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O MMHMManbLHOCTM NOYTU KOHTAKTHbIX METPUYECKUX
rMnepnoBepXHOCTEN NOYTU IPMUTOBLIX MHOr006pasui

DopMynupyroTCs ABE 3a4a4u: 1) MpoaHaIM3HPOBATh OJHO U3
M3BECTHBIX YCIIOBHH MHHHUMAaJIbHOCTH IOYTH KOHTAaKTHOH METpH-
YECKOM THIEPIOBEPXHOCTH MOYTH SPMHUTOBA MHOT000pasust; 2) BbI-
SICHUTh, KaK CBSI3aHO YCJIOBHE MHHHUMAJIbHOCTH AOOaca i T'H-
MIEPIIOBEPXHOCTH C KJIAaCCHYECKOH 0000mIeHHO0i cTpyKTypoii Ken-
Molly B MHOrooOpasuu Baiicmana — I'pest ¢ yclIoBHEM MUHUMAITb-
HOCTH TUIEPIOBEPXHOCTH CO CTpyKTypoil Kupmuenko — VYcko-
pesa.

Knrwoueewie cnoga: moutu KOHTaKTHas MeTpHUYecKas CTPYKTypa, IO-
YTH 3PMUTOBO MHOT00Opasue, MUHHMalbHas THIEPIIOBEPXHOCTH, YCIIO-
BUSI MUHIMAJIBHOCTH

1. OtnpaBHO# TOUKOM AJIsI HAITMCAHUS JAHHOM 3aMETKHU CTaJlo
W3ydYeHHe HelaBHO OIMyOJIMKOBaHHOHM crartbu [1] mpakckoro reo-
MeTpa Moxammena A6Oaca. B aToil pabore paccmarpuBaeTcs cH-
Tyalysl, KOTAa Ha OPUEHTHPYEMOM THIIEPIOBEPXHOCTH IMTOYTH 3p-
MHTOBa MHOT000pasus, MPUHAISKAIIETO KIACCy MHOT000pa3mit
Baiicmana — I'pesi, HHOyLMpy€eTCsl TaK Ha3blBaeMasl KJlaccudecKas

Hocmynuna 6 peoakyuro 17.04.2025 2.
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obo6menHas crpykrypa Kenmony. OTmMeTum, 4To METOZBI HCCIIe-
JIOBaHMS TIOYTH KOHTAKTHBIX MeTpHueckux (almost contact metric,
acm-) TUIEPIOBEPXHOCTEH, KOTOPHIMUA BECbMa YCIIEHIHO MOJb3Y-
ercsi M. AGOac, pa3paboTaHbl OTCUECTBEHHBIMH T€OMETpaMH
B. ®. Kupnuenko u JI. B. CrenanoBoii [2; 3]. OTMeTHM TakXke, 9TO
3TO, I10 HAIIEMy MHEHHIO, [IEPBBII UHTEPECHBIN U BaXHBIN CIIydai,
KOrJa TMOYTH KOHTAKTHasg MeETpUYecKas CTPyKTypa Ha THIEpHo-
BEPXHOCTH, ABISIONIasics 000OmeHHOW cTpykTypoii Kenmory,
U3ydaeTcs Tak rIyOOKO M IeTaabHO. UTO KacaeTcst MOYTH 3PMHUTO-
BBIX MHOTooOpasuii Baiicmana — I'pest (To ecTb MHOrooOpa3uii
kinacca W; @ W, B obuienpunsToii TepMunoaorud I'pes — Xep-
BEJUIBI), TO TaKue MHOT000pa3us M3ydalnch C Pa3HBIX TOYEK 3pe-
HUS MHOTMMHU TeoMeTpamu. OOpaTUM BHUMaHHE Ha TO, YTO Kiacc
MHOT000pasmii BaiicMana — ['pest comepXuT Bce KeIepoBHl, TPH-
OMMKEHHO KEJIEPOBHI U JIOKATBHO KOH(OPMHBIE KEJIEPOBBI MHOTO-
o0pazusl.

2. Hambonee wHTepecHBIH pe3ynbrar padoTel [1], Ha Hamm
B3], — KPUTEPU MUHUMAJIbHOCTU THIIEPIIOBEPXHOCTH C 0000-
meHHoN cTpykTypoir Kenmormy B MHOrooOpasum Baiicmana —
I'pes: paBeHcTBO

0§ =0 6]
SIBIISIETCSL yCJIOBHEM, HEOOXOAMMBIM M JOCTAaTOYHBIM JUI MHHH-
MaJLHOCTH THIIEPIIOBEPXHOCTH MHOTOOOpa3us BaticMmana — I'pes,
OCHaIIeHHOH 0000meHHoM cTpykTrypoir Kenmorry [1, c. 10]. 3aech
0 — BTOpas KBaapaTthyHas (opMa MOTPYKEHHS THIEPIOBEPXHO-
ctu N2*~1 B muoroo6pasue Baiicmana — I'pes M2™, & — cTpyk-
TYPHBIII BEKTOp ITOYTH KOHTAKTHOM METPUYECKON CTPYKTYphl Ha
runeprosepxHoctu N2~ 1,

3. YcnoBue (1) xopoImio 3HaKOMO aBTOpaM HACTOSIIEH 3aMeT-
k. OHO BO3HHUKAJIO paHee MPU HCCICIOBAaHUHM HEKOTOPHIX BHJIOB
aCM-THIIEPIIOBEPXHOCTEH MOYTH 3PMHUTOBBIX MHOT000pa3uii, mpu-
HaJISKANUX Pa3IUYHbIM KiaccaM ['pes — XepBelwibl, MpuueM
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Kak 1s1 06osee OJIM3KOro HaM CiIydasi acm-TUIIEPHIOBEPXHOCTH 6-Mep-
HOTO TIOYTH 3PMHUTOBA MHOTOO0Opazms [4—=8], Tak u It cioydas
THIIEPIIOBEPXHOCTHA TMOYTH 3PMHUTOBA MHOT000pa3usi MpPOHU3BOIb-
HOU paszmepHocTH [9—12]. DTO yclnoBHE MHOTA SIBIAETCS KpUTe-
pUEM MUHHMAIbHOCTH aCm-THUIEPIOBEPXHOCTH MOYTH 3PMHUTOBA
MHOT000pasusi; B IPYTHX CIIydasX OHO OKa3bIBaeTCs TOJILKO HEOO-
XOJUMBIM HJIM TOJBKO AOCTaTOYHbIM. IIprdyeM B HECKONBKHUX pa-
00Tax [aHHOE YCIOBHE XapaKTepU3yeT MHHUMAaIbHOCTH acm-
THIIEPIIOBEPXHOCTH UMEHHO €O cTpyKTypoil Kenmony (Hampumep,
B [9; 10] ¥ HEKOTOPBIX APYTHUX CTATHSX).

4. B KoHIle CTaTbU MBI CTaBUM CIEAYIOUIYIO 33jJady: IMpoaHa-
nu3upoBaTh ycioBue (1), cucTeMaTu3upoBaTh pe3yiabTaThl O MH-
HUMAaJIbHOCTH aCM-THIIEPIIOBEPXHOCTH MOYTH 3PMHUTOBA MHOT000-
pasusi, CBA3aHHBIE C 3THM yCJIOBHEM (OHO NMPHCYTCTBYET B AECT-
kax crareil). ChopMmynupyem elie OAHy 3agady, Ha HaIl B3IJISA,
ropaso MeHee CIIOKHYIO: BBUICHUTH, KakK cBsizaHO yciosue (1) ¢
MUHUMAJIBHOCTBIO aCM-TUIEPIOBEPXHOCTH CO CTPyKTypoil Kupu-
YEHKO — Y CKOpeBa.

Hanomuunm, uto crpykrypa Kupnuenko — Yckopesa [13; 14]
TaKxke sABisierca o0obmeHneM cTpykTypbl Kenmolry, omHako 3Ta
CTPYKTypa OTJIIMYHA OT KJIACCHYECKOH OOOOIEHHOW CTPYKTYpPBI
Kenmory, koTopast paccmaTpuBasiach B cTathe [1] U BO MHOTHX
Ipyrux paborax. HaBepHoe, 1ienecoo0pa3zHee BCEro Mpu pelIeHHH
9TOM 3a/1a4ll KIIOMECTUTBY» THIIEPIIOBEPXHOCTh €O CTPyKTypoit Ku-
pUUeHKO — YCKOpeBa MMEHHO B MHorooOpasue Baiicmana —
I'pes.
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We consider obtained in 2024 by M.Y. Abass a minimality
criterion for hypersurfaces with classical generalized Kenmotsu
structure in a Vaisman — Gray manifold. This condition is known
to have arisen in the study of hypersurfaces equipped with certain
kinds of almost contact metric structures in almost Hermitian man-
ifolds belonging to various Gray — Hervella classes. The condi-
tion was sometimes a minimality criterion for an almost contact
metric hypersurface of an almost Hermitian manifold; in other ca-
ses, it turned out to be only necessary or only sufficient.

In the present note, we formulate two problems:

1) to analyze in detail the above-mentioned minimality condi-
tion for an almost contact metric hypersurface of an almost Hermi-
tian manifold;

2) to find out how the Abass minimality condition for a hyper-
surface with the classical generalized Kenmotsu structure in a
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Vaisman — Gray manifold is related to the minimality of a hyper-
surface with the Kirichenko — Uskorev structure, which is also a
generalization of the Kenmotsu structure.

Keywords: almost contact metric structure, almost Hermitian mani-
fold, minimal hypersurface, minimality condition
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A note on the scalar curvature
of a compact Riemannian manifold

In the present paper, we formulate conditions for the constan-
cy of the scalar curvature of an n-dimensional (n = 3) compact
Riemannian manifold (M, g). In particular, conditions for the cons-
tancy of the scalar curvature of (M, g) in the case of the quasi-ne-
gative Ricci tensor are found. Conditions are also obtained for a
compact Riemannian manifold (M, g) to be an Einstein manifold.

Keywords: compact Riemannian manifold, scalar curvature, York de-
composition, Einstein manifold

1. Introduction and notations

We recall the well-known Yamabe problem from 1960: Let
(M, g) be an n-dimensional (n = 3) compact Riemannian mani-
fold, then there exists a positive and smooth function f on M such
that the Riemannian metric g: = f - g has the constant scalar cur-
vature S. In 1984 an affirmative resolution to this problem was pro-
vided. Detailed information can be found in the monograph [1,
Ch. 4]. In turn, in this article we will formulate conditions for the
constancy of the scalar curvature (M, g) and, as a consequence, a
criterion for the degeneration of a compact Einstein manifold
(M, g) into a Euclidean sphere.

Submitted on February 4, 2025
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Let V be the Levi-Civita connection on (M,g) and SPM: =
SP(T*M) be the vector bundle of symmetric bilinear differential p-
forms (p = 1) on (M, g). We denote by Ric and s = traceyRic
the Ricci tensor and the scalar curvature of (M, g), respectively.
The derivatives of Ric and s are related by the following formula
(see [1, p. 35; 43]) 6Ric = —%ds, where the differential operator
8:C*(S2M) - C*®(T*M) is called the divergence (see [1, p. 35])
and defined by the formula §: = —trace, o V. Next define the tra-

celess Ricci tensor Ric = Ric — (s/n)g, then the pointwise or-
thogonal decomposition Ric = Ric + (s/n)g holds. In parti-

cular, if Ric = 0, then the Ricci tensor Ric satisfies the condition
Ric = (s/n)g. In this case (M, g) is called the Einstein manifold
(see [1, p. 44]). Furthermore, if n > 3, then s = const. An exam-
ple of an Einstein manifold is the Euclidean sphere S™ equipped
with its standard metric.

2. The York decomposition for the Ricci tensor

If (M, g) is compact (without boundary), then we can define
the L? inner scalar product of symmetric bilinear differential p-
forms ¢ and ¢ on (M, g) by the formula

(@.0"y = [ ,,9(p, p)dvol,

where dvol; being the volume element of (M, g). We define
§*:C*(T*M) - C*(S5%M) the first-order differential operator by
the formula §*0: = %Lg g, where Lg is the Lie derivative and § = o#
is the vector field dual (by g) to the 1-form. Then the differential
operator § is a formal adjoint operator for §*(see [1, p. 35]). In this
case, we have (p,8*0) = (8¢,0) for any ¢ € C*(S*M) and
6 € C*(T*M).

The following York theorem [2] is a well-known result in Rie-
mannian geometry in the large and it is also included in the mono-
graphs (see, e. g., [1, p. 130]).

13
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Theorem 1. For any n-dimensional (n = 3) compact Rieman-
nian manifold (M, g) the decomposition

C*(S2M) = (Im8* + C*°M - g) D (5-1(0) N traceg-l(O)) (1)

holds, where both factors are infinite dimensional and orthogonal
to each other with respect to the L? inner scalar product.

Remark. The second factor §~1(0) N tracey 1(0) of (1) is the
space of TT-tensors on (M, g). At the same time, we recall that a
symmetric divergence free and traceless covariant two-tensor is
called TT-tensor (see, for instance, [3]).

If we suppose @ € C®(S2M), then York L?-orthogonal decom-
position formula (1) can be rewritten in the form

o= (GLeg+2g)+ o™ (2)
for some & € C®(TM), some TT-tensor @’T and some scalar fun-
ction A € C*(M). Applying the operator trace, to both sides of
(2), we obtain trace;p = — 66 + nd, where 6 is the g-dual one-
form of & that means 8% = & (see [1, p. 30]). In this case, (2) can
be rewritten in the form (;) = SO + @7, where

p=¢ — (1/n)(traceggo)g
is the traceless part of ¢ and
S0 =60+ (1/n)d0g

denotes the Cauchy — Ahlfors operator S: C®(T*M) - C®(S§M)
actions on the vector space of one-form C*(T*M) and with values
in the vector space C®(SZM) of symmetric traceless bilinear dif-
ferential forms (see, e.g., [4]). It's obvious that S annihilates the
one-form 6 such that 8% = & for a conformal Killing vector & on
(M, g), since the conformal Killing vector ¢ obeys the equation
60 = —(1/n)60 - g (see [5]). Particular cases of a conformal Kil-
ling vector field ¢ is a homothetic vector for which 680 = const
and a Killing vector, for which §6 = 0 (see [5]). Using the above,
we can formulate the following corollary.

14
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Corollary 1. For any n-dimensional (n = 3) compact Rieman-
nian manifold (M, g) the decomposition

C®(S2M) = ImS @ (5-1(0) N traceg‘l(O)) 3)

holds, where both terms on the right-hand side of (3) are L*-ortho-
gonal to each other.

From the L?-orthogonal decomposition (3) we deduce the L?-or-
thogonal decomposition for the traceless Ricci tensor

Ric = SO + Ric™T 4)
for some one-form 6 € C*°(T*M), some TT-tensor Ric’T €
€ C*(52M) and the Cauchy — Ahlfors operator S. Therefore, we

can formulate the following corollary.

Corollary 2. Let Ric be the traceless Ricci tensor of an n-di-
mensional (n = 3) compact Riemannian manifold (M, g). Then

the L?-orthogonal decomposition Ric = SO + Ric™" holds for its

traceless Ricci tensor Ric.

The formal adjoint operator for S is defined by the formula
S*w = 28w for an arbitrary w € C*(SZM) (see [4]). Then the
elliptic operator of the second kind S$*S: C*(T*M) — C®(T*M)
is well known as the Ahlfors Laplacian (see also [4]). Note that
kerS*S = kerS since (57S6,0) = (56,50) for any 6 €
€ C*®(T*M). Furthermore, the following equation holds (see [6])

$*S0 =— (n—2)/n -ds.

Therefore, in general, the scalar curvatures s of (M, g) is cons-
tant if and only if the vector field §:= 6% is conformal Killing.In
addition, we recall that the kernel of S is trivial if the Ric is quasi-
negative (see [5]). Recall that Ric is quasi-negative means that Ric
is non-positive everywhere but strictly negative somewhere. The
following theorem holds.

Theorem 2. Let (M, g)be an n-dimensional (n = 3) compact

Riemannian manifold and Ric = (%ng +Ag) + Ric™ be the
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York L?-decomposition of its Ricci tensor Ric. Then the scalar cur-
vature s of (M, g) is constant if and only if the vector field & is
conformal Killing. In particular, if the Ricci tensor Ric of (M, g) is
quasi-negative, then the scalar curvature s of (M, g) is constant if
and only if the vector field & is zero.

3. The York decomposition and Einstein manifolds

Let (M,g) be an n-dimensional (n > 3) compact Einstein
manifold such that Ric = Ag. Then from (4) the equality follows
SO + Ric™ = 0. Therefore, if we applying the operator § to both
sides of the equality S8 + Ric™" = 0, we obtain S*S6 = 0. As a re-
sult from SO + Ric™T = 0 we deduce that S8 = 0 and Ric’T = 0.
The opposite is obvious. Using the above, in particular, Theorem 2,
we can formulate the following theorem.

Theorem 3. Let (M, g) be an n-dimensional (n = 3) compact
Riemannian manifold and

1
Ric = (ELfg + Ag) + Ric™T

be the York L?-decomposition of its Ricci tensor Ric. Then (M, g)
is an Einstein manifold if and only if the vector field & is conformal
Killing and the TT-tensor Ric™T is zero. In particular, if the Ricci
tensor Ric of (M, g) is quasi-negative, then (M, g) is an Einstein
manifold if and only if the vector field & must also be zero as must
Ric™T.

According to Theorem 3, we conclude that the definition of an
n-dimensional (n > 3) compact Einstein manifold (M, g) is rela-
ted to the existence (in general) of a non-zero conformal Killing
vector field on (M, g). At the same time, the theorem of Yano and
Nagano [7] states that an n-dimensional simply connected comp-
lete Riemannian manifold (M, g) of positive constant curvature is
the only connected complete Einstein manifold admitting a comp-
lete conformal vector field & which is non-homothetic. Furthermo-
re, (M, g) is conformally diffeomorphic with an n-dimensional
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Euclidian sphere S™. At the same time, we recall that H. Hopf sho-
wed that a compact, simply connected Riemannian manifold with
constant sectional curvature 1 is necessarily isometric to the Eucli-
dian sphere S™, equipped with its standard metric (see [8; 9]). The-
refore, in the Yano and Nagano theorem, (M, g) must be isometric
with the Euclidian sphere S™ if the vector field ¢ has a non-cons-
tant divergence (see also [5, p. 5]). Using our Theorem 2 and the
theorem of Yano and Nagano we can formulate a corollary.
Corollary 3. Let (M, g) be an n-dimensional (n = 3) simply
connected compact Riemannian manifold and let Ric =

= G Leg + /'Ig) + Ric™T be the York L?-decomposition of its Ric-

ci tensor, where the vector field & has a non-constant divergence. If
(M, g) is an Einstein manifold, then it is isometric with an n-di-
mensional Euclidian sphere S™.

Remark. An n-dimensional (n>2) Riemannian manifold
(M, g) is a Ricci almost soliton if and only if the identity RicTT = 0
holds in the orthogonal decomposition of the Ricci tensor (4) (see

[6]).
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3ameTka 0 ckansipHoW KpUBM3HE
KOMMaKTHOrO pumMaHoBa MHOroobpasus

[Toctynuna B pegaxiuio 04.02.2025 r.

B nanHoii cTathe (OPMYIHPYIOTCS HEOOXOIMMBIE M JOCTa-
TOYHBIE YCJIOBUS MOCTOSIHCTBA CKAIAPHOM KPUBHM3HBI N-MEPHOTO
(n = 3) kommakTHOTO prUMaHOBa MHOToOOpasus (M, g). B gact-
HOCTH, HAMIEHBI YCIOBHS ITOCTOSHCTBA CKAJISIPHONW KPHUBHU3HBI
KOMITAKTHOTO PHMaHOBa MHOTOOOpasus B Cilydae KBa3HOTPHIIA-
TENBHOTO TeH30pa Puuun. Takke MOIyYEHBI YCIOBHSI TOTO, YTO
KOMIIAKTHOE pMMaHOBO MHoOroo6pasue (M, g) sBisieTcss MHOr000-
pasuem DHHIITEHHA.

Kntouegvie cn106a: KOMIIaKTHOE PUMaHOBO MHOT000pasue, CKalspHas
KpHBH3HA, pasioxeHue Mopka, MHOroobpasue DifHIITeitHA
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O TeH30pe KOHrapMOHNYECKOW KPMBU3HDI
6-MepHbIX KenepoBbIX MOAMHOrooopasuit anrebpbl Kanu

B naHHOM 3amMeTKe MBI paccMaTpHUBaeM O-MepHbIE KeJIepOBBI
MIOJIMHOT000pa3ust anreOpsl okTaB. [l TaKMX MOJMHOTI000pa3uit
BBIUUCJIEHBI KOMIIOHEHTBI TEH30pa KOHIAPMOHHUYECKOW KPUBU3HEL.
OTOT TEH30p SBJIAETCS NHBAPUAHTOM TaK Ha3bIBAEMbBIX KOHIapMoO-
HUYECKHX NpeoOpa3oBaHMi, TO €CTh KOH(POPMHBIX IpeodpazoBa-
HUH, COXPAHSIOIINX CBOHCTBO TAPMOHNYHOCTH TIIAAKUX (DYHKIIHH.

Kntouesvle cnoga: oyt 3pMUTOBA CTPYKTYpa, KEIEpOBa CTPYKTYPa,
TEH30p KOHTapMOHHYECKOH KPHUBHU3HEBI, O6-MEpHOE MMOJMHOroobpasue ai-
reOpsr Ko

1. Kondopmusie mpeoOpa3oBaHHs PUMAaHOBBIX CTPYKTYp SIB-
JISTFOTCS. BAYKHBIM M COJISPIKATENIbHBIM 00beKTOM UG (hepeHIInab-
HO-TEOMETPHUYECKUX HccienoBanuii. CyIeCTBEHHBI HHTEPEC
MPEJICTABIISACT CHEIMATbHBIA THII TaKHX MPeoOpa3oBaHMil — KOH-
rapMOHHYECKHE TIpeoO0pa3oBaHus, TO €CTh KOH(GOPMHEIE TIpeodpa-
30BaHMs, COXPAHSIOIINE CBOMCTBO TApMOHUYHOCTH TJIaJKUX (DyHK-
nui. DTOT TN npeoOpa3oBaHuil OBUT BBEJEH B PAaCCMOTPEHUE B
50-¢ ToAabl MPOIIOTO BEKa ANMOHCKHUM MAaTEMAaTUKOM ﬁOHIPIXI/ITO
Wimu [1]. M3BecTHO, YTO Takue MpeoOpa3oBaHUsi UMEIOT TEH30P-
HbIH WHBapHaHT — TaK Ha3bIBA€MbI TEH30p KOHTapMOHUYECKOU
KpUBH3HBL. OTMETUM, YTO JIOTIOJHEHUE PUMAHOBON CTPYKTYPHI 10
MTOYTH SPMHUTOBOU CTPYKTYPHI MO3BOJISIET BBIJCIUTH €Ie HECKOIb-
KO KOHI'AapMOHUWYCCKUX WHBAPUAHTOB.

Hocmynuna 6 peoakyuro 17.04.2025 2.
© Banapy I'. A., 2025
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OOpaTiM BHMMaHHE Ha TO, YTO 3HAYUTEINHHBIH BKJIAa B TEO-
PHIO KOHTapPMOHHYECKHUX MPeoOpa3oBaHUil U, B YACTHOCTH, B T€O-
METPUYECKYI0O TEOpPUIO TEH30pa KOHTapMOHMYECKOH KpUBH3HBI
BHEC M3BECTHBIN OoTeuecTBeHHBIN cnenuanuct B. ®. Kupuuenko, a
Tak)ke HEKOTOpbIE €ro yUeHHUKH [2—4].

B HacTosieit pabote paccMaTpuBaeTCs TEH30p KOHT'apMOHHU-
YeCKOl KPHBHM3HBI 6-MEPHBIX KEJIEPOBBIX MOIMHOrooOpasuil ai-
reOpsl okTaB. KemepoBa (a B 00meM ciydae — MOYTH 3PMHUTOBA)
CTPYKTypa Ha TaKUX TMOAMHOTO00Pa3HAX UHIYLUPYETCS TaK Ha3bl-
BaeMbIMH 3-BEKTOPHBIMH TNpou3BeneHusMu ['pes — bpayHa B an-
rebpe Ko [5; 6].

2. HanoMHuM, 4TO MOYTH 3PMHUTOBOM CTPYKTypOH Ha 4eTHO-
MepHOM MHorooGpaszuu M2" maseiBaetcs napa {J, g = (-, -)}, rme
J — TOYTH KOMIUIEKCHast CTPYKTypa, a g = (-, *) — pHMaHOBa
METpHKa Ha 5TOM MHOroobpasuu. IIpu stom J u g = (-, *) IOIK-
HBI OBITH COTJIACOBAHBI YCIOBHEM

JX,JY) =(X,Y), X, Y €R(M?>M),

rae R(M?™) — Momynb MaJKuX BEKTOPHBIX MOJIEH Ha paccMaTpH-
BaeMOM MHOroo6paszuu M2". Muoroo6pasue ¢ GHUKCHPOBAHHON Ha
HEM TOYTH 3PMHUTOBOM CTPYKTYpOH Ha3bIBAECTCSA HOYMU IPMUMO-
évim. C KaxI0i TIOYTH SPMHUTOBOI CTpyKTYypoit {J, g = (-, )} Ha
MHOroo6pasuu M2?™ cs3aHa Tak HasbiBaeMmas (yHJaMEHTalbHas
(hopMma, KOTOpas ONpenesieTcss paBeHCTBOM
F(X,Y)=(X,JY), X, Y €RM?™).

Iloutn spmHTOBa CTPYKTypa Ha3bIBae€TCS KeJepPOBOM, €ciiu
VF=0.

3ajiaHue TOYTH 3PMHUTOBON CTPYKTYphl Ha MHOrooOpasuu M2"
PaBHOCHMIILHO 3afaHuI0 G-CTPYKTYphl Ha M2?™ co CTpyKTypHOI
rpymmoit U(n), 31eMeHThI IPOCTPAHCTBA KOTOPO Ha3bIBArOTCs A-pe-
nepamu [2]. O1a G-CTpYKTypa Ha3bIBaeTCsA NIPHUCOETNHEHHOM.

Taxoke HaIOMHUM, YTO TEH30P KOHI'APMOHHWYECKOH KPHUBU3HBI
Ha PIMaHOBOM MHOTOOOpPa3HH Pa3MEpPHOCTH m OMpEAeNseTCs pa-
BEHCTBOM (cM.: [1])
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Ch(X,Y,Z,W) = R(X,Y,Z,W) —
1
- m Kx,W)ric(Y,Z) —(X,Z)ric (Y,W) +
HY,Z)ric(X,W) —(Y,W)ric (X,2)],
rae R — TeH30p pUMaHOBOM KPUBU3HBI, ric — TeH30p Puuun. TeH-
30p KOHIapMOHHYECKOW KPUBU3HBI 00J1a1aeT BCEMH KIIaCCHYECKH-
MU CBOMCTBaMH, KOTOPBIE MPUCYIIN TEH30pPY PUMAHOBON KPHBH3-
HBI ¥ TeH30pY Beiinst koHdhopMHO# KpuBU3HEI [3; 4], a IMEHHO:
Ch(X,Y,Z, W) -Ch(X,Y,W,2),
Ch(X,Y,ZW) = —Ch (Y, X, W,2),
Ch(X,Y,ZW) + Ch(Y,Z,X,W) + Ch(Z,X,Y,W) =0,
Ch(X,Y,Z,W) = Ch(Z,W,X,Y).
BrlunciuM KOMIIOHEHTBI TEH30pa KOHTAPMOHUYECKON KPUBH3-
HBbl Ha MPOCTPAHCTBE MPUCOETUHEHHON G-CTPYKTYpHI i 6-Mep-
HOTO KeJIepoBa MOAMHOro00pasus anreOpsl OKTaB. B TepmuHax ko-

BapHAHTHBIX KOMITOHEHT (POPMYJTY, ONPEIeISIONIy0 TeH30p KOH-
TapMOHUYECKON KPUBU3HBI, MOXKHO 3aITUCaTh B BUJIE

1 .
Chijii = Ryjr — 7 (ricji 9ire + Ticik gji —

— TiCjk Ju —TiCiyi Gjk) -

Kak u B cimyyasix ¢ TEH30pOM pHUMaHOBOM KpUBHU3HEI [7; 8] U
TeH30poM Beiinst KoHPOpMHON KPUBU3HBI[9], UCXOAS U3 YIIOMSHY-
TBIX BBIIIIE KJIACCHYECKUX CBOICTB 3TOTO TEH30pPa, JOCTATOYHO Haii-
TH TONBKO KOMIOHEHTBl Chgpeq; Chapea; Chapeqs Chapeq, KOTO-
pBI€ IOJTHOCTBIO ONPEAETSIOT 3TOT TEH30p. 3JECh U AATEE HHIEKCHI
i, j, k, | npuaAMatoT 3HaYeHus ot 1 mo 6, mHAekcw a,b,c,d, ... —
3HadeHus oT 1 1o 3. Kak Bo MHOTHX paboTax 0 6-MEepHBIX ITOAMHO-
roo0pasusx anreOpbl OKTaB, 37ech d = a + 3.

W3BeCTHBI KOMIIOHEHTHI, ONpPENENsIOmre TeH30p PUMaHOBOU
KPUBHU3HBI 6-MEPHOTO KeJlepoBa MOJIMHOT000pasns anreOpbl OKTaB

[7]:
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3necn {T,Z ]-} — KOMIIOHEHTB KOH(UTYpallMOHHOTO TeH30pa (B

TepMHUHONIOTHUU ['pest), nim BTOpOH OCHOBHO# (hOpMBI TIOTPY KEHUS
KeIlepoBa MMOAMHOT000pa3us B alredpy OKTaB.

KomnoneHTs! TEH30pa Pryun Takyke M3BECTHEI (OTMCTI/IM, qT0
B [9] BBIYKCIICHBI COOTBETCTBYIOIIME KOMIIOHCHTHI JUIst OoJiee 00-
mIero ciaydas — Ui 6-MEpPHOTO YIIOUIAIOIIErocs 3pMUTOBA TOI-
MHOT000pa3us anredpsr Kamm):

ricay, = 0, Ticgy, = —2 T3 TYp.

HakoHel, KOMIOHEHTBI METPUYECKOTO TEH30pa Ha MPOCTpaH-
CTBE€ NMPUCOCTUHEHHON G-CTPYKTYPhI TAKOBBI:

_ —_ sa .~ —8b P
Yab = 0, Jap = 817' Yab = 6a: Yab = 0.
Bocrmons30BaBImCh MPUBEJACHHBIMU BBIIIE COOTHOIICHUSIMH,
MOJTy4aeM:
1, . . .
Chapca = Rapca — 2 (ricpa Yac + TiCac Gpa — TiChc Gaa —
—TiCqq gpc) = 0;
1, . ; .
Chapca = Rapca — 7 (Nicha Gac + TiCac Gpa — TiCpc Gaa —
— TiCaq Gpe) = 0;
1, . . .
Chapeca = Rabea — ;(TiChq Gac + TiCac 9pa — TiChe Jaa —
—TiCaa Jpe) =
_ 1 m7 77 ¢b 7 17 sa 7 m7 sb 7 m7 sa).
1, . . .

Chapea = Rapca — 7 (ricpa Gac + Ticac Gpa — TiChe Gaa —
; — 7 m7 1em7 m7 sc 7. m7 sa
—Ticga gpe) == 2T Tya +5 (Tap Tha 85 + T5 Ty 88).

TakuM 00pazoM, UMEET MECTO CIIeTyoIast
Teopema. Tenzop KOHeAPMOHUYECKOU KpUusu3Hvl 6-MepHO20

Keneposa noomuo2oobpasus aieeopvl Kanu onpedensiemcs pagen-
cmeamu
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Chapca =0, Chgpea =0,

1
Chasea = — 5 (Tap Tne 84 + Tgs Tha 8¢ — Tag Tha 88 —
- Tgﬁ T’ZC 63)’
1
Chapea == 2Ta: Tja +5(T3s Tra 65 + Ty Trp 64)-

3. SlcHO, 9TO BBHIYHCIIEHHBIE KOMIIOHEHTHI TEH30pa KOHTapMO-
HUYECKON KPHUBHU3HBI ITO3BOJIAIOT HCCIIENOBATh TaK Ha3bIBaeMble
KOHIapMOHHWYECKHE aHanoru Toxaects I'peda us [10]. Takue aHa-
JIOTH OBLIH BBeNeHBI B paccMotpenue B. @. Kupnuenko n A. [1n-
xaboM B [2]. OTMETHM TIpH 3TOM, YTO OCHOBHAS YacCTh Pe3yJIbTa-
TOB, TIOJYUYCHHBIX B CTaThe [2], a Takxke B paborax [3] u [4], oTHO-
CUTCA K TPUOIMKEHHO KEJIePOBBIM MHOT000pa3vsM, MpenMyIile-
CTBEHHO 4-MEepHBIM.

Jpyroe BO3MO)XKHOE MPUIIOKEHHE TOTYYEHHOTO pe3ysibTaTa —
3TO JaNbHENIIee pa3BUTHE TEOPHH O-MEPHBIX KEJIEPOBBIX OMHO-
roo0pasuii anreOpsl oktaB. K cokaneHuio, mocjiae BBIXOAA B CBET
¢bynaamentanbsHoi cratbu B. @. Kupnuenko [6] pabotr umeHHO o
KEIIEPOBBIX 6-MEPHBIX IMMOAMHOT000pa3wsix anredopsl Kamm omy6mn-
KOBaHO kpaiftHe Mano (cM.: [11; 12], oruacTu [13; 14], a Takxe 00-

30p [7]).
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Conharmonic transformations are conformal transformations
that preserve the property of harmonicity of smooth functions.
This type of transformation was introduced into consideration in
the 50s of the last century by the Japanese mathematician Y. Ishii.
It is known that such transformations have a tensor invariant — the
so-called conharmonic curvature tensor. Note that complementing
the Riemannian structure to an almost Hermitian structure allows
us to single out some additional conharmonic invariants.

In this paper, we consider the conharmonic curvature tensor of
6-dimensional Kdhlerian submanifolds of the octave algebra. The
Kahlerian (and in the general case, almost Hermitian) structure on
such submanifolds is induced by the so-called Gray — Brown
3-vector cross products in the Cayley algebra.

The main result of the work is the calculation of the so-called
spectrum of the conharmonic curvature tensor for an arbitrary 6-di-
mensional Kéhlerian submanifold of the octave algebra. By the
concept of the spectrum of a tensor, we mean the minimal set of
the components in the space of the associated G-structure that
completely determines this tensor.

Keywords: almost Hermitian structure, Kéhlerian structure, tensor of
conharmonic curvature, six-dimensional submanifold of Cayley algebra
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Mpumep HeyCTONYUBON IPMUTOBOW CTPYKTYPbI
Ha 6-MepHOM nogMHOroodpasum anrebpbl OKTaB

Y CTaHOBIEHO, YTO 3PMUTOBA CTPYKTYpa Ha CKPYYEHHOM IpO-
U3BE/ICHUU JIByMEPHOTO KOMIUIEKCHOTO €BKIIMJIOBA MPOCTPAHCTBA
C? ¥ KOMILIEKCHOTO THIep6bonMyeckoro npoctpanctsa CH? He sB-
JII€TCSl yCTOMUUBOH.

Kniouesvie cnosa: anredpa Kamm, 6-MepHOEe mOAMHOTrooOpasue ai-
reOphI OKTaB, yCTOHYNBOCTD MOYTH SPMUTOBOM CTPYKTYPHI

1. B 60-x rogax mpouuioro Beka BhIIAIONIUNACAS aMEpUKAHCKUN
reomeTp Anbsdpen I'peit yctanoBmia [1], 94To Kaxkmoe U3 ABYX Tak
Ha3bIBa€MBIX 3-BEKTOPHBIX MTPOU3BeAeHHI B anredpe Konu mopox-
JlaeT Ha ee 6-MEPHOM MOAMHOTOO0Pa3HH IMOYTH SPMHUTOBY CTPYK-
Typy. 3HAUNTENbHBIE PE3YIBTATHI B HCCIEIOBAHUN TaKUX CTPYKTYP
MOJY4YMJT 3aMeUaTelIbHbId OTeUeCTBEHHBINM reometrp Bagum Depno-
posuu Kupudenko, crtarbu koToporo B 1970—1990-x rr. 060061112~
TW, YCWIMBaIM W pa3BuBaimu uaen Anbdpena ['pes. B. D. Kupu-
YEHKO 00paTWJI BHUMAHUE Ha CIeAyIONMid pe3ynbraTt A. ['pes: mo-
YTH HPMUTOBBI CTPYKTYPBL, MOPOKIACHHBIE PA3HBIMU 3-BEKTOPHBI-
MU TIPOU3BENEHUSIMH B anreOpe OKTaB Ha OJHOM W TOM e TO/I-
MHOT000pa3ny, MOTYT CYHIECTBEHHO OTJIMYAThCA APYT OT ApyTa.
Hanpumep, onHa W3 TakuX MOYTH 3PMHUTOBBIX CTPYKTYP MOXKET
OBITH KeslepoBoH, a npyras — HeT [1]. B. @. Kupudenko BBen no-
HSATHE YCTOMYMBOCTH ISl TOYTH IPMUTOBOM CTPYKTYpHI Ha 6-Mep-

Hocmynuna 6 peoakyuro 17.04.2025 2.
© Bbanapy M. b., 2025
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HOM NOAMHOT000pa3uu anredps! Kanu. A UMEHHO, IOYTH 3PMHTO-
BY CTPYKTYpY Ha 6-MEpPHOM MOJMHOT000pa3uu aireOpbl OKTaB OH
Ha3BaJl YCTOWYMBOMW, €CIIM JBOWCTBEHHAs el CTPyKTypa (TO eCTh
CTPYKTYypa, IOPOKACHHAsL JPYTUM 3-BEeKTOPHBIM IPOU3BEICHHUEM B
anrebpe Kanmm) nmpuHamiexXuT ToMy Ke KiIacCy MOYTH SPMHUTOBBIX
cTpyktyp [2]. Hanbonee moapoOHO pe3ybTaThl, CBI3aHHBIE H yC-
TOWYMBOCTBIO TIOUTH SPMHUTOBBIX CTPYKTYP Ha 6-MEPHBIX OJAMHO-
roo0Opas3usx aaredpsl OKTaB, H3JI0XKEHHI B padoTe [3].

B cratse [4] 6b1u1 paccMOTpeH BOIPOC 00 YCTOWYMBOCTH IPMHU-
TOBBIX CTPYKTYP Ha 6-MEpHBIX YIUIOIIAFOIINXCS TOJMHOT000pa3u-
ax anreopel Konmu. B Hactosimeit paboTe npuBOAUTCS KOHKPETHBIH
MIpUMep HEYCTOMYHUBON 3PMHUTOBOM CTPYKTYpHl Ha 6-MEPHOM MOJI-
MHOroo6pasuu anreopel Kamu, a UIMEHHO Ha OJHOM M3 JIOKAJIBbHO
CUMMETPHYECKHX ITOAMHOT000Pa3Hii anreOphl OKTaB.

2. U3BecTHO [5], yTo mouTH 3pMuToBoii (almost Hermitian, AH-)
CTPYKTYpoil Ha MHOrooOpasuu M2™ yeTHOl pa3sMEpPHOCTH HA3bIBA-
ercs mapa {J, g = (-, )}, nae J — 10OYTH KOMIUIEKCHAsI CTPYKTYpa,
ag = (-, ) — pUMaHOBa METpHKa Ha 3TOM MHOrooOpasuu. [Ipu
atoM J 1 g = (-, +) JIOJDKHBI OBITH COIIACOBAHBI CIIEAYIONIMM YC-
JIOBHEM:

JX,JYy =(X,Y), X, Y €RM?™),

rae N(M 2") — MOJyJIb TJIaJIKUX BEKTOPHBIX TOJIEN HA paccMaTpu-
BaeMOM MHOroo6pasuu M?™. Muoroo6pasue ¢ GpUKCUPOBAHHOM Ha
HeM AH-cTpykTypoli Ha3bIBaeTcs noumu spmumosuim (AH-) MHO-
roodpaszuemM. AH-mHOrooOpasue Ha3bIBaCTCS IPMUMNOGLIM, €CIH
€ro MOoYTH KOMIIJIEKCHAs CTPYKTYpa HHTEIpUpyeMa.

HamoMHHM Takke O SIBHOM BHJE 3-BEKTOPHBIX MPOU3BEICHUH
I'pes B anrebpe oktas [1]:

Pi(X,Y,Z)=-X(YZ)+ (X, Y)Z + (Y, 2)X — (Z,X)Y;
Py(X, Y, Z) = —(XV)Z + (X, Y)Z + (Y, Z)X — (Z, X)Y.

3necs O = R® — anre6pa Komu; X,Y,Z € O; (-, -) — ckansp-
Hoe npoussenenue B 0; X — X — oneparop conpsixenus B 0.
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B cratee [6] B. ®. KupnueHko noaydeHbl CTPYKTypPHEIE YpaB-
HEHUS TPOM3BOJIEHOW TOYTH SPMHUTOBOW CTPYKTYPBI, HHIYIHPO-
BaHHOW 3-BEKTOPHBIMHU Mpou3BefeHUsIME B anreOpe Kamm Ha ee
6-MepHOM TIOIMHOTr000pa3uu obmiero tumna. Jlus ciydast 3pMUTO-
BOH CTPYKTYpHI 3TH ypaBHEHHUS ObuM yTo4dHEHBI [7—9]. Oxasa-
JIOCh, 9TO OHU UMEIOT CIETYIOIINN BU/I:

1
0l A w? + ﬁsathhca)c A Wp;

1
dw, = —w? Aw, + \/—EsathwaC A wb; (1)

dw?®

1
dw? = 0l A 0§ — §5S£thDgc + Z TaiTo | we Aw?,
¢

rie {w*} — xoMmoHeHTH hopM cMeleHnus, {a)]k } — KOMIIOHEHTEHI
(bOopM pUMaHOBOM CBSI3HOCTH. 311€Ch U JlaJiee MHICKCHI TPUHHMAIOT
CIEYIOLINe 3HAYCHHUS:
¢=728;ab,cdgh=123 af=273;
a=a+3; kj=127345,6.
Kak u B [7; 10], w, = w?. IIpu 5r0M

_ 123 abc _ .abc
€abc = €abes> € = €123

— KOMIIOHEHTHI TeH30pa KpoHekepa TpeThero mopsiaka;
ah _ sash _ sagh.
soh = sesp — 5861

D" = Dgs; Dej = FTS +iT);, Dgj = FTE —iT],

cj cj
rie {T,;’;.} — KOMITOHEHTHl KOH(HTYPaIMOHHOTO TeH30pa (B Tep-

MUHOJNOTUU ['pest), Wi BTOPOl OCHOBHOH (POpMBI TOTpPY>KEHHS
noamMHoroo6pasus M® c 0.

3. BaxxHyt0 pOJb B DPMHUTOBOIN T€OMETPUU O-MEPHBIX MHOTO-
o0pa3uii Urpar0T JIOKAIBHO CHMMETPHYECKHE TOIMHOT000pa3us

anreOpsl okTaB. MM mocsamensl padotsl [7; 10], a camas 3Ha4u-
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TeJIbHAsl CTaThs 10 3TOW TeMaTHKE NPUHAIUIEKUT, Ha HaIl B3IJIAL,
B.®. Kupuuenko [11]. B Hell BBeeHBI B pacCMOTPEHHUE U UCCIIe-
JIOBaHbl 6-MepHBIE THUMAa PHY4M SpMUTOBBEI MOAMHOTO0Opa3us aj-
reopsl Ko, B wactHOCTH, TTONTYYeH MpuMep 6-MepHOTO THITa Prd-
9M TOAMHOT000pa3us anreOphl OKTaB ¢ HETPUBHAIBLHOM (TO €cTh
OTJIMYHOM OT KelepoBOil) 3pMUTOBOM CTPYKTypoil. TakuM mpume-
pOM SIBIIIETCSl TaK Ha3bIBaeMoe CKpydeHHoe (warped) mpousBeze-
HHUE JIBYX KEJIEPOBBIX MHOT000pa3uii — ABYMEPHOI'O KOMILJIEKCHO-
ro €BKJIMI0BA MPOCTPaHCTBA C? M KOMIUIEKCHOTO TIUNepOoIye-
ckoro mpoctpascTa CHY.

Oxkazanocsh [11; 12], yro matpuna (D,,) mpu onpeneaeHHOM
BEIOOpE periepa Uil Takoro MOJAMHOT000pasusi aireOpbl OKTaB
HMEET CIEyOUUI BUA;

D;; 0 0
0 0 0)
0 0 0

npudem D, # 0.

[ToaToMy MBI MOKEM IEPENHCaTh TIEPBYIO TPYIIITY CTPYKTYPHBIX
ypaBHeHn# (1) A yIOMSHYTOTO BBIIIE 6-MepHOTO THIA Pudun ap-
MHUTOBA ITOJIMHOT000pa3us alreOphl OKTaB B CICTYIOIIEM BUJIE:

do! = 0wl A wl;
1

dw; = —wi A wy;
1
do® = wj A wf + ﬁsmﬁanl A wg;

dwg = —wf A wp + %slaﬂD“a)l A wP.

N3 moctpoennii Kuprudaenko [3] BBITEKAET, 9TO HEOOXOIUMBIM
YCIOBHEM YCTOHYHMBOCTH SPMHUTOBOM CTPYKTYypbl Ha 6-MEpHOM
MOJMHOT000pa3uy anreOpsl OKTaB SIBISIETCA CIEAYIOLUIMNA BU TEp-
BOM I'pYIIBI €€ CTPYKTYPHBIX YPaBHEHUI:

dow® = 0wl A w?;

dw, = —wl A wy. (2)
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B cuny Toro, uto D4 # 0, koo punmeHTHI

1 1

vz V2

SIBIIIOTCS OTIIMYHBIMM OT HYJIS, YCIIOBHS (2) HE MOTYT BBITIOJIHSATH-

Csl UId paccMaTpUBAEMOrO JIOKAIBHO CUMMETPUYECKOTO MOAMHO-
roo6pasus M® c 0, a notomy crpaseIMBa

Teopema. Opmumosa cmpykmypa Ha CKPYYEeHHOM npoussede-
HUU O6YMEPHO20 KOMNIEKCHO20 e6Knudoea npocmpancmea C? u
KoMnaeKcHo20 2unepbonuyeckozo npocmpancmea CHY ne aensem-
€5 YCmOoUuyugoll.

OTmeTHM, 4TO IaHHas TeopeMa JOMONHsSeT AuddepeHnans-
HoO-reomeTpuueckue nocrpoenus B. @. KupuueHnko, umeromue ot-
HOIIIEHNE K YCTOMYMBOCTH MOYTH IPMHUTOBBIX CTPYKTYp Ha 6-mep-
HBIX MoAMHOrooOpasusx anredpsl Koamu [3; 4]. Kpome Toro, stor
pe3yNbTaT MOKHO paccMaTpUBATh KaK pa3BUTHE MPEACTaBICHUN O
KOHKPETHBIX IpPHMEpax 6-MEpHBIX MOYTH dPMHUTOBBIX MOAMHOIO-
00pa3uii anreOpbl OKTaB. DTO HANPaBICHUE 3PMUTOBON T'€OMETPHH,
3aJ0KeHHOoe Kiaccuueckor pabortoit A. I'pes [13], B mociennee
BpPEMs MHTEHCHUBHO Pa3BUBACTCS, K COXAJICHHUIO, JIUIIb IS 6-Mep-
HBIX TMOJMHOT000pa3nii ¢ MPHOIIMKEHHO KeNEePOBOH CTPYKTYPOH
(cm. 0030pEI [14; 15]).
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It is known that each of the two so-called Gray — Brown
3-fold vector cross products in the Cayley algebra induces an al-
most Hermitian structure on its 6-dimensional oriented submani-
fold. As it is also known, the almost Hermitian structures induced
by different 3-fold vector cross products in the octave algebra on
the same submanifold can differ significantly from each other. For
example, one of these almost Hermitian structures can be Kihle-
rian, while the other is not. Such an almost Hermitian structure is
called stable if its dual structure (that is, the structure induced by
another 3-fold vector cross product in the Cayley algebra) belongs
to the same Gray — Hervella class of almost Hermitian structures.

In the present note, we give a specific example of an unstable
Hermitian structure on a 6-dimensional submanifold of the Cayley
algebra, namely, on a locally symmetric submanifold of the octave
algebra.

Keywords: Cayley algebra, 6-dimensional submanifold of Cayley al-
gebra, stability of an almost Hermitian structure
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Mamatn npodeccopa Opus UBaHoBMYa MNonoBa

ol

Cratbsi TOCBsIIIEHA TAMSTH Y4EHOTO-
reometpa ITomoBa IOpust MBaHOBH4Ya, on-
HOTO 3 SIPKUX npencTaButenei Kanuuun-
TPajJICKOH T€OMETPHYECKOW IIKOJIBI, PO-
theccopa bOY um. U. Kanra. OnnceiBaer-
cs HaydyHas pabora mo auddepeHInans-
HON Te€OMETPUH THIIEPIIONOC M COCTABHBIX
pacnpezienieHlid 1 nejaroruyeckas pabora
ydaeHoro 3a 55 net. 0. U. IlonoB — aBTop
161 HayuyHOW myOauKaimu, 54 y4eOHBIX
MOCOOMH W METOJMYECKUX pa3pabOTOK IO
SJIEMEHTApHOH M BBICIIEH MaTeMaTHKe.
Crmcok myOnuKaui mpeAcTaBlIeH B AaH-
HOI1 cTatke.

Knroueswte cnosa: KanuHuHrpanckas reoMeTpudeckas mKoja, Tpex-
COCTaBHbIE paclpeeeH s, THIEePIIOIOCk], THIIEPIIOJIOCHBIE pacperee-

HUA

14 ¢deBpana 2025 r. ymen u3 KU3HU yUeHBIH (TEOMETp), Mpo-
tdeccop FOpuit iBanoBud [1omoB, MOCBIATHBININIA KU3HH MAaTEMATH-
Ke, OTAaBUIMKA MHOTO CHJI Pa3BUTHIO MaTeMaTHYECKOTO 00pa3oBa-
Hus B Kannanarpaackoit oonactu. 3a gonrue rogsl padots! FOpuit

Hocmynuna 6 peoakyuro 02.05.2025 2.
© bamamuna K. B., Enuceesa H. A., 2025
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WBaHoBMY mporren Bce CTYNEHH MPEnojaBaTellbcKoil paboThl —
OT accucTeHTa 1o mpodeccopa. Ero >ku3HEHHBINA MyTh — 3TO SIp-
KW TpUMeEp MPEeTaHHOCTH HayKe U TPEnoJaBaHuIo.

Opuit MBanosuu Ilonos ponuncsa 29 suBaps 1937 r. B r. Ho-
BouepKaccke PocCTOBCKO# 00JlacTH B CeMbe BOEHHOTO JIETUMKA.
Eme B mkosnbHOM BO3pacTe y HETO MPOSABUIIACH TAra K 3HAHUAM U
Cephe3HbI MHTepec K MaTemaTuke. OkoHunB KanwmHWHTpamcKuit
MeAaroTHIeCKUid MHCTUTYT IO CHENWaTbHOCTH «MaremaTHkay B
1960 r., ¥Opuii ViBanoBuY 1Ba rona paboTayn yuuTesneM B cpenHen
mkoJe r. CBernoropcka. A ¢ 1962 r. Havanack ero xkapeepa B Kamm-
HUHTPAJICKOM TearorndeckoM HHCTUTyTe (HbiHe bDY um. U. KaH-
Ta) B JOJDKHOCTH aCCHCTEHTa Kadenpbl 3JeMEHTapHOH MaTeMaTH-
KM M METOIWKH TIPETIOfaBaHus MAaTEMaTHKH. 3aWHTEPECOBABIINCH
mud epeHInanb-HON reoMeTpreii U IPOSIBUB SPKHE CITOCOOHOCTH K
Hay4YHBIM HCCIEIOBAaHUSIM B AaHHOM oOmactu, lO.H. Ilonos mo-
CTYIIWJI B OYHYIO LIEJEBYIO aCIHUPAHTYpPY Ipu Kadeape TeoOMeTpHH
MOCKOBCKOI'0 e1arorn4eckoro HHCTUTyTa uMenu B. 1. Jlenuna u
obyyancst Tam ¢ 1964 mo 1967 r. moag Hay4YHBIM PYKOBOJICTBOM
JI.C. Atanacana. B nmepuon 1967—1971 rr., ycremso coBmermas
TIPETIOIaBaTENhCKYI0 i HAYIHYIO JeSITeTFHOCTh, pad0Tal CTApIIUM
mpernojaBareieM Kadeapsl FreOMETpUU U BbIcied anreOpnr Kanu-
HUHTPAJICKOTO TocynapcTBeHHoro yauBepcurera (KI'Y). B 1970 r.
Opuii UBaHOBHY yCHENIHO 3alUTHII KAHAUJATCKYIO TUCCEPTALIMIO
o TeMe «TeopHst OCHAIlEHHBIX THUIIEPIIOIOC MHOTOMEPHOIO Mpo-
€KTUBHOTO TpocTpancTBay. B 1971 r. 6pu1 n30paH Ha JOMHKHOCTH
IoreHTa mo kadempe BhIciIeld anreOpbl U reomerpun KI'Y, a ¢
1996 r. 3aHUMa TOJDKHOCTH Tpodeccopa.

HOpwuit VMBanoBuu llomoB — oauH W3 CTapelIInX Hu SIPKHUX
npeacraButenel KanuHuHrpajackoi reoMeTpuueckou MIKOJbI, aB-
Top 161 HayuyHoll myOnukanuu (cpexu KOTOpbIX 4 MoOHOTpadum)
[0 TeMaM, BXOJMBIIMM B Kpyr ero mHrepecoB. [lomydenusie pe-
3yJBTATHI OH PETYIAPHO AOKIIAABIBAI HA BCECOIO3HBIX, POCCHUCKHUX
W MEXIYHapOJHBIX T€OMETPUYECKUX KOH(EPEHLUSIX, YIaCTBOBAI
B paboTe TeOMETPUIECKHX KO U HAYYHBIX CEMUHAPOB.
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Hayunsie untepecsl npodeccopa FOpus MBanosuua Ilomosa
OIIPENeNINCh T0J] BIMSHUEM KalWHUHIPAACKOro Impodeccopa
B. C. Manaxosckoro, MockoBckux mpocgeccopos JI. C. AtanacsHa,
M. A. Axusuca, I'.b. I'ypeBuua, b. A. Pozendensaa, I'. ®. Jlanre-
Ba, kasaHckoro mpodeccopa A.Il. Hopmena, capatoBckoro mpo-
¢eccopa B. B. Barnepa, nuuHoe o0mieHne ¢ KOTOPBIMU OBLIO Ype3-
BBIYAIHO BaXKHBIM JJIS1 MOJIOZOTO YUEHOTO.

IOpuii UBaHOBHY aKTUBHO U IIOIOTBOPHO 3aHUMAJICSI HAYYHO-
HCCIIeIOBATENbCKON paboToii. OONacTh ero HayuyHBIX HHTEPECOB
COCTaBJISUT TEOPHsI PETYJISIPHBIX THIIEPIIOIOC U TEOPHSI COCTABHBIX
pacmpeneneHuli — BakHeHmne mpobdiaembl nuddepeHInanbHON
T€OMETPHHU.

B pa6ortax 0. . [TonoBa momydeHs! ciaenyiomue pe3yabTaThl
M0 TEOPUH TUIIEPIIOIOC U UX 000OIIEHUI — TUMEePIOIOCHBIX pac-
npeneneHnii appuHHOro poctpancTea (cm.: [1—4]):

1) mocTpoeHb! OCHOBBI TEOPHH TOJIEH F€OMETPHUYECKUX OOBEK-
TOB THIIEPIIOJIOC ¥ THIIEPIIOIOCHBIX PacIpeeeHnH;

2) mpuBEIEHBI PA3NNYHBIE KOHCTPYKINH TIOCTPOSHHS HOpMa-
JIell peryysipHOTO THIEPIOIOCHOTO paclpeaeeHts], pacCMOTPEHBI
cooTtBeTcTBUA bommbsan — IlaHTazu mexay HopManaMu 1-ro u
2-ro poja;

3) paccMmoTpeHsl MHOrooOpas3us (POKaJbHBIX TOYEK KOHYca
ACHMIITOTHYECKUX HAIIPaBJIEHUI TUIIEPIIONIOCHOTO pacipeesieHus,
MTOCTPOEHUST KOTOPHIX ACCOLMUPOBAHBI C pacHpeeIeHUeEM HOpMa-
neit Muxoitnecky 1-ro poga u ¢ pacmpeneneHueM Hopmaneit Qy-
OuHM 1-r0 pona, BBISICHEH TEOMETPHUYECKHI CMBICI 3TUX MHOT000-
pazuii;

4) oCcTpOeHsI MOJIsl BHYTPEHHUX BUPTYaIbHBIX HOpMateil 1-ro
poJia M TIOKa3aHo, YTO OHH MOPOXKIAIOT MYyYOK BHYTPEHHHUX HETO-
nmoHoMHBIX kommosunmii A.I1. Hopaena; mokasaHo, 4To ¢ Kaxmaou
HEroJIOHOMHOM komno3unuer Hopaena accouuupyercs pacrpene-
JIEHHE, Hecylllee -CTPYKTypy paHra m + n;

5) moCTpoeHBI MPUMEPHI OYTH KOHTAKTHBIX CTPYKTYp Ha pe-
TYJSIPHOM THIIEPIIOIOCE M THUIIEPIIONIOCHOM PaCIpENeNICHUH U BBI-
SICHEHAa UX TeOMeTpHuecKas HHTepIpeTarus;
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6) HalimeHa cucTeMa ypaBHEHHH AJIs onpeneneHns apGuHHBIX
JTUHUA KPUBHU3HBI Ha 0a3MCHON MOBEPXHOCTH PETYJLIPHOW THIIEP-
MIOJIOCHI;

7) ¢ ucnonws3zoBanueM aphuHHOW HOpManu Bisnike BBEIEHBI
appuHHBIE KPUBHU3HBI 0a3MCHOW TMOBEPXHOCTH THIIEPIIONOCH], a
TaK)Ke MOHSTHA CPEJAHEH W TOJHON KPUBU3HBI 0a3MCHOM MOBEpX-
HOCTHU B TOYKE, JIJaHBl X aHAJIMTHUECKUE IPU3HAKH;

8) BBeeHa B paccMoTpeHne appuHHas KacaTeabHas CBI3HOCTD
(BHyTpeHHsI1 adUHHAS CBSA3HOCTH), MHAyLUpyeMas WHBapHAaHT-
HBIM OCHAII[CHHEM THITEPIIOIOCHI Ha 0a3UCHOM MOBEPXHOCTH;

9) BBenmeHa B paccMoTpeHune aduHHAS XapaKTepHCTHYECKas
CBSI3HOCTH (HOpPMajbHash XapaKTepucTHyeckas LeHTpoadPUHHAS
CBSI3HOCTH), MHIYyIUpyeMass WHBAPUAHTHBIM OCHAIIEHHEM THIIep-
MOJIOCH! Ha TAHTEHIIMALHO BBIPOXK/ICHHOW THIIEPIIOBEPXHOCTH;

10) BBeIEHBI B pacCMOTpPEHHE HOBBIE KJIACCHI THUIEPIoioc ad-
()MHHOTO TPOCTPAHCTBA, CPEAM HHX: IIEHTPAJIHFHO OCHAIIECHHBIE
TUIIEPIIOJIOCHL;, THIIEPIIOIOCH], UMEIOIINE IIEHTPAIbHOOCEBOE OCHA-
IIeHHe; KBa3uchepuuecKue TUIEePIOIOCkl; CHEePHUECKUE THIIEPIIO-
JIOCBI; JIOKa3aHbl aHAIUTHYECKUE NMPHU3HAKH ITUX THIEPIOIOC U
paccMOTpeHbl MPU3HAKK 3KBHA(Q(QUHHBIX CBA3HOCTEH ITHX THUIIEp-
TOJIOC.

Psan pabot 1O. . IlomoBa mocBAIEeH W3YYEHUIO TPOESKTHBHO-
T depeHITHaTbHON TEeOMETPHUH THIIEPIIONOC W THIIEPIOIOCHBIX
pacrupeneneHrii B MPOSKTUBHOM MpocTpaHcTBe F,. BBeneHbl u
W3yYaIUCh LEHTPHUPOBAHHBIE TAHTEHIMATBHO BBIPOXKACHHBIE TH-
MIEPIIOJIOCH; BBIPOKIEHHBIE THIIEPIIONOCH] paHTa 7 (pacagaroiu-
ecsi M HepacHaJarollrecs); KacaTelbHO -OCHAIleHHBbIE THIIEePIIO-
mochl. JlokazaHo, 4TO HOpPMalM30BaHHAsl pEryJjspHas Ioyioca B
MIPOEKTUBHOM TMPOCTPAHCTBE TOPOXKIAET CEMEHCTBO TOYEUHBIX
pacimMpeHHbIX apQUHHBIX MPOCTPAHCTB. DTO MPHUBOJUT K MOSBIIC-
HUIO CTPYKTYp TEOPHH TOYEUYHBIX COOTBETCTBUI B T€OMETPUU THU-
MIEPIIOJIOC, YTO MO3BOJIIIIO MOJYYUTh U OXapaKTepU30BaTh HOBBIE
reoMeTpuyeckue 00pasbl, MPUCOCANMHEHHBIE K TUIIEPIIONOCe, a TaK-
K€ J1aTh HOBBIE MHTEPIIPETANINN U3BECTHHIM. J[0Ka3aH psx TeopeM,
CBSI3BIBAIOIINX, C OJHON CTOPOHBI, KacaTelbHbIE IPOOHO-ITUHEH-
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HBbIE 0TOOpAKEHWS, B TOM YHCIIE JIOKAIbHYIO0 Koppekuuio J. Uexa u
CBSA3HOCTHh |'. BpaHUaHy, ¢ CONMpWKacaloUIMMHCA THUTEPKBaIPUKa-
MH, YeOBbIIIEBCKUM BEKTOPOM M JBOMCTBEHHBIMU a((PUHHBIMU
CBSI3HOCTSIMH Ha TMIIEPIIONIOCE — C IPYTOM.

Bepmmnoii HayunbIx paspabotok FO. 1. Ilomosa sBnsroTCs Tpex-
COCTaBHBIE pacrpe/ieNieHHs MPOSKTUBHOTO MpocTpaHcTBa. B ero pa-
00Tax MOTy4YEHBI CIIETYIONINE OCHOBOIIOIATAIOIIIE PE3yIbTaThI:

1) BBEZICHO MTOHATHE U pa3pabOTaHBI OCHOBHI IIPOSKTUBHO-IH (-
(epeHnnanbHON TeOMETPUH TPEXCOCTABHBIX pacIipeleNIeHNN;

2) moka3aHO, YTO TEOpHUS TPEXCOCTABHBIX pPacCHpelesIeHu B
mpocTpaHcTBe P, 0000m1aeT MpoeKTHBHYIO T€OMETPHIO BBIPOXKICH-
HBIX THUTEPITONOC (KaK OOIIEro, Tak U CIeNHaIbHBIX BUIOB), TIOJIOC,
pacrpeneneHuli -MEpPHBIX JJIEMEHTOB, JBYXCOCTABHBIX pacrpene-
JIEHUH, IOBEPXHOCTEN MTOJIHOTO Y HEMOJHOT'O PaHra;

3) mokazaHO, B KaKHX CIlydasxX MOXHO HPHUMEHSTh TEOPHIO
TPEXCOCTAaBHBIX PACHpPEACICHUI K MEPEeYHCICHHBIM TeOMeTpHYe-
CKUM 00pazam.

Psn pa6or 10.U. [lonoBa 1o Teopuu TPEXCOCTABHBIX pacIpe-
JIeNIEHUI POEKTUBHOTO MPOCTPAHCTBA MOCBSIIEH:

1) U3y4eHuIo crenuanbHBIX KJIAcCOB TPEXCOCTABHBIX pacipe-
JeTIeHNH, HalpuMep CKOMIIOHOBAHHBIX TPEXCOCTABHBIX pacIpere-
JICHUM;

2) ommcanmio moctpoeHus cet ymaMA B.T. ba3winesa, acco-
LIUUPOBAaHHBIX C TPEXCOCTABHBIM PACTIPEICICHUEM;

3) moctpoeHwmIo (HIaroBeIX CTPYKTYP Ha IMOAPACCIOCHUAX TPEX-
COCTaBHOTO PacIpe/ICICHNUS;

4) BBEJCHUIO W W3YYEHHUIO IMOYTH KOHTAKTHBIX CTPYKTYp OC-
HOBHBIX CTPYKTYPHBIX IOApaccioeHnii MHOrooopasust Py (H).

10. . TlomoB oT™Medas, 9To UCCIIENOBAaHNE COCTABHEIX pacIpe-
JIeNIEHUil UMeeT CBOMM KOHEYHBIM Pe3yJIbTaTOM MOCTPOEHHE BHYT-
PEHHE TeOMETPUU MOJIOC (THUIEPIIONOC) U UX 000OIIEHUH B MHO-
roMepHbIX aQUHHBIX M MPOEKTHBHBIX MPOCTPAHCTBAX, B MPO-
CTpaHCTBax ¢ APYrUMHU QyHIAMEHTAIBHBIMY rpymmnaMi. MHOTroco-
CTaBHBIE PACIpEIeIeHNs] HaXO ST MPIIOKEHUSI B MEXaHHUKE U TEO-
peTndeckoi GpusnkKe, Tak KaK HErOJJOHOMHBIE MEXaHHYECKHE CBS3U
MOTYT OBITh OIIMCaHBI C MOMOILBIO paCTIpeIeICHHH.
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B cBoux paborax HO.U. [TormoB npuMeHsT HHBapHAHTHBIA Me-
T0o MU(HEePEeHITNATEHO-TEOMETPUYCCKUX UCCIICIOBAHUN, OCHOBAH-
HBI HA MeToze O. KapraHa u o01elt cxeme uccnenoBanus qudde-
pEHITHATBHO-TEOMETPUIECKIX CTPYKTYp, pazpadoTtannoit . @. Jlan-
TEBEBIM.

Hwxe npeacrasneH cnucok HayuHbix myOnukanmii 0. W. Tlo-
MOBa.
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CBI 110 PEIISHHIO 337249 MKOJIBHON MaTematuku («30paHHbIe TIIa-
BBl JJIEMEHTApHOW MareMaTukm», «®DakylbTaTHB B IIKOJIHHOM
Kypce MaTeMaTHK»). OH oOnagan spkoil oOpa3HOW pedubio U ObLI
3aMedaTenbHbIM JEKTOPOM. ETo JeKnun MmoMHST MHOTHE ITOKOJIe-
HUA CTyIOeHTOB. [loMMMO HMHTEpPECHOro H3JIOKEHUS MaTepuaia
HaBCerJla OCTaloTCs B MaMATH €ro 3amMeuaTellbHble YepTeKU U pU-
cynku. O0nanas kpacuBbIM Tiouepkom, KOpwuit iBanoBu4 ¢ nepBo-
TO BBIITYCKa U JI0 UCIOJIb30BaHMs KOMITBIOTEPA BIIMCHIBAT (POPMY-
Tl BO BCE CTaThy XypHamna «Jluddepennmnansuas reoMeTpuss MHO-
roo0pasuii puryp» B TeUcHHUE 26 JIET.

HOpwuit iBaHOBHY pyKOBOAWII IUTUIOMHBIMU pab0OTaMu CTYICH-
TOB, MAaTrMCTEPCKIUMH AMCCEPTANUIMU U CTYICHUYECKUMHU Kpy>KKa-
mu. Ilox ero Hay4HBIM PYKOBOJCTBOM OBLIO TOATOTOBIEHO M yC-
TIEIIHO 3aIIUIIEHO 1B€ KaHIUIaTCKUE TUCCePTaIIH.

Hapsny ¢ ycriexamu B obmactu nuddepeHnuaibHONR reoMer-
pun, HOpuit BaHOBMY aKTUBHO BeN pa3pabOTKy y4eOHBIX ITOCO-
Owuii JUIsl IIKOJIBHUKOB U CTyAeHTOB. [10o ero kHuram y4urcs u o0y-
YaeT YYCHHKOB HE OJHO ITOKOJICHHE IIKOIBHBIX YUYUTEIeH U Tpe-
nonaBatenei By3oB. PaboTsl, Bemymennsie ¢ 1984 mo 2008 r., ak-
TyaJIbHBI M Ceyac AJIsl MeJaroroB, 3aHUMAIOIINXCS OJTMMITHATHBIM
IBIOKeHHEM. bollee mo3aHue W3IaHus JOMOTHEHBI HEOOXOJUMBIMU
MarepuaiaMu i moAroToBkd K EI'D W mOCBAIIEHBI PEIICHUIO
3a1a4 ¢ MmapameTpami, 3ajad M0 TUIAHUMETPHUH U CTEPEOMETPHHU.
IOpuii MBanoBu4 paboTan B CUCTEME IMOBBIIICHHUS KBATU(UKAIIUU
yunrener r. Kanuauarpaga. MHorue rojsl SBISIICS OECCMEHHBIM
MpecenaTesIeM perMOHAIbHON MTPEAMETHON KOMUCCHH T10 TIPOBEPKE
EI'D mo marematuke KamunuHrpamckoir 0071acTH, MOJITOTOBUB
MHOXXECTBO mpodeccroHanbHbix dkcrneproB EI'D. Ilom pykoBoa-
CTBOM TIpodeccopa OBUIH 3aIMIEHBI paOOTHI MO0 METOAMKE IIpe-
MOJJaBaHNsl MAaTE€MaTHUKH, WHOTZIAa UTOTOM COTPYJHHYECTBA CO CTY-
JeHTaMu ObLIM WM3JIaHHBIC B COABTOPCTBE yuyeOHbIe mocoOus. Ero
SHEPTHS, YIIOPCTBO, AUCIUILUINHA, XKHBOH yYM, 9yBCTBO FOMOpa, 100-
poOTa TOKOPSUTM IIKOJBHUKOB M CTyNeHTOB. OH IaBajl OTpOMHYIO
MOJIEP’KKY CBOMM YYEHHKaM W JAEIMJICS CEKPEeTOM MacTepCTBa:
«Hy»xHo pemate kaxaplil neHs!» — rosopun Opuii MiBaHOBHY.
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3a cBoro xu3Hb FO. U. IlonoB u3man 54 MeToaMYeCKuEe CTaThH,
pa3paboTku u yueOHbIX Tocobus. [lockonpKy MHOTHE TTOCOOHS [10-
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15. Ilonosa JI. A., Ilonog IO. Y. TIpakTHKyM TIO pEIISHHUIO 3a7a4 CTe-
PEOMETPHH METOIOM BCIIOMOTATEIbHBIX dJIEMEHTOB : yuel. mocooue. Ka-
nuHMHTpaz, 2021. 102 c.

3a MHOTOJIETHUI TPy U 3aCIyTd B pa3BUTHH HAyKH U 00pazo-
Banus 1O. . [TonoB Obu1 HarpaxkiaeH menansimu «Berepan cucre-
MBI 00pa3oBaHus KanwmHUHTpaackoi o0macTny, «3a 3aciyTH mepen
B®Y um. U. Kanta» u «3a 3aciayru nepen Kamununrpaackoi o0-
JIACThIO», UMeeT OnaroapHoCTh MUHUCTEPCTBa 00pa3oBaHus Poc-
cuiickoit denepanuu.

[ToMrMo BBIJAFOIIKXCS TOCTHKEHHHA B 00JACTH MaT€MaTHKH,
npodeccop HO.U. TlomoB u3BecTeH CBOMM aKTHUBHBIM 0O0pa3oM
KHU3HU U CTpacThio K cropTy. OH mpodeccrnoHanpHo urpan B Oac-
KeT0OJI, BBRICTYIIAN 32 COOPHYIO YHHBEPCUTETA, IEMOHCTPHUPYS KO-
MaH/JHBI JyX U CIIOPTMBHOE MAacTEPCTBO. Y4YaCTBOBAN B MaTdax
o perodu, BBICTyMAs 32 KOMaH/y MpenojaBaTelieil B urpax mpoTHB
CTyACHTOB Ha AHAX (usmarta. Kpome Toro, oH yBiekajcs MIaxma-
TaMH, 4TO OTPAXKaJO €ro CTpaTernYecKoe MBIIUIEHHE U JTI000Bb K
WHTEIUIEKTYalbHBIM BbI3oBaM. lOpuii MBaHOBHY OBLT CTPaCTHBIM
00JIENTBIINKOM KaJIMHUHTPAACKONH KOMaHAbl Mo (yTOomy, BCeraa
MoJ/IepKUBasi €e Ha TpUOyHax M BIOXHOBISS CTYAEHTOB CBOMM
npumepoM. CropT Ajisi HEro ObUT HE MPOCTO X000M, a BaKHBIM
JJIEMEHTOM OayiaHca MeXIy YMCTBEHHOW M (DM3WUYECKOU JesTelb-
HOCTBIO.

IOpunii MIBaHOBHY SBISJICS OTHUM M3 CaMbIX KBATH(HUITUPO-
BaHHBIX M JOOPOCOBECTHBIX MPENoAaBaTelel, 3acayKEHHO MOJb-
30BajIcs OONBIINM yBa)KEHHUEM KOJIJIET W CTYACHTOB. Ero yBiedeH-
HOCTh Au(epeHInanbHON TeOMETpUEH CIyKUia SIPKUM IpUMe-
POM JUIS HaYMHAIOIIUX HCCienoBareei. YerloBeK BBICOKOW KyIb-
TYpbl ¥ BBIAAIONIEHCS SPYAUINN,0H 00JIafial OTPOMHBIM JTHYHBIM
obastaueM. Ceetnas mamsth o FOpun MBanosuue [lonose HaBcerna
COXPAHUTCS B CEpALIaX BCEX, KTO 3HAJ ATOT0 YYEHOTO, MIPENoiaBa-
TeJsl U 3aMevaTeIbHOro YeJoBeKa.
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Professor Yuri Ivanovich Popov has passed away

Submitted on May 2, 2025

The article is dedicated to the memory of the scientist-geome-
ter Yuri Ivanovich Popov, one of the representatives of the Kali-
ningrad geometric school, professor of the Immanuel Kant Baltic
Federal University. The scientific and pedagogical work of the sci-
entist during 55 years is described. The area of scientific interests
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of Yu.l. Popov was the differential geometry of hyperstrips and
composite distributions. He is the author of 161 scientific papers
and 54 textbooks, the list is presented in this paper.

Keywords: Kaliningrad geometric school, three-part distributions, hy-
perstrips, hyperstrip distributions
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Mnockue cBA3HOCTM B o6nacTu
NPOEKTUBHOIO NPOCTPAHCTBA

B mpoeKkTHBHOM IPOCTPAHCTBE pacCMOTpPEHa 00JIacTh, OIMICaH-
Has Toukoi. Haxg o0macTpi0 BO3HHKAET TJIaBHOE PACCIOCHHE, TH-
MOBBIM CIIOEM KOTOPOTO SIBJISIETCS MOJATPYMIa CTallMOHAPHOCTH
TOYKH.

B 3ToMm paccrmoennn 3amana GyHIAMEHTAIEHO-TPYIIIIOBAs CBSI3-
HocTh no I'.®. JlanteBy. [lokazano, uto ocHamenue bopronorTu
paccMaTpruBaeMoii 00JIaCTH HHAYIIMPYET HEHTPOIPOSKTHBHBIE CBS3-
HOCTHU TPEX THITOB B aCCOI[MMPOBAHHOM PACCIOCHHUH, IPUICM JTaH-
HBIE CBSI3HOCTH UMEIOT HYJIEBYIO KPUBU3HY U HYJIEBOEKpYUEHHUE.

JlaHbl TeoMeTpUYECKHEe XapaKTEPUCTUKU MOJTYYEHHBIM CBS3-
HOCTSIM.

Kniouegvie cnosa: mpoeKTUBHOE MPOCTPAHCTBO, CBSI3HOCTD, Pacciioe-
HHE, OCHaIlIeHHe bopTon0TTH, KpUBHU3HA, KpyUEHHUE

Teopust CBA3HOCTEH pa3nUYHBIX MHOT000pa3uii MMEeT MINpO-
KO€ IIPUMEHEHUE B MaTEMaTHKE U (PHU3HKE.

CBsI3HOCTH € HYJIEBOW KPMBU3HOM (TTOCKasi CBS3HOCTH) UIPAET
Ba)KHYIO POJIb B TEOPHH COJIUTOHOB (CM., Hamp., [9]). AbduHHBIE U
SKBUaQPHUHHBIE CBSI3HOCTH HYJIEBOW KPHBH3HBI OBbUIM M3YYECHHI B
pabotax [3; 5], a B [4] TOT ke aBTOp pacCMOTpPEN HEHYIEBYIO KPH-
BU3HY JJIS CBSI3HOCTEH BHEPEAYKTHBHBIX POCTPAHCTBAX.

Hocmynuna 6 peoakyuro 15.12.2024 2.
© Benora 0.0., 2025
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B [2] l'ompabepr uccnenoBan HyJIEeBYIO KPUBH3HY HapaMeTpH-
YECKOr0 CEMEMCTBa MHOTOMEPHBIX IIJIOCKOCTEH M TOKa3ad, 4To
ad¢uHHAS CBA3HOCTD SIBIIIETCS MPOEKTUBHO €BKJIMIOBON TOTAA H
TOJIBKO TOTZIa, KOTJa PACCMOTPEHHBIH UM OOBEKT MMEET HYJEBYIO
KpUBH3HY.

B [10] TpodpumoB paccMoTpenl KaHOHHYECKYIO CBSI3HOCTH C
HYJIEBOW KpPUBHU3HOM Ha PACCIIOEHUU JIMHEHHBIX PEIEPOB.

HyneBas xpuBu3HA BIHSET Ha TUI NapaUIeNbHBIX IMEepeHece-
HuH. Ecr KOMIIOHEHTHI 00BhEKTa KPUBHU3HBI TPYTIIIOBOM CBSI3HOCTH
PaBHBI HYJIIO, TO NapaJlJIeNIbHBIE IEPEHECEHUS B PACCMATPUBAEMOM
CBS3HOCTHSBIISIOTCSI aOCOIOTHBIMH, OOpaTHOE TOXKE BEpPHO (CM.
[7; 8]).

Hccnenyem KpuUBH3HY M Kpy4eHHE CBS3HOCTH Ha MHOT0oOpa-
3uu ['paccmana Touek.

B npoextuBHOM mpocTpaHcTBe P, OyaeM HCHONb30BaTh IO-
nBIKHOHU periep {4,4;} (I, ... =1,...,n) c ”HPUHUTEIUMATHLHBIMU
NepeMelIeHUSIMU

dA = 0A + w'A,,
dAI = QAI + O)I]A] + (I.)IA,
e JuHeiHas Gopma 6 urpaer poJib MHOXKHTENS MPONOPIIMOHATb-
noctu, a dopmnl Ipadda w’,w,, w} YAOBJIETBOPSIIOT CTPYKTYp-
HBIM ypaBHeHUsiM Kaprana npoekTuBHOM rpymnmnsl GP(n)
Dw' = w’/ Awj,
Dw, = a)I] A wy,
I — K Al I K I
Dw; = wy Awg + §wg Aw" +w; Aw'.
PaccmoTpuM dacTHBI chnywail MHOrTooOpasust ['paccmana
Gr(m,n) Bcex m-MepHBIX IUTOCKOCTEN L,,, korma m = 0. Taxum
obpasom, mony4yum MHOroobpasue I'paccmana V = Gr(0,n) touek
[12].
®opmbl w! ABAAIOTCA IIABHBIMM, TaK Kak MPHM UX OOHYJIEHHH
¢ukcupyetcs Touka A.
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[Tomyunm rnaBHoe paccinoenue G (V) (dim G = n(n + 1)), xo-
TOpOE SIBIISIETCS PACCIOCHUEM LIEHTPOIIPOEKTUBHBIX PEIIEPOB C TH-
MTOBBIM CJIOEM — MOJATPYNIOi G CTalMOHAPHOCTH TOUKH A:

Dw,; = a),] A wy,
Dwj = wf A wg.

B cratne [1] aBTOp paccMoTpen Takyto 001acTh TPOSKTHBHOTO
MIPOCTPAHCTBA, 3a7aB (YHIAMEHTAIHLHO-TPYIIIOBYIO CBSI3HOCTH B
aCcCOIMUPOBAHHOM HampaBieHuu metoaoM [.d. JlanreBa. bouu
HCCICI0BaHbl ICHTPOIIPOCKTUBHEBIC CBA3HOCTH TPEX THUIIOB, ITOJIY-
YCHBI YCJIOBUA UX COBINAACHHUA U JJaHAa r€OMETPUYCCKasd MHTEPIIPEC-
Tanus CBA3HOCTHU 1-ro Tuma.

Cesa3HocTh B TiaBHOM paccinoeHuu G (V) 3amaguM crioco6om
JlanteBa — Jlymucre [6]:

@] = wj — Tjgwk,
51 = (1)1 - Fljw]'
KommoneHTsl 00BexTa cBsi3HOCTH [ = [F}K, I ]} YIIOBIJIETBO-
pstotT nuddepeHnnaIb-HBIM YpaBHEHHAM
I I I I
AF]K - 5](1)1( - 6K(L)] —_ F]KL(I)L,
K _ K
AFU + FI](‘)K B FUK(U ,
pu4eM oneparop A AeCTBYeT Mo 3aKOHY
I _ apl L 1 I L I L
CTpyKTypHBIC YpaBHEHUS ()OPM CBSI3HOCTH UMEIOT BH]T
D&} = & NBf + Rj, 0" A wh,
D&, = & A& + Ryxw! A wk,
riue

R]IKL = F}[KL] + Fff[l(rﬂ]a
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Ry = Tigky + FL[]F%K]

SBIISIIOTCS KOMITOHEHTaMH KPUBHU3HBI R = {R]’KL,R, 7K} CBA3HOCTH

['. KBagpaTHple CKOOKHM O3HAYalOT aTbTEPHUPOBAHUE IO KpailHHM
HHJAEKCaM.

ITpu nponomwkennn nuddepeHInATFHBIX YPaBHEHUH MOTYIUM
CIIeTYIOIME CPABHEHHS 110 MOIYJIH0 6a3ucHBIX GopM w!:

AT, + Tjgw, + Tj wg + Tixw; — 8(Tjxwr = 0,
AFI]K + F}‘IK(I)L + ZFI](UK + FIK(U] + FK](UI = 0

[ToncTaBuM (OpPMBI CBSI3HOCTH 5} B CTPYKTypHBIE ypaBHEHUS

6a3ucHBIX (opM w', Torma

I _ ~I | ¢l K
Dw' = w/ A&} + Sjxw! AW,

rae S ]IK = Ff K] — KOMIIOHCHTBI OOBEKTa KPYICHHS S.

[IpousBenem ocHamienue bopromortu [13] mHOrOOOpasus V,
KOTOpO€ COCTOUT B TPUCOEIUHEHMH K KaXXIoW Touke A rumep-
IJIOCKOCTH P,,_{, He Impoxondilued depe3 AAHHYI0 TOuYKy. J[aHHOe
OCHAIICHUC HHAYHUHUPYET LCHTPONPOCKTUBHLIC CBA3HOCTU TPEX
TUIIOB B PAacClIOEHUM LIEHTPOIPOEeKTUBHBIX penepoB G (V), acco-
LHUUPOBAHHOM C 00J1acThbi0 V MpOEKTHBHOTO pocTpaHcTBa P, (cM.:

[1D):
0
F}K = _5]1/11( - 6}(&],
01 02 03
FI] = _/11).], FI] = /11] - ZAIA], FI] = _AI]

Haxoxum oxBatsl nipadHhoBEIX TPOU3BOAHBIX KOMIIOHEHT 00B-
€KTa CBA3HOCTH [

0
F}KL = _S}AK/IL - 511(/1]/1L=
01
FI]K = _ZAIA]AK,
02
Uy = 24154k + Ay + Agpdp — 64125 Ak
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03
[k = =245k — Aigdy — Aggdy + 2425 k.
YuuThiBas MOMyYEHHBIE OXBAThI, UMEEM
01 01
Rjg, =0, R;; =0;
02 02
Rk, =0, R;; =0;
03 03
Rjx, =0, R =0.

Takum 00pa3zom, cripaBeIuBa CISAYIONIas TeopemMa;

Teopema 1. Tensop xpususnsl R 60 6cex mpex cesaznocmsx
uMeem Hynesbie KOMHOHEHMbl, MO eCMb UHOYYUPOBAHHbIE UYeH-
MPONpoeKmusHble CEA3HOCMU 6 paccloeHuu Hao obaacmuio V
NPOEKMUBHO20 NPOCMPAHCMBA UMEIOM HYe8VI0 KPUBU3HY, MAKUM
00pazom, céa3HOCMU AGNAIOMCS NIOCKUMU.

Y4uuThiBast 0XBaT B BBIPAXKEHUSIX KOMIIOHEHT KPy4eHUs, MOIy-
YUM

OI
S]K = O
Taxkum 06pa30M, CIipaBEJIMBa CJICAYIoIas T€opemMa:
0

Teopema 2. Tenzop kpyuenus S 6 cesasnocmu I' umeem nynegvie
KOMNOHEHmMbL, MO eCb UHOYYUPOBAHHBIE YEHMPONPOEKMUBHbIE
ceaznocmu 6 paccioenuu nao obnacmoelo V npoexmuenozo npo-
CMpancmea umeiom Hyniegoe KpyueHue, mo ecmo CesA3HOCHb Oyoem
cummempuyeckou [11].

JamuMm reomMeTpudecKylo XapaKTepUCTHKY OCHAIIAIOUIeH Tu-
MEePIIOCKOCTH Pp_1.

I'MnepruiocKoCcTh 3aaIuM TOUYKaMH

BI = AI + AIA,

rae A = {1;} — ocHamaronmii KBa3UTEH30p, KOMIIOHEHTHI KOTO-
POro yAOBIETBOPSIOT AU(PepeHINATEHBIM CPABHEHUSM 10 MOJLY-
0 6asucHBIX popM w!

A+ w; = 0.
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Haxonst nmuddepennmansl Touek B; U y4uThIBas 0XBaThl, TO-
JTy4uM

0 01
dB; = (6 — L,w))B; + @] B; + (VA; — LA w))A, (1)
0 02

0 03

dB; = (6 — Lw))B; + @] B; + [VA; + (=4, + L)) ]A,

01 02 03
rne VA;,VA;, VA, — xoBapumantHele muddepeHInansl ocHaIIaw-
LIEr0 KBa3UTEH30Pa B COOTBETCTBYIONINX CBSA3HOCTSX.

W3 momy4eHHbIx (hopMy BUIIHO, UTO MIPU OOpaIeHN: KOBapH-
aHTHBIX AudQepeHIanoB B HyJIb BO BCEX TPEX CBA3HOCTSIX OCHa-
HIaronias MIOCKOCTh OCTAeTCsl Ha MecTe.

3ameuanue. Koapuantasie nuddepeHmnnanst

VA =dA — A& + @ = (4 — Ty + 4T’

OCHAIaromIero KBasuTCH30pa AB CBA3HOCTAX UMCHOT BU/
01
VA =y — /11/1])0)],
02
V/’{I = 0,
03

01 03
Taxum obpazom, VA; = 0u VA; =0, ecu 4, = A4,

0 0
Teopema 3. [Ipocmoti nodob6vexm I'y = {FjK} 00beKmos casi3-
01 02 03
nocmu ', T', T' xapakmepuszyemcs yenmpanvHoim npoekmuposa-

Huem naockocmu P,_q + dPy_q, cmedcHou ¢ eunepniockocmoio
P,,_1, Ha ucxoouyw niockocms P,,_1 u3 yenmpa — mouxu A.
Llokazamenvcmso. Tlpoekuus mwiockoctu P,_; + dP,_4, KOTO-

pad CMCXKHa C IJIOCKOCTBIO Pn—19 U3 IICHTPAa — TOYKHU A omnpene-
0

nseTcst popMaMu CBA3HOCTH C(){, KOTOPBIE BBIPAXKAIOTCS C IOMO-
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0 0
bI0 mogo0bekTa ['; = {F}K}, TaK KaKk UMeeT MecTO paBeHCTBO (1).

Takum 00pa3oM, CTIpaBeIITUBO YTBEPKACHUE

0 A
y: Ppoq+dP,_q4 — P,_4.

Teopema nokazaHa.
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The theory of connections of manifolds has wide application
in mathematics and physics.

Flat connection affects the type of parallel translations.

In the present paper, we study the curvature and torsion of
connections on the Grassmann manifold of points.

In projective space, the region described by a point is considered.
A principal bundle arises over the domain, the typical fiber of
which is the stationarity subgroup of a point.

A fundamental group connection according to G.F. Laptev is
given in this bundle. It is shown that the Bortolotti’s clothing of
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the domain induces centroprojective connections of three types in
the associated bundle, and these connections have zero curvature
and the connections are torsion-free.
A geometric characteristics of the resulting connections are given:
1) when the covariant differentials vanish in all three connec-

tions, the clothing hyperplane is 1mmovable
01 02 03
2) a simple subobject 1"1 = {F ]K} of connection objects I', I', T

is characterized by the central projection of the plane P,_; +
+ dP,,_adjacent to the hyperplane P,_, to the original plane P,,_;
from the center — the point A.

Keywords: projective space, connection, fibering, Bortolotti’s clothing,
curvature, torsion
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O makcumanbHOM pasmepHocTU anrebp Jln
MH(DMHMTE3NMANbHBLIX adhhMHHBIX NPeobpa3oBaHUi
NpAMbIX Npou3BeAeHUI 6onee ABYX NPOCTPaHCTB
atdmMHHON CBA3HOCTU NEpBOro Tuna

AddunHbIE TIpEoOpa3oBaHus B 000OIIEHHBIX TPOCTPAHCTBAX
SIBIISIIOTCSL OJHUM W3 B)KHEWIINX HANpaBICHWH B COBPEMEHHOM
nuddepenunansHoii reomerpun. B ciydae mpsiMoro mpowusBese-
HUs Ooee IBYX MpOCTpaHCTB ahPUHHOI CBI3HOCTH BOIpoc 00 ad-
(UHHBIX peoOpa30BaHMAX AAHHOTO MPOCTPAHCTBA OCTaBaJICs OT-
KpbITEIM. M. B. T'ne6oBoif u A. 5I. CynaraHoBBIM paHee OblIa I0ITy-
YeHa OlEHKa pa3MepHOCTH anreOpbl JIn nHPUHUTE3UMAIBHBIX ad-
¢UHHBIX TpeoOpa3oBaHUi TPOCTPaHCTB ad(UHHON CBSI3HOCTH,
MIPEACTABISIONMX CO00Il MpsiMOe MPOM3BEJCHUE HE MEHEE Tpex
HETPOEKTHBHO-EBKJIM/IOBBIX ~ IPOCTPAHCTB,  YIOBIIETBOPSIOIINX
CTELMAIbHOMY YCIIOBHIO. Takne IpocTpaHCTBA Ha3BaHBI MPOCT-
paHCTBaMU TEPBOTO THUMA. B maHHOW paboTe J0oKa3aHa TOYHOCTH
3TOM OLEHKH. Il peleHus MOCTABIEHHON 3aJauM MCCleJOoBaHa
cucTeMa JIMHEHHBIX OJHOPOJIHBIX YPaBHEHHWH, KOTOPOH yIOBIe-
TBOPSIFOT KOMITOHEHTHI IIPOM3BOIBHOTO HHPHHUTE3NMAIIBHOTO ad-
¢uHHOTO MpeoOpa3oBaHKs. JTa CHCTEMa HOJydeHa ¢ UCIIOIb30Ba-
HUEM CBOMCTB IIPOU3BOAHON JIM, NpUMEHEHHON K TEH30PHOMY I10-
JII0 KPUBHU3HBI PACCMaTPUBAEMBIX IPOCTPAHCTB.

Kniouegvile cnosa: mpsmoe npousBeAeHHE NpocTpaHCTB adduHHOIM
CBSI3HOCTH, MH(HMHUTE3UMaNbHbIe aQGuHHBIE peoOpa3oBaHus, airedpa
JIn, pasmepHocTh anreOpst JIn

Hocmynuna 6 peoakyuro 28.03.2025 2.
© I'mebora M.B., CynranoBa I'. A., 2025
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1. OcHOBHBIE IOHATHSA U CBEICHHA

B coBpemenHoii nuddepeHunanbHON reoOMeTpUr OHON U3 OC-
HOBHBIX 3a7a4 T€OMETPHH MPOCTPaHCTBA ¢ AuddepeHITnaIbHO-
Tr€OMETPUYECKOI CTPYKTYpOH SIBISIETCS M3y4YeHUe TPyNbl aduH-
HBIX TIpeoOpa3zoBaHuii (aBTOMOP(GHU3MOB) 3TOTO TpocTpaHcTBa. Mc-
CIICZIOBAaHMIO aBTOMOP(U3MOB B Pa3IMYHBIX HPOCTPAHCTBAX ad-
(UHHBIX cBsI3HOCTEH mocBsAmieHsl padotel D. Kaprana, I1.K. Pa-
meBckoro, I1. A. [llupoxosa, U.I1. Eroposa, A. {. CynranoBa [6] u
JPYTUX YUCHBIX.

Addunnbie npeoOpa3oBaHusl B NPSMBIX MPOU3BEACHUIX IBYX
MPOCTPaHCTB aQ(UHHON CBSIZHOCTH PAacCMaTPUBAINCh B paboTax
M. B. Moprys [3].

[MpuBeseM OCHOBHBIE MOHATHUS, HEOOXOAUMBIE ISl AETAITEHOTO
W3JI0KEHUs MaTepHraa.

Mycrs (M, V) — mpoctpancTBo adduHHON CBSI3HOCTH 0e3
KpY4EHHUsI.

Bektopaoe mone X Ha MHOrooOpasuu M,,, cHaOxxeHHOM ag-
(uHHOHI CBs3HOCTHIO V, Ha3BIBACTCS UHGUHUMEIUMATLHBIM AGH-
Gunnvim npeodpaszosanuem npoctpanctea (M, V), eciu (cm.: [3])

LV =0, (1)
rae Ly — cuMBoa npou3BoaHoM JIu BOoae BEKTOpHOTO moust X.
B rnokanpHBIX KOOpAMHATax ypaBHeHue (1) paBHOCHIBHO CH-

creme auddepeHIMaTbHBIX YpaBHEHUH B YaCTHBIX MPOU3BOIHBIX
MIEpPBOTO MOPSIKA:

(?JXS = st,
k k k k _
0;X[ + TEX7 + TEXS — T3 XE+ X50,Tf; = 0. ()
YcnoBus HHTETPUPYEMOCTH CUCTEMBI (2) UMEIOT BT
Lx(VmT) = O,
LX(VtR) = 05

e VT, VYR — koBapuanTHble qudepeHImasl TOPSIKOB 1 U ¢
TEH30PHBIX TOJIEH KPy4eHHsI ¥ KPUBU3HBI COOTBETCTBEHHO, /M U | —
HeoTpHULATeNbHbIe Lenble uncna, VOT = T, V°R = R.
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[TockonpKy B paboTe paccMaTpuBarOTCs MpocTpancTBa ahduH-
HOM CBSI3HOCTH 0€3 KpydYeHHS, TO YCIOBUS WHTETPHUPYEMOCTH CO-
CTaBJISAIOT TOJBKO COOTHOIICHHSI

Lx(VtR) = 0

IlepByto ceputo ycioBUil HHTETPUPYEMOCTH 3TOW CHCTEMBI CO-
CTaBJISIIOT ypaBHEHUS

LyR =0, 3)

rae R — TeH30pHOoe 1noje KpUBU3HBI CBA3HOCTH V.

B nokanbHBIX KOOpAWHATaX ypaBHEHUS (3) NpEeACTaBISIOT CO-
00i1 cucTeMy JIMHEHHBIX OJHOPOIHBIX IU(PEepeHINATBHBIX YpaB-
HEHMH OT KOOpAMHAT HOJis X M YacTHBIX MPOM3BOIHBIX OT 3THX
KOOpJIMHAT:

XMaMREBC + R(chm)vaw =0, “4)

rae R(3sc|m) = 84 Risc + 05 Riwc + 6 Rasm — SmRhpc-

W3BecTHO, YTO MHOXECTBO BCEX HH(PHHUTE3UMAIBHBIX ad-
(hUHHBIX TIpeoOpa3oBaHmii nmpoctpancTsa (M, V) obpa3syeT anreo-
py Jlu Haxg momem R OTHOCHTENBEHO OmeEpanuy KOMMYTHPOBAaHUS
BEKTOPHBIX MMOJICH, pa3MEPHOCTh KOTOPOH He OO0JIbIIe n®>+n (cm.:
[1]). O6o3HaunM 31y anredpy gepes g(M,,V) (cMm.: [6]).

Ecnmm panr MaTpuirel, cOCTaBIeHHON M3 KOA((OHUIIMEHTOB IPH
Hen3BecTHBIX XM cuctemsl (4), paBeH ', TO pa3MEPHOCTh aNre6phl
JIu nHpuHNTE3NMaNbHBIX adPUHHBIX TpeoOpa3oBaHUi MPOCTpaH-
ctBa (M, V) ne 6onbiie, uem n? + n — 7 (cm.: [1]).

2. IlpsiMmoe nipou3Be/ieHHE MPOCTPAHCTB
appuHHOM CBA3HOCTH

Iycrs (*M,,,V*)(a=1,5) — mnpocrpancrsa addurHOil
cBA3HOCTH 6e3 KpyueHus. Ha npsaMoM mpousBeieHun
— 1 2 N
M, = "My, X My X. .. X M,

BO3HHKAET CTPYKTYpa TIIAIKOTO MHOTOOOpa3Hs.

71



[nddepeHumanbHas reomeTpus MHoroobpasui uryp

PaCCMOTpI/IM €CTECTBCHHEBIC ITPOCKIIUU

‘M, - “M,
OTIpe/ICTICHHBIE CIIeAYIONIIM 00pa3oM:
“n(p) = “p,
rae p = (p, .., °p) € M,,. DTH NPOEKIHH MO3BOISIOT (hYHKIIHH,

3ajaHHble HA M), , MPOJOKHTH Ha IPAMOE Ipou3BeaeHHe M.
[ycts *f € C*(*M).
Oynxums (“f) gy Ha "My, X. .. X *Mp_, onpeneneHHas yc-
nosueMm (“f) oy = “f o%n, HaswIBaeTCS ecmecmsentblM NPOOOI-
a a 1 N S
oicenuem ynkyuu “fe "My Ha "My X. .. X "My (a=1,5s).
Jnsa mo06b1x GyHKIMNA, 3aJaHHBIX Ha aMna, HMEIOT MECTO clie-
IyIOIIEe PaBEHCTBA!

(“fF+ Dy = “foy + “900)>
Aoy =2 %0y
C“F Doy = “fo) “9(0-
MOKHO J0Ka3aTh, YTO €ciii X — HEMPEPHIBHOE BEKTOPHOE IMOJIE
Ha 1Mn1 X...X *My,_, takoe uto X “fo) = 0 st mOObIX PyHK-
wiit *f € C*(*M,_)(a=1,s),T0 X =0.

Ha ocHOBaHuM 3TOro CBOMCTBAa MOYKHO MOCTPOUTH MPOAOJIKE-
HUS BEKTOPHBIX IOJIEH C MHOTO0Opa3ws aMna Ha MHOT000pa3ue

1 s
My, X...X °M,.

Jlns kaxaoro BektopHoro nons X € Ih aMna) (a=1,s)

elMHCTBEHHOE BekTopHoe mone  “X° ma  MHOroo6pasum

1Mn1 X. .. X *Mp_, yIOBICTBOPSIOLIEE YCIOBHSIM
ax0Pf = {( “X “f)(0), ecnu a = b,
0, ecsiu a# b

quist mo0bix yskimii Pf (b = 1,5), HA3BIBACTCS ecmecmeeHHbiMm
npodonicenuem eexmopnozo nons “X ¢ muoroobpasus “M, Ha

MHoroo6pasue ‘M X. .. X My,
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Nmerot MecTo creaytolye TOXKAECTBA:
(X + )@ = ax© 4 ay()
[ %X, ay](O) = [a)((O), ay(O)].

Jns kaxnon quddepenunansHoi popmbel “w Ha MHOrooopa-
a a
3ud My enuHcTBeHHas AuddepeHimanbHas Gopma “w(g) Ha

1Mn1 X...X °M,_, yIOBICTBOPSIOLIas YCIOBHAM
(0) (“w(*X))0), ecima = b,
a,, by { ©
( )© (( ) ) 0, ecima # b,
utst mobsx PX € I3 (P M,,) (b 1, s) Ha3bIBaeTCA ecmecmeeH-

HbIM npodoﬂofcenuem popmwr *w ¢ MEOrOOGpasUs aMna Ha MHO-
1 s
roobpasue "M, X...X "My,
ITpsiMble BBIUKCIICHHS TIO3BOJISAIOT JOKA3aTh, YTO CIIPABETUBLI
CIICTYIOIINE TOXKICCTBA:
a a— _ a a-—
D ("wo+ @)= (“w)y + (“@)0o)
a a
(2) 4 a))(o) = A( a))(o) VA € R.
AHAJIOTHYHEIM 00pa3oM BBOJMTCS TOHATHE ECTECTBEHHOIO
MPOJIOJKEHUS] TCH30PHBIX TOJICH.
Adduunas cessHocts V Ha My, X. .. X °M,_, ynoBreTBo-
PAIOINAs YCIOBHSIM
Voo YO = {( Vox V) © ecnua = b,
ax O,ecrua # b,

v a
Ha3bIBACTCS NPAMbIM npoussedeHuem apguunvix cesasnocmeii 'V

3a1aHHbIX Ha & n, (@=1,s) mo A.Il. Hopaeny n o60o3nauaeTcs

7 x. .. x SV, amnpocrparcTBo
("Mp, X. .. X My, 'Wx...x )

Ha3bIBACTCA NPAMbIM NPOU3BEOCHUCM HPOCMPAHCING ADDUHHBIX
cesaznocmeti (cM.: [4]).
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U3 nocneaHero onpeaeieHus CIeayeT, 4To eCiu
(BUx...x U, Ypx...x %)

— JIOKaJbHAsg KapTa MHOT000pa3us 1Mn1 X...X SMnS, TO KO-

sdpunmentsr ahdunHOi cBszHocTH 'V X . . . X *V B 00l Kap-
TE OTIPEIEISIOTCS CIIETYIONIMMHI COOTHOIICHHUSIMH:

k! _ 1kt
iljl - ( FLljl)(O)’

nq+x? _ ; 2pK>?
Fn1+i2n1+j2 =( l-‘izjz)(o)’

.oy

Nq+..+ng_1+K5 _ , SpKS
Fn1+...+ns_1+j5n1+...+n5_1+j5 = ( Fisjs)(o)’

B OCTAJBHBIX CIIy4asx FgB =0 (AB,C=1n+...+ng), rae
aF]i(gja (i%j% k* = 1,n,) — xodbdunuentsl ahPUHHBIX CBA3-
nocreit “V B xaprax ( “U, *®) coOTBETCTBEHHO.

AHaJIOTHYHBIE COOTHOIIECHUS CIIPABEAIUBBl U Ul COCTABIISIO-
IIMX T€H30PHBIX MOJNEH KPyUYeHHs U KPUBU3HBI.

B nanpHelieM y eCTeCTBEHHBIX MPOIOIDKEHNN (DYHKITHH, BEK-
TOPHBIX TMoJieH, AuddepeHnranbHBIX (OpM, TEH30PHBIX TOJIEH MH-

nexc (0) Oymem ormmycKarh.

3. Aareopa JIu nHpuHuTEe3INMATBHBIX ad)PUHHBIX
npeodpa3oBaHNii MPOCTPAHCTBA
apPUHHON CBA3HOCTH CNIENMATBLHOTO BHAA

Iycts (“M,, *V) (@ =1,2,...,S) — HEIPOCKTHBHO-EBKIIH-
JIOBBI TIPOCTPAHCTBA apYUHHOM CBAZHOCTH 6€3 KPyUYEHHS.

Kak u3BectHo (cM., Hamp., [1]), mpocTpancTBo appuHHON CBSI3-
Hoctu (*My , V) (ng > 2) sABIAETCA HENPOEKTHBHO-EBKIIHIO-
BBIM TOT/Ia M TOJILKO TOT/Ia, KOT/Ia TEH30pHOE Tosie Beis otnnyano
OT HYJIEBOTO. DTO YCIIOBHE JIOKAIBHO SKBHUBAJIEHTHO BBIOIHEHHIO
OJIHOTO U3 CIIEAYIOMINX YCIOBHIA:
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(1) cymectByer Takas kapra ( “U, @) rmagkoro atmaca, 4to
sa

apli A a ;a

Rigiaia (i1, 13,13 =

= 1,1, ) ONIMYHA OT HYIS JUISI HEKOTOPBIX IMOMAPHO Pa3UYHBIX

MHJIEKCOB if, i3 if;

(2) B xaxmoii kapre (“V, “p) Bce cocTapisIOIME TEH30pA

COoCTaBJAOIIasd TEH30pa KPUBHU3HBI BHIA

sa
l

KPUBHU3HBI BU/Ia aRi‘lliai“ PaBHBI HYJIIO, HO CYIIECTBYET Takas Kap-
2243

ta (°U, “p), ut0 cocraBisromas TEH30pa KPHUBH3HBI BHIA

“R;;%figiz (i4,i%,i%,i§ = 1,n, ) oTIMYHA OT HYJS I HEKOTOPBIX
MOMapHO OTIUYAIONIMXCS HHICKCOB Y, i , 15,1 (cm.: [5]).

B nanHO#1 paboTe OrpaHMYUMCS JIHIIL PACCMOTPEHUEM ClTyda-
€B, KOTJIa BCE€ MPOCTPAHCTBA (aMna, W) (a =1,2,...,5) ynosiue-
TBOPSIOT ycioBuio (1), TO €CTb y KOTOPBIX MMEETCS Takas KapTa
(U, xia) TJTaKOTO aTiiaca, 4To CYMIECTBYET XOTs OBl OJHA CO-
‘a
;‘zlligié" OTIINY-
Has OT HyJs IJI TIONapHO Pa3IUYHBIX MEXIY cOOOW MHIEKCOB.
Torma mpsiMoe mpou3BeAeHNE ITUX MPOCTPAHCTB aQPUHHOHN CBI3-
Hoctn ('Mp, X... X *M,, 'Wx...x °V) B nanbHeiimem
OyzneM Ha3bIBaTh MPOCTPAHCTBOM aUHHON CBS3HOCTH MEPBOTO
tima ‘A, X. .. X S4,.

Jlnst mpocTpaHcTs mepBoro THna Ay X . .. X A, noxazana
cremyromas Teopema [2]:

CTABIISIONIAs TEH30PHOTO TMOJIS KPUBM3HBI Buaa “R

-1 22

L L
Teopema 1. Eciu cocmasnsiowue ‘R.:..., *Ri., .,

121213 121213

eey

;S
spt .
Rl.gligig (s = 3) menzopos Kpususznvl NPocmMpancms agPuHHol
ceasHocmu  Oe3  KpyueHus (1Mn1, %) (zMnZ, ), .
(°*My,, °V) coomsemcmeenno omuuunbl om Hyis, mo pasmep-

Hocmb aneebpol JIu ungunumesumanvrulx agunnbix npeobpazo-
sanutl npocmpancmea aggunnon ceaznocmu (M, V) ne npesoc-
xooum

(nl + nz + "'+ ns)z -
—(Bs =1 (ny + ny + -+ ng) + 252 + 3s.
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B nmannoii paboTre gokakem, 4TO yKazaHHas B Teopeme 1 rpa-
HUIIA TOYHAS, TO €CTh YTO UMEET MECTO CJICAYIONIasi TeopeMa.:

Teopema 2. Makxcumanvhas pasmeprocms ancedp Jlu ungu-
HUME3UMANbHBIX A @uuHblX  Nnpeobpazoéanull npocmMpaHcmed
apunnoii ceésznocmu nepeoco muna ‘Az X. .. X5 A, pasua
MOYHO

(g + ny + -+ ng)? —
—Bs =1y + ny + -+ ng) + 252 + 3s.

Hoxazamenvcmeo. Tlpu s = 1 MakcUManbHas pa3MEpHOCTH all-
re0p JIu napuHUTEINMANBHBIX ad(UHHBIX TpeoOpa3oBaHUi MPo-
cTpancTBa adduuHoil cs3HOCTH ( M, o 17, ynosnersopsommero
ycnosuio (1), paBHa TouHo n? — 2n; + 5. DT0 yTBepkKAeHHE JOKa-
3ano U.I1. EropoBem (cm.: [1]).

[Ipu s=2 umMeeM, 4TO MaKCUMalIbHas pa3MepHOCTh anreop Jlu
WHQUHUTE3UMAIBHBIX aQUHHBIX MPeoOpa3oBaHUi MPOCTPAHCTBA
agduHHON CcBsI3HOCTH( 1Mn1 X 2an, 17 x2 1), rae npocrpanct-
Ba addunmoii cessuoctu ( M, " 7). u ( Zan, 2¥) ynoBierso-
psitoT yenosuio (1), paBHa Touno (ng + ny)% — 5(ny + ny) + 14).
JT1oT dakT gokazaH B pabore M. B. MopryH (cM. [5]).

OcTraHOBUMCS Ha JIOKA3aTeJIbCTBE TOYHOCTH TPHBEICHHOH OIIeH-
KH 1i1d s = 3.

Ilycts 5 > 3.

PaccmotpuM crepytomuii mpumep.

B xagectBe MHOTOOOpa3mit aMna (a=1,2,..,5) BO3bpMEM
npoctparctBa R™e, a nuHelHy0 CBA3HOCTH 6e3 kpydenus “V, Ha
HUX OIPEEITUM yCIOBUSIMH

a
T3 = x%, octanbhpie “Tfaja = 0,
_ a4 a1, — q
a=1,s, i%j%k*=1,n,.

HermocpencTBeHHBIMU BEIYHCICHUSIMHA HaXOIUM, YTO COCTaBJIsA-
IOIIME TEH30pa KPUBU3HBI IS CBA3HOCTH “V MMEIOT BH

apl _ apl — —
R223_1, R232 — _1, a= 1,2, ...,S,

apl® _ ‘a —
ocTambHble “Rjajaja = 0 (i%j% k%1% =1,2,..,ny).
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OnuCcaHHBIM BBIIIE CIIOCOOOM CTPOHMM MPSIMOE TPOU3BEACHUE
paccMaTpuBaeMbIX MPOCTPAHCTB aQPUHHON CBA3HOCTH. [lomydnm
MIPOCTPAHCTBO apHUHHOM CBI3ZHOCTH

(R%,V) = ('R™M x. .. xSR™, '7x...x57),

rgen = ng + -+ ng.

O4eBUIHO, YTO MOCTPOCHHASI CBS3HOCTH SBIISICTCS CBS3HOCTBIO
0e3 kpyueHus 1 KO3 PHUIIMEHTAMH 3TOH CBSI3HOCTH SIBISIFOTCS ClIe-
nyromue QyHKINH:

1 _ .2
53 = x%,

i+l

ny+2
ny{+2n4+3 2

=X

ni+nyz+1 = yMatnz+2
ny+n,+2 ni+n,+3 ’
*

Fnl +.+ng_1+1

ni+.+ng_1+2
ny+.+tng_1+2 ny+..+ng_1+3 2

=X
ocramereie ISy =0, (A, B, C = 1,2,..,n+... +ny).

CocraBsomue TEeH30pHOTO TOJISI KPUBU3HEI OYIyT CIICIYTO-
IUMH:

R%23 =1,

Rn1+1 =1

n1+2 n1+2 n1+3

Rn1+n2+1 1

ny+n,+2ni+n,+2n+n,+3 = Ly

Rn1+...+n5_1+1 _ 1
Nni+..4ng_14+2 ny+..4ng_1+2ny+..4ng_1+3 =~

OCTaIbLHBIC REBC =0,(AB,CD = 1,2,..,ny +...4ny).

Haiinem mepByro cepuio yCIOBUM HMHTErpUPYEMOCTH YpaBHE-
HUM WHQUHUTE3UMATbHBIX a(UHHBIX TpeoOpa3oBaHUil MPOCT-
panctBa (M, V). Ins sToro B cucremy (4) MOJCTaBUM Hai/IeHHbIC
COCTAaBIISIFOIINE TEH30PHOTO MOJS KpUBU3HBL [lomydymMm cremyro-
IIYIO CHCTEMY:
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( Xi=0, A>1,
X:=0, B=3,
X¢=0, C=4,
Xt —2X2-X3=0,
X2 ,.,=0, D=#23n+1,

1

Xptt =0, F#ln +1,n+2
X =0, K#lLn +1,n +2,n +3,

ny+1 _ ny+2 _ ny+3 _
Xn1+1 2Xn1+2 Xn1+3 - O’

XZI+...+nS_1+1 =0, H=+23n,+2,n+3,..,
ng+-+ne,+2,n ++ng_,+3,n ++n,_;+1,
X;1+..,+ns_1+2 =0,Z#1,n +1,n +n,+1,..,
M+t e +1Lng +e g +2,
X‘,;1+..,+ns_1+3 =0, V+1,n,+1,..,
ng+-+ne+Lng g 2,0+t + 3

ni+-4ng_1+1 ny+-4ng_1+2 ni+-4ns_1+3 _
Xn1+~~-+ns_1+1 2an+~-~+ns_1+2 Xn1+~~-+ns_1+3 = 0.

Bropas cepus, a 3HaUUT, U NMOCIEAYIOUINE CEPUN YCIOBUI HH-
TErPUPYEMOCTH SIBJISIOTCS CIEACTBUSAMU 3TOW CUCTEMBI.

Beimumem marpuity B, cocTaBieHHy0 U3 K03 duimenTos nmpu
HEU3BECTHBIX:

Xi(A>1), X5 (B=3), X (C=4),
X1, X5,X3, Xp 41 (D #2,3,n; + 1),
XPP(F £ 1,0 + 1,0y +2),

X" (K # 1,ng + 1,ny + 2,0y + 3),

n+1 yng+2 ,ng+3 ny+..+tng_q1+1
Xn1+1'Xn1+2’Xn1+3' 'XH
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(H#2,3,n+2,n+3,...,n+...4n,_, + 2,
n+...+ng_, + 3, ny+...+ng_1 + 1),

Xt (7 g+ Ly gy + 1 g gy + 1,

ny+...+ng_q + 2),

Ny +.+ng_1+3
Xy

WV+1n +1,..,nq+...4ng_ 1+ L,ng+...+n5_4 + 2,
n1+. . +ns_1 + 3),

Xn1+...+ns_1+1 _ ZXn1+...+nS_1+2 n1+...+ns_1+3

n1+...+ns_1+1 n1+...+ns_1+2 n1+...+ns_1+3 -

W3 cka3aHHOrO BBIIIE CIEAYET, YTO MaTpULa B SBIAETCA MaT-
pHULEN BCeX YCIOBUM MHTETPUPYEMOCTH U UMEET BUJ

4 0 0 .. 0

0O 4 0 .. 0
B=| 0 0 As 0|,

0 0 0 Aq

IIpUYICM MaTpulia Al HUMECT CJICAYIOIIEC CTPOCHUE!

E,qy 0 0 0 0 0
A 0 Enz 0 0 0 0
1 0 0 3 0 0 0/

0 0 0 1 -2 -1

rae E,, — equHW4Hag MaTpulla nopaaka n, n = nq+... +n;.
Ocranpubie MaTpunbl A,, ..., As UMEIOT aHAJOTHYHOE CTpOe-
HUE.
Panr matpunsl B pasen r = 3ns — 3s — 2s2.
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CremoBaTenbHO, anredpa JIn nHPUHUTE3NMATHHBIX ad)OUHHBIX
mpeoOpa3zoBaHmil MpocTpaHcTBa apUHHON CBI3ZHOCTH UMEET pas-
MEpPHOCTh, PABHYIO

n?+n—-r=n?>-n(B3s—1) +2s% + 3s,
n=ny+n,+...+ng.

Teopema nokazaHa.
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On the maximal dimension of Lie algebras
of infinitesimal affine transformations of direct products
of more than two spaces of affine connection of the first type
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In modern differential geometry, one of the main problems of
the geometry of a space with a differential-geometric structure is
the study of the group of affine transformations (automorphisms)
of this space. The studies of automorphisms in various spaces of
affine connections are devoted to the works of E. Cartan,
P.K. Rashevsky, P. A. Shirokov, I.P. Egorov, A.Ya. Sultanov and
other scientists.

Affