algebra, automorphism, vector space, matrix of auto-
morphism

69


https://orcid.org/0000-0002-8790-5747

[nchbepeHumanbHas reomeTpns MHoroobpasnin duryp

References

1. Vishnevskiy, V. V., Shirokov, A. P., Shurygin, V. V.: Spaces over al-
gebras. Kazan (1984).

2. Vinberg, E. B.: Course of algebra. Moscow (2001).

3. Curtis, I, Reiner, I.: Theory of representations of finite groups and
associative algebras. Moscow (1969).

4. Kostrikin, A. I.: Introduction to Algebra. Parts 1—3. Moscow (2000).

5. Kurosh, A. G.: Lectures on general algebra. Moscow (1962).

6. Nikitina, Ya. V., Sultanov, A. Ya.: Weil bundle over the tensor product
of two algebras of dual numbers. Izvestia vuzov. Volga region. Phys.-Math.
Nauki, 4:28, 17—28 (2013).

7. Sultanov, A. Ya.: On automorphism groups of special linear algeb-
ras. Izvestia Penza State Ped. Univ., 8:22, 70—74 (2010).

8. Sultanova, G.A.: On the dimensions of Lie algebras of automor-
phisms in tangent bundles with a complete lift connection over a projec-
tive Euclidean base. Dalnevost. Math. J., 16:1, 83—95 (2016).

9. Sultanova, G. A.: On an estimate for the dimensions of Lie algebras
of infinitesimal automorphisms of tangent bundles with a complete lift
connection over a nonprojective Euclidean base. DGMF, 47, 146—153
(2016).

10. Shirokov, A. P.: A note on structures in tangent bundles. Tr. Geom.
Sem., 5, 259—309 (1973).

For citation: Sultanov, A.Ya., Sultanova, G.A., Monakhova O.A.

On the group of automorphisms of the algebra of plural numbers. DGMF,
54 (2), 63—70 (2023). https://doi.org/10.5922/0321-4796-2023-54-2-6.

@m SUBMITTED FOR POSSIBLE OPEN ACCESS PUBLICATION UNDER THE TERMS AND CONDITIONS OF THE CREATIVE
— m COMMONS ATTRIBUTION (CC BY) LICENSE (HTTP://CREATIVECOMMONS.ORG/LICENSES/BY/4.0/)



VJIK 514.75

M. A. Yewkosa
Anmaiickuli 20cydapcmeeHHbIli yHusepcumem, bapHayn
cma4d1@yandex.ru
doi: 10.5922/0321-4796-2023-54-2-7

MpeobpasoBaHue buaHku ncesaocdepbl

Hccnenyercs npeobpazoBanne buaHku ai1si moBepxHO-
CTEl TMOCTOSHHOM OTPHUIATENILHOM TayCCOBOM KpPUBH3HBL.
[ToBepxHOCTAMHU BpalleHUsT MOCTOSHHOW OTPHLATENBHON
TaycCOBOM KPHWBH3HBI SBIAIOTCA BONYOK MUHAWHTA, Ka-
Tymka MuHauHTa, TiceBmochepa (moBepxHOCTh benprpa-
mn). Takke K TOBEPXHOCTSM TIOCTOSTHHOM OTPHIIaTENFHON
rayccoBOil KpUBHU3HBI OTHOCSTCA MOBepXHOCTh KysHa 1 1mo-
BEpXHOCTh [luHM. M3ydyeHHEe NOBEPXHOCTEH IOCTOSHHOMN
OTPHIIATEIbHOW TayCcCOBOM KpHBH3HBI (TceBraochepruye-
CKUX IOBEpXHOCTeil) MMeeT OOJbIIOE 3HAYEHUE I HH-
Tepnperanuii ranuMerpun JloGaueBckoro. M3BectHa
CBSI3b T'€OMETPUYECKHX XapaKTEPUCTUK IIiceBrochepuye-
CKHX NOBEPXHOCTEW C TEOpHUEH ceTell, Teopueil COITUTOHOB,
HENMUHEHHBIME  TUQQEepCHINANEHEIMA ~ YPAaBHCHUSAMU U
ypaBHeHmsiMH cuHyc-I'opnona. IlpeoOpasoBanus buanku
TTO3BOJISIOT TOJTyYUTH IO JAHHOM ICeBAOCHEPUIECKOM Imo-
BEPXHOCTH HOBBIE TICEBI0C(epHIECKIe TOBEPXHOCTH.

C HCHOJIp30BaHUEM MaTEMAaTUYECKOTO IaKeTa MOCTpPo-
eHBbI TiceBocdepa u ee mpeodpasoBanus bruanku.

Kniouesvle cnoea: rayccoBa KpHBH3HA, TTOBEPXHOCTH BpAICHUS,
nceBaoctepa, moBepxHOCTh KysHa, mpeobpazoBanie buanku

B eBkiuaoBoM IpocTpaHcTBe E3 paccMOTpHM HOBEPXHOCTH
BpailleHusi M, MoJy4eHHYI0 BpallleHueM IUIOCKON KPUBOH BOKPYT
OCH.

Hocmynuna 6 peoaxyuro 06.03.2023 2.
© Yemkosa M. A., 2023
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O603naunm uepe3 k = (0,0,1) opt ocu, a yepes e(v) =
= (cos(v),sin(v),0) — paauyc-BEKTOp E€IUHHYHOU OKPYIKHO-
CTH, PacCIOJIOKEHHON B IUIOCKOCTH, OPTOrOHAJIBHON ocu. Torma
MOBEPXHOCTh M MOXKHO 33/1aTh B BUJIE

r=ue(v) + f(wk, (1)

rae f — muddepenumpyemas GyHKIUS, U, V— TapaMeTPHI.
O06o03Ha49MM Yepe3 n opT HopMaik K moBepxHoctd M. Torma

_ fle-k
n=Lel @
I'naBuble kKpuBH3HEI k; k, moBepxHOCTH M HMMEIOT BHJ
! 14
_ I

k= =
l'ayccoa kpususna K=k, k, paBna
K B fl fll
= , =.
w/(F2+1(J(FHZ2+1)

Tpebyem K = const, Hody4nM pelieHue

(Vo7+1)”

Ku?-(c-1)
c—Ku?

fw ==/

IZie ¢ — MPOU3BOJIbHAs KOHCTAHTA.
IToBepxHOCTH BpallleHUs TOCTOSIHHOM OTPULATENBHON raycco-

du,

BOM KpUBHU3HBI — 3T0 Bomyok Munamnara 0 < ¢ < 1, karymka
Munpauara ¢ < 0, ncesnocepa c = 0 [1, c. 100; 2, c. 175].
[Tomaraem K = —1, ¢ = 0 u BeIOMpaeM 3HAK «ILTIOCY.
Nmeem

fa) = /“jf;ldu. (3)

OHpeL[eJII/IM MeTpI/IquKI/Iﬁ TCH30p ’gl] 1 CUMBOJIBI KpI/ICTO(i)(I)e-
k
JIA Fi j
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Nmeem

—12 1
rn=r=eWw)+ /—1;; k, r, =1, =ue'(v),

_ 1 _ — 2
911 = 5> g1z =0, gz2 = u”.

|~

1
= ) I3, =-u? T}, =T3 = e “4)

OcranbHble F’i‘j PaBHBI HYIIIO.

PaccmoTpuM sBe riajkue nosepxHoctd M, M u nuddeomop-
¢usm f:M — M. KacaTenpHble MJIOCKOCTH B COOTBETCTBYOIIUX
Toukax p € M, f(p) € M nepecekarorcs no npsimoit (p, f (p)), 06-

pasysi mpsiIMO JByTpaHHBIA yroi, npudeM Bekrop pf(p) = pVj,
e 1, — opr, p = const. O603Ha4MM Yepe3 L OPT HOPMAIH K TIO-
BepxHOCTH M B TOuke p € M. Torga xacarenbpHasi INIOCKOCTb K I10-
BepxHocTu M B Touke f(p) € M umeer Bun Tf(o)IVI ={f(p,n,V,)}.
Teopema buaHku yTBEp»KIAeT, YTO €CJIM MOBEPXHOCTh M umeer
rayccoBy KpuBH3HYy K = — %, TO W TIOBEPXHOCTH M HMeeT Ty ke
KPHBH3HY.

O003HauuM Yepe3 r paanyc-BEeKTOp HMOBepxHOCTH M, a uepes
R — pamuyc-Bektop nosepxHoctu M. Ilomaraem K =—1 wu pac-

cMoTpum otobpaxenune [ : M > M [2, c. 489].
NUmeem R=r—-V, V =V5r,.
U3 ycnosust <R;[n,v] > = 0 nonyuum

r,—0;V =w@)V+a(r;)n.
Takkak <V,V>=1,<9;V,V>=0, 10
wr)=<nr,V> V\W=r— o@)V.
Nmeem
\Zt vt=1- 911(V1)2: \Zt V= _911V1V2,

(%)
\Z vt = —922V1V2' \Z Vi=1- gzz(Vz)Z-
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dopmysl (5) B cuity (4) IpUMyT BUJ
viy?

V1 (VI)Z VZ
OV ——=1-"r, V24 —=——

u u?
Vl

0,V — udv? = —?vv?,0,V? + o= 1—u?(V?)2
Cucrema (6) UMeeT pelreHne
. W?(Cv? —2C, +2v) — Cu

u?(Cv? —2C, +2v) + ¢

B 2Civ+2
u2(Cv? —2C, 4+ 2v) + €

VZ

Cy,C, — const.
[Totpebyem, urober < V,V > = 1. Torma 2C,C; + 1 = 0.
Beenem o6o3nauenue ¢; = 1/C;. Umeem
vl w?(c; +v)? = Du
u?(c; +v)2+1
2 _ 2(cy +v)
u?(c +v)2+ 1

)

(6)

(7)

[Monoxum u = sin(t). B cuny (3) f(t) = cos(t) + In(tg (%))
u ncesnochepa umeer ypasaenue 1 = sin(t) e(v) + f(t)k. Ilo-

cTpouM ee (puc. 1).

1.7
1]
0.5
o]
0.5
-1

-15-
1

05 0 05 1

Puc. 1. [IceBnocdepa
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B cuny (4), (7) nmeem
_sin(t) ((¢; +v)?sin?(t) — 1) cos(t)

- (c1 +v)2sin?(t) + 1 <e(v) + sin(t) o)+
2(c; +v)

(cq +v)%sin?(t) + 1

IMoctpoum moBepxuoctdh R =r —V,V =V r, nupu ¢; = 30
(puc. 2), c; = 0 (puc. 3).

sin(t) e’ (v).

T
R T2 e

02 04 o5 g1

Puc. 3. IIpeobpazoBanue buanku nceBmocdepsl mpu ¢; = 0
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VYpaBHEeHHUs TOBEPXHOCTHU NpH ¢; = 0 mpuUMyT BUA

2sin(t) _
*= #rzt)“ (cos(v) + vsin(v)),
2 sin(t) '
Y= v2sin2(t) + 1 (cos(v) — vsin(v)),
2sin(t)

t
=gt ().
z v2sin?(t) + 1 8(tg 2 )
[omy4eHnast moBepxXHOCTH — 3TO MOBepXHOCTh KysHa [3, ¢. 342].
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Bianchi transformation of the pseudosphere
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The work is devoted to the study of the Bianchi transform for surfa-
ces of constant negative Gaussian curvature. The surfaces of rotation of
constant negative Gaussian curvature are the Minding top, the Minding
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coil, the pseudosphere (Beltrami surface). Surfaces of constant negative
Gaussian curvature also include Kuens surface and the Dinis surface. The
study of surfaces of constant negative Gaussian curvature (pseudospheri-
cal surfaces) is of great importance for the interpretation of Lobachevsky
planimetry. The connection of the geometric characteristics of pseudos-
pherical surfaces with the theory of networks, with the theory of solitons,
with nonlinear differential equations and sin-Gordon equations is establi-
shed. The sin-Gordon equation plays an important role in modern physics.
Bianchi transformations make it possible to obtain new pseudospherical
surfaces from a given pseudospherical surface. The Bianchi transform for
the pseudosphere is constructed. Using a mathematical package, the pseu-
dosphere and its Bianchi transform are constructed.

Keywords: Gaussian curvature, surface of revolution, pseudosphere,
Kouen’s surface, Bianchi transform
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JnHeHbIe N NPOEKTUBHLIE CBA3HOCTM
Hag rnagkMm MHOroobpasuem

PaccMOTpeHBI TJ1aBHBIE pacClIOCHUSI KOpENepos 1-ro u
2-T0 MOPSAKOB, a TaKXKe (PaKTOp-paccIioeHre IEHTPOIPOCK-
TUBHBIX (Koad(MHHBIX) KopernepoB. B paccnoenun nnHen-
HBIX KOpEIepoB 3a/laHa CBA3HOCTh C MOMOLIBIO MOJS 00b-
eKkTa cBsi3HOCTU. OmpeseneHsl TeH30pbl KPYYEeHHUS U KpH-
BU3HBI 3TOH JIMHEWHOW CBSA3HOCTH. BrineneHsl ocoOble
CBSI3HOCTU: 0e3 KpydeHwus, 0e3 kpuBH3HBL [IpocTpaHCcTBO
JVHEHHOW CBSI3HOCTH, JIMIICHHOE KPYYEHHS W KPHBU3HBI,
npezacTaBisier coboi adpUHHYIO IPYINY, YTO ITOCIYKUIO
OCHOBaHHMEM JUIsl KJIACCHYECKOrO Ha3BaHMs «adpuHHAs
CBSI3HOCTBY.

[Ipn cnennanu3anusx MHOTOOOpa3Wsl BBEIEHBI CHIIb-
HOE U cJ1aboe YCIIOBHS TPOEKTUBHOCTH, MO3BOJISIOIIUE BbI-
JEIUTh COOTBETCTBYIOIIUE pAacCIOeHusl Kopernepos. CBss-
HOCTH B 3THX TJABHBIX PACCIOCHMSAX Ha3BaHBl CHIIBHON U
112001 IPOEKTUBHBIMHU CBS3HOCTSIMU.

B cnydae cumMerpuyeckoi JTMHEWHON CBS3HOCTH, KO-
I7la OTCYTCTBYET KpYUeHHE, PACCMOTPEH OOBEKT Kilaccuyie-
CKOW TIPOEKTHBHOW CBS3HOCTH. BBeneHbl (OpMbI 3TOH
CBSI3HOCTHU U HaWEHBI UX CTPYKTYpHbIE ypaBHeHus. OTcro-
Jla CJIEAYET, YTO KIIacCHYecKas MPOEKTHBHAS CBA3HOCTh HE
SIBISIETCS. HU  (yHIaMEHTaJbHO-TPYIIIIOBOM, HU JIMHEHHON

Tlocmynuna 6 peoaxyuro 16.03.2023 .
© IlleBuenko 0. U., Bsanosa A.B., 2023

78


https://orcid.org/0000-0002-4471-2750
https://orcid.org/0000-0001-5170-6191

}0. 1. LWeByeHko, A.B. Banosa

mddepeHmanbHO-TeoMeTprIecKor. JJoka3aHo, 9To 00BEKT
KPHMBHU3HBI 3TOH CBSI3HOCTH 00pa3yeT KBa3WUTEH30p JIHUIIb B
COBOKYITHOCTH ¢ O0BEKTOM CBA3HOCTH. [loka3aHo, uTo Kiac-
CHYECKasl MIPOEKTUBHAS CBA3HOCTH BBIPOKAAETCS B OTIHU-
HYIO OT UCXOJHOW JIMHEHHYIO CBSI3HOCTh Ha oOpase cede-
HHs HEKOTOPOTO OJJHOPOJHOTO PACCIOEHHUS.

Knroueeste cnosa: paccioeHHe KOpENepoB, JHMHEHHAs CBSI3HOCTE,

TEH30PbI KPYYCHUA U KPUBU3HEIL, cnabast U CHIIbHAs MPOCKTUBHLIC CBA3-
HOCTH, KJITaCCUYECKas MPOCKTUBHAA CBA3HOCTD

1. PaccjioeHust HaJ rJaikKum MHOF006p33HeM

PaccmorpumM n-MepHOe riagkoe MHOrooopasue V, co cTpyk-
TypHbIMU ypaBHeHusMHu Jlantesa [1; 2]:

1,n). (1.1)

[Iponomxum ux, To ecth NpoaudhepeHIUpyeM BHEIIHUM 00-
pasom u paszpemum 1o Jemme Jlanresa (0000meHHol temme Kap-
taHa [1; 2]):

do' = w/ A @ (l Jy o

ke i ke
dw; = of A+ Awjy, (1.2)
MpUYeM TPEXUHIEKCHBIE (POPMBI YIOBIETBOPSIOT YCIOBHAM
i i Ak = i i A ok —
Wi AN A" =0 @ wjyAw/ A" =0 &
T i
(,()[]k] - A kla) ) A(]k)l - O, A{]kl} - O, (13)

r7e KBaapaTHble CKOOKH 0003HAYaroT aJbTePHUPOBAHHE, KPYTIJIbIE
CKOOKM — CHMMETpPUpPOBaHUE, a PUTYpPHbIE CKOOKH — LUKJIHPO-
BaHUE.

[Tponomxkas ctpykTypHble ypaBHeHus (1.2), momydanm

dw]‘:k = w}k A wl—wh, A a)} /\ Wk + o' A ! ik (1.4)
Dk = Krim @™, ]L'(kl)m =0, Agemy = 0. (1.5)
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YrBepknenne 1. Hao enadxum muoeoobpaszuem Vy, umeromcs
anasuvie paccroenus kopenepos L(V,),L2(V,) co cmpykmypuvimu
ypasnenusamu (1.1, 1.2), (1.1, 1.2, 1.4), munosvimu crosamu Komo-
PbIX ABNAIOMCA IUHElHble epYnnbl 1-20 U 2-20 NOPAOKOS:

1
L = GL(n),dimL = n?;L? = GL?>(n), dimL? = Enz(n + 3),

npuuem epynna L aensiemes gpaxmopepynnoti epynnot L2.
CgepHeMm ypasaeHus (1.4) o unnexcam i, j:

dw, = —w; A wp+wl A wy, (1.6)
Wg = Wiy, Wy = Wiy Wy =0, (1.7)

TJIe CHMBOJI = 0003HaYaeT CpaBHEHHE 0 MOAYJIIIO 0a3UCHBIX (hopM
w.

CaeacrBue. B paccioeHuN TMHEHHBIX KOPENEPOB 2-TO MOPS-
ka L%(V,) Hapsay c (akTop-paccioeHHeM JIHMHEHHBIX KOpernepos
1-ro mopsiaka L(V,) npucyTctByeT (GaxkTop-pacCiioeHHE IEHTPO-
npoekTuBHBIX (Koadduuubix) Kopernepor C(V,) cO CTPYyKTYpHBI-
mu ypaBHeHusiMH (1.1, 1.2, 1.6), THTIOBBIM CIIOEM KOTOPOTO SIBIISI-

etcs koaddunnas rpynmna C = GA*(n).
2. JInHeiiHas CBA3HOCTH

3aganuM JIMHEHHYIO CBSI3HOCTH B TJIABHOM PacCiIOCHHUU JIMHEH-
HbIX KopenepoB L(V,) cnocobom Jlantea — Jlymucre [3; 4]. Ilpe-
o0pasyem cioeBble GOPMBI W) € TMOMOLIBIO JIMHEMHBIX KOMOMHA-

J
1mit 6a3ucHEIX hopm w*:

@} = w} — Tk 2.1

[TorpeOyem, 4yToOBI HyHKIHH I‘Jl:k YIIOBJIETBOPSUIM CIIEAYIOIIHM
mddepeHInanbHBIM ypaBHEHUSM:

AT} + @)y =T, (2.2)

TrJle TEH30pHBIH TuddepeHnnanbHblii oneparop A neiicTByer cie-
JYIOIIUM 00pa3oMm:
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i i l i i l i1

Torna npeoOpa3oBanHbie ciioeBbie Gopmbl (1) yIOBICTBOPSIOT
CTPYKTYpPHBIM YpaBHEHHSIM
do| =@ AD} + Rj0f A, (2.3)

rae KO3(PQUIMEHThl MPH BHEIIHUX TMPOM3BEACHUAX Oa3HMCHBIX
(dhopm BBIpaKaroTCs 0 hopMyIie

i = Uiy = Ui Ty (2.4)

NpUYEeM aIbTEPHUPOBAHIE MPOU3BOIUTCS 110 KPaHUM MHIEKCaM B
KBaJpaTHBIX CKOOKaXx.
[Mponomxum nuddepeHunansueie ypaBaeHus (2.2):

Al" +kamz ;nk r O+ }klzo.

[IpoanerepHupyem 3TH L[H(b(bepeﬂunanbﬂme CpaBHEHUS TI10
JIBYM IOCJICAHUM UHAEKcaM U yutem ycioBust (1.3, 1.5)):

AT e T I [kwml] m[k i = 0. (2.5)

C momomrsio ypaBHeHHH (2.2) TMONy4alOTCs CpPaBHEHHS IS
BTOpOTO ciaraemoro B popmyie (2.4):

AT [kal] +w [kal] + F [ka)ml] = 0.

BrerareM ux u3 cpaBHeHwmii (2.5) u Bocmonb3yeMcst (popmynoi
(2.4):

AR}, =0. (2.6)
Brecem ¢opwmsr (2.1) B ctpykTypHble ypaBaenus (1.1):
do' =o' AN} +Thwl Aok, (2.7

rae T]‘k = Ff jk]- AbTepHUpYs tudepeHuranbabie ypapHeHus (2)
" yauTheiBas ycimosue (1.31), moaydnm

AT} =0. (2.8)
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Y1Bep:kaenue 2. Jluneiinas c6a3H0Cmb (8 K1ACCU4ecKol mep-
MUHONO2UU — APPUHHAA C8AZHOCMDB) 6 2NIAGHOM PACCIOCHUU -
netinvix kopenepos L(V,) 3adaemcs chopmamu (2.1), onpedenen-
HbLMU C NOMOUbIO KOMNOHEHM 0ObEeKMA C6A3HOCMU F]l:k, Komopuie

yoosremeopsiiom ougpgepenyuarvrvim ypasnenuim (2.2). Qopmul
JUHEUHOU cesiznocmu (2.1) noOuuHsI0mes CmpyKmypHolM ypashe-

l
Huam (2.3), codepocawyum Komnonenmol 00vekma Kpusushol Rjy,
Komopbwie gvipadcaromes no gopmyne (2.4) wepesz obvexm cesA3HO-
cmu Ty u e2o npagpdossl npoussoonvie Tjy;. Komnonenmor Ry,

00pasyom meH30p, MaK Kak y0osiemeopsiom ouggheperyuans-
HolM  cpasHenuim (2.6). Buecenue ¢popm cesznocmu (2.1) 6
cmpyKkmypHule ypasnenus bazuchvix ¢oopm (1.1) npeobpasyem ux x
sudy (2.7), Kyoa 6xo0am KOMHOHEHMbl MEH30PaA KPYUeHUs T]lk c

oughghepernyuanvrvimu cpasneruamu (2.8).
Onpenenenne 1. I'maBHOE paccioeHne JTUHEWHBIX KOPETEepOB
L(V,,), npu Goxnee mogpodHoM obo3Hauenun L2 (V;,), ¢ 3a1aHHBIM

nojieM o0bekTa ) Ha3bIBACTCS NPOCMPAHCMEOM TUHEUHOT C6513-
Hocmu Lz 4.

3. Oco0Oble JJUHEIHBIE CBA3ZHOCTH

i i

Tensopsl kpyuenus T, 1 KPUBU3HBI R}y, MO3BOJISIOT BBIICINTD
3 0COOBIX TUHEHHBIX CBA3HOCTH:

1) T]Lk = 0 — nmHelHas CBSA3HOCTh 0€3 Kpy4eHus;

2) Rjy; = 0 — nuHeliHas CBA3HOCTH 63 KPUBU3HBI

3) Tjj, = 0, Rjj; = 0 — nuueiinas cBA3HOCTH 6e3 KpydeHus 1
KPUBHU3HBI, HHaY€ TOBOPSI, CBA3HOCTD JIOKAIbHO aPuHHOTO Mpo-
CTpaHCTBa.

B mnocnegnem ciywae ypaBuenus (2.3), (2.7) craHOBATCA
CTPYKTYpHBIMH ypaBHeHUsIMH aduHHOM rpynisl GA(n):

R A e e I PP
do' = 0/ A&}, d; = & A D, 3.1

r7ie TOYKa O3HAYaeT BBHIOJHEHHUE YCIOBHUH 3). DTO MOCIYKUIIO OC-
HOBaHWEM IJIs Ha3BaHUA «auHHAS CBA3ZHOCTLY (CM., Hamp., [5]),

82



}0. 1. LWeByeHko, A.B. Banosa

KOTOpoe OBUIO [aHO A0 Pa3BUTHUSA TEOPUU PACCIOEHHBIX IPO-
crpanctB. ['pynma GA(n) umeer nuHeiHyto daktoprpymnmy GL(n)
CO CTPYKTYpHBIMHU ypaBHEHUAMH (3.17).

4. CunbHast ¥ c1a0asi NPOEKTHBHbIE CBA3HOCTH

Hapsity ¢ 0COObIMH JIMHEHHBIMU CBS3HOCTSMH Ha TIPOM3BOJILHOM
paccioennn L(V,,) MOXKHO ClieHMAIU3MPOBaTh CaMO PACCIOCHUE H
MONTyYaTh APYrHe CBSI3HOCTH. BBIIETMM pacCiioeHHe CIeIUaTbHBIX
JIMHEHHBIX KOPETIEPOB € MOMOIIBIO YCIIOBHS TPOSKTUBHOCTH

w!=0. 4.1

3ameuanue 1. B adp¢punnoii rpynmne GA(n) co CTpyKTYpPHBIMH
ypaBHeHHsAMH (3.1) aHaJOrMYHOE PaBEHCTBO BBIAEISET SKBUAD-
¢uHHYIO OATPYIIY, a B JIMHEHHOHW dakToprpynne GL(n) — cre-
OUATBHYI0 JHUHEHHYIO TMOATPYMIY, H30MOP(HYI0 HPOEKTUBHOU
rpymme GP(n—1).

U3 cTpykTypHBIX ypaBHeHui (1.2) mpu j=i cnexyet

ik
dw; = w" Awy.

VYurem ycnosue (4.1) u pazpemium noyry4eHHOe KBaJpaTUIHOE
ypaBHeHue 1o JemMme Kaprana:

Wi = P’ Hiry) = 0. (4.2)
OrtrankuBaschk OT paBeHCTBa (4.1), BBeneM Ooltee o0iiiee ycioBre
0! = Vo, 43)
MIPOJIO/DKEHUE KOTOPOTO MMEET BT
Avi + @y, = 0. (4.4)

Hazosewm (4.1) cumpHBIM yCIIOBHEM TTPOSKTHBHOCTH, a (4.3) —
cJ1a0bIM yCIIOBUEM ITPOEKTHBHOCTH.

[Mpu BeImonHeHUn ycnoswus (4.3) ¢ momorpio o6o3HadeHust (2.1)
MOy UM

55 = Vkw®, vk =vik =Ty, Tk = I‘ﬁk. 4.5)
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VYpaBuenus (2.2) u cpaBHenusa (4.4) matot Ay, = 0. B pac-
cmaTtpuBaeMoM cirydae (opmyisl (4.3) u (4.5,) ananornunsl. bo-
JIe€ TOTO, €CITA TEH30P Y}, AaHHYJIUPYETCs, TO ZD'§ = 0, 9T0 MOAO0HO
ycnoBuio (4.1), u Torna vy, = [y.

Onpenenenne 2. Paccioenue nuneiinbix kopenepos L(V,) ¢
ycinoBueM (4.1) Ha30BEM CUTbHBIM PACCIOeHUEM NPOEKMUBHBIX KO-
penepos 1 0603uaunM P(V,), a npu BEITIONHEHNH ycitosus (4.3) —
ciabbIM paccioeHreM NpoeKTUBHBIX kopenepoB P (1,). Jlunelinsie
cBs3HoCTH B paccioennsx P(V,) u P(V,) Ha30BeM COOTBETCTBEH-
HO CHUIBHOU W €1a00¥ IPOEKTUBHBIMH CBSI3HOCTSIMH. | TaBHEIE pac-
cnoennss P(V,) u P(V,) co cBs3HOCTAMH OyIeM Ha3bIBaTh IIPO-
CTPAHCTBAMH C CHIILHOM U CJTa00N MPOCKTUBHBIMU CBS3HOCTSMH U
0003Ha4aTh pnz—l,n u P2y,

3ameuanue 2. IIpoctpancrsa Pnz—l,n u P,2_;, ¢ onnoii Ga-
301 V}, 1 0JIMHAKOBBIM TUIIOBBIM CJIO€M — MPOEKTUBHOW I'PYMION
GP(n-1) — Hemb3sl OTOXKIECTBUTD, TaK KaK B OKPECTHOCTH TOUKH
0a3el nMeeM pasHbie hopmyisl (4.1) u (4.3).

Yreepapenune 3. Ecnu croesvie dopmvl w; yoosremeopsiom
crabomy ycnoguro npoexmuenocmu (4.3), 6 wacmuocmu CunbHOMY
yenosuio npoexmuenocmu (4.1), mo gpopmvt npoexmuHoU C8IA3HO-
cmu &T]l: NOOYUHSIOMCSL AHATOZUYHOMY VCAOBUIO.

W3 nuddepennmansubix ypaBHeHuit (2.2) cieayer, 4To CBepT-
ku [}, yAOBICTBOPSIFOT ypaBHEHUSM

ATy + wy = Ty’ (T = T, (4.6)

KOTOpBIE C y4E€TOM CJeacTBus (4.2)) U3 YCIOBHUS CHIBHOU IPOEK-
TuBHOCTH (4.1) mpuHUMAaroT TeH30pHBIN BUI: Al'), = 0.

3ameuanue 3. JIuHEHHYIO CBI3HOCTh C OOBEKTOM I‘]l-k, YIOBJIETBO-
psIOIIMM B cilydae BbinonHeHus! paBeHcTBa (4.1) ycnosuto I, = 0,
MO>KHO Ha3BaTh CHEYUANbHOU CUNbHOU NPOEKMUBHOU C8A3HOCMBIO.

5. O0beKT KiIaccu4ecKOi NPOEeKTHBHOM CBSI3HOCTH

B obmem cirywae criaboe ycinoBue nmpoeKTUBHOCTH (4.3) U TeM
Oomnee cuibHOE ycioBue (4.1) He BHITIOTHSIIOTCS, TIOOTOMY HEIB3sI
JaTh ompezeNeHne 2 U JoKa3aTh yTBEPkKAeHUE 3. DTO MPENITCTBUE
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MIPEOI0JIEBAETCS] IPU MOCTPOSHUH O0BEKTa KIACCHYECKOH MpOeK-
THBHOW CBSI3HOCTH B IPOCTPAHCTBE CUMMETPUYECKOW JIMHEHHOMN
CBSI3HOCTH.

VYrBepxknenne 4. O0vexm cumMmempuueckol TUHeUHoU C6s13-

Hocmu Fjl-k (Ffjk] =0) u eco céepmra Ty =T}, noseorsrom no-
cmpoums 00veKm KIAcCU4eckoll NpOeKmusHol C6AZHOCmU (CM.,
Hanp., [6]):

. . 1 . .

L _7mn L i

i i
npuiyem 6 cuuty cummempuu KOMNOHeHm F]k 0bvekm H]k cummeni-

. d —
puuen no Hudcnum undexcam: I, = 0.

3ameuanue 4. IlocTpoeHme mecTH OOBEKTOB MPOSKTHBHOU
CBS3HOCTH MO JaHHOMY OOBEKTY HECHMMETPHUYECKON JIHMHEWHOM
CBA3HOCTHU MPOU3BEIECHO Pa3HbIMU almapaTtaMu B cTaThix [7; 8].

U3 nuddepentmanpaeix ypaBHeHuid (2.2), (4.6) cienyer, 4to
KOMIIOHEHTBI 00BEKTa Hjl:k TTOTYUHSIOTCSI CIIEAYIOIINM CPABHEHUSIM:

ATl + wly——— (6w + 6fw)) = 0. (5.2)
CBepHEM HUX IO UHIEKCAM 1, j:
All, =0, T = I0,.
Bonee Toro, dhopmyna (5.1) maet
I, = 0. (5.3)

6. ®opMbI KJIacCCHYECKOH NPOEKTHBHOM CBSI3HOCTH

ITo ananoruu ¢ ¢hopmamu nuHEHHOH cBsizHOCTH (2.1) BBemeM
(hOpMBI IPOEKTUBHOM CBA3HOCTH

@} = wf — M w*. (6.1)

3ameuanue 5. VI3 dopmynsr (6.1) u ToxaectB (5.3) ciemyer
O} = w}, TO ecTh CyMMa JWAarOHaNbHBIX (OPM HE IMOJBEPraeTcst
peo0pa3oBaHHUIO.
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CornacHo ¢popmynam (2.1), (5.1) umeem

/\. ~. 1 . .
@) = @) +— (6T, + S THwk. (6.2)

C moMoIpio CTPYKTYpHBIX ypaBHeHwHi (1.1) momyyum
dd} = da) + _[5 'dTy, + 61dT; — (8/T; + 8T wf ] Awk.

Packpoem kpyriibie ckoOkM M Bocronibdyemcs nuddhepeHiu-
ATHHBIMA ypaBHEHUAMHU (4.6):

" 1 . .
—6J-iwk - 6};0)]- + S,iFlw]l- - F]-w,"{]/\wk.
Hcnonb3yem CTpyKTypHBIE ypaBHeHI/m (2.3):

dd] = Bf A&}, + [Rjy, — (5 T + 6T ]w*Aw! +

n+1
+ﬁ(8}€[‘la)j —Twj, — Sj?a)k — SLw)Awk. (6.3)

[IpeoOpaszyem BHemIHUE Npou3BeACHUS (HOPM JTUHEHHOUN CBS3-
HOCTH C TIOMOIIBIO paBeHCTB (6.2):

~KA D KA A k _
w; \Noy = &7 Ny, + o +1)2F Wk AT 0"

n+1( AT w! +T; wk/\wk)

B mocnenneM BeipaxkeHnn ucnonb3lyeM obo3HadeHue (6.1):
~ka~D _ ~AkasE L0k LTk Ayl
0 N\D), = O Ny, m(wj Alyw' +Tjw Awk) +

L . .
+——(T My + M6 w0 Aw! + o2 +1)2r | PRALY VAL

[loncraBuM mony4eHHBINH pe3yabTaT B dopmyiny (6.3), BbIHe-
CeM BHEIIHUE MPOu3BeAeHUs 0a3uCHBIX (JOPM U MIPOATBTEPHUPYEM
KO3(QPULIUEHTHl PU 3TUX NPOU3BEICHHUAX C YUYETOM CUMMETPHHU
KOMIIOHEHT H}k:

i} = &f Nof——— (8lwy + SLw)A0* + RbqwkAw!, (6.4)
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i _ pi i
ikl = Mg — n—-l-l [‘Sjr[kl] -
1 .

—(Tjpe + le'[}?k + m[‘j[‘[k)dl‘]]. (6.5)
YrBep:xkaenne 5. Knaccuueckass NMpOeKTHBHAs CBSI3HOCTH CO
cTpykrypHbiMH ypaBHeHusmu (1.1), (1.6), (6.4) He sABIgeTCS HU
(dhyHIameHTanpHO-TpyMIoBoi [1—4], Hu nuHEeHOHN nuddepeHu-
aJbHO-TeoMeTpuueckoi [9] cBsizHOCTBIO Haj 0asoit 1},. OmHako
HaJl pacCIOCHUEM IIEHTPONpoeKTHBHBIX Koperepos C(V;,) sTo mm-

HElHas CBSI3HOCTb, HEIIOCTOSHHAS YacTh 00BhEKTa KPHUBU3HBI KOTO-
potli Belpaxaetcs 1o gopmyie (6.5).

7. KBa3uTEeH30pHOCTb 00bEeKTa KPHUBU3HbI

[Mponomxum nuddepeHunansueie ypaBHeHus (4.6):
ATy — Tl + wi = 0.
AJIBTEpHUPYEM 3TH CPAaBHEHUS:

B cnyuae mosnyrononomuoctu [10] mMHOroo0pasus V, umeem
wgcll] = O,w[kl] = 0, IIO3TOMY AF[kl] = 0, TO €CTb F[kl] — AHTHUu-
CUMMETPUYECKUI TeH30p HAa MHOT0OOpasuu V;,. 3Hauur, (S‘}F[kl] —

TEH30p.
Haiinem nuddepennmanbabie cpaBHEHUS TSI KOMIOHEHT 2-TO
CJIaraeMoro B KBaJpaTHBIX CKOOKax (hopMyiikl (6.5):

AT + T I + F iTi)8h + (@i + w8 =

CJIC,Z[OBS.TGJIBHO, KOMIIOHCHTBI R}kl YAOBJICTBOPAIOT CICAYIO-
IOUM CpaBHCHUAM:

i 1
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YrBepknenne 6. /Judppepenyuanvuvie cpasnenus (5.2), (7.1)
NOKA3b168AI0M, 4MO 00bEKM KPUBUIHBL R}kl KIACCUYEeCKOll NPOeK-
MUBHOIL CEAZHOCMU 00paA3yem K8asumeH3op Judb 8 COB0KYNHOCMU
€ 00bEeKMoM 3Mmotl C6A3HOCMU H}k.

8. Ciryuaii BbIpPOKICHHS NPOEKTUBHON CBA3HOCTH

VYpaBHenus (6.4) cTaHyT CTPYKTYPHBIMH YpaBHEHHSMU (popm
JIMHEHHOHN CBA3HOCTH JIMIIbL B 0COOOM Cilyyae, KOI'Zla BBIIOJIHAIOT-
cs1 nuepeHnranbHbIE CpaBHEHUS

Sfwy + Spw; = 0. (8.1)

CBopaumnBasi ux o0 HHIAEKCAM i, j, moaydynM wj = 0. Haobo-
pOT, U3 3TUX cpaBHeHUHU cienyioT cpaBHeHHS (8.1). CooTBETCTBY-
touue ndaddoBsl ypaBHEHHSI UMEIOT BUA

Wy = A o', (8.2)
rae Ap; — HekoTopble pyHkuuu. [IpogomkuMm 3T ypaBHEHHS U
3amuIlIeM Pe3yIbTaT B BUJIC CPAaBHEHUI

A Akl + Wy = 0. (83)

AnbTepHUpPYS MX M MCIIOJB3Ys cpaBHeHus (1.73), momyunm
A A[kl] =0. (84)

[MoacraBum nipaddoBsr ypaBHeHus (8.2) B CTPYKTYpHBIC YpaB-
HeHus (6.4):

Ao} = &f Aoy + Rl w*Awl, (8.5)
. . 1 . .
le'kl = R}kl + il (51'1A[kl] - Aj[ksll])' (8.6)

B paccmarpuBaemom cirydae cpaBHeHUS (7.1) mpuMyT BUI
. 1 . _
A :R]l-kl + mw][k&l] = 0. (87)

88



}0. 1. LWeByeHko, A.B. Banosa

Huddepennmansusie cpaHenus (8.3), (8.4), (8.7) mo3BonstoT
HaWTH CpaBHEHUS I KOMITOHEHT (8.6): A ]R]‘-k, =0.

VrBepxknenne 7. Kiaccuueckas npoexmugHas CeA3HOCHb
CMAHOBUMCSL TUHEUHOU C853HOCMbI0 Ha 0bpasze ceuerus (8.2) 00-
Hopoonoeo paccnoenus Ay (V) co cmpykmyprvlMu ypasHeHusmu
(1.1), (1.6), 20e A;, = GA* (n)/GL(n) — rxoapdunnoe npocmpan-
cmeo pazmepHocmu n. Oma OMAUYHASL OM UCXOOHOU JUHeUHas
C8A3HOCMb UMeem cmpykmypHule ypaeuenus (1.1),(8.5) u mensop
KpueusHul (8.6).
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Linear and projective connections over a smooth manifold
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The principal bundles of the first order coframes and the second order
coframes, as well as factor bundle of centroprojective (coaffine) coframes
are considered. In the bundle of linear coframes a connection is given
with the help of the field of connection object. The torsion and curvature
tensors of this linear connection are determined. Special connections are
singled out: torsion-free, curvature-free. The space of a linear connection
devoid of torsion and curvature is an affine group, that served as the basis
for classical name «affine connectiony.

Under the specializations of a manifold, strong and weak projectivity
conditions was introduced, which make it possible to single out the cofra-
me bundles. The connections in these principal bundles are called strong
and weak projective connections.

In the case of symmetric linear connection, when the torsion is
absent, the object of classic projective connection is considered. Connec-
tion forms are introduced and their structure equations are found. Hence it
follows that classic projective connection is neither fundamental-group
nor linear differential-geometric. It is proved, that the curvature object of
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this connection forms a quasitensor together with the connection object
only. It is shown, that classic projective connection degenerates into diffe-
rent from the original linear connection on the image of a section of some
homogeneous bundle.

Keywords: bundle of coframes, linear connection, torsion and curva-
ture tensors, weak and strong projective connection, classic projective
connection
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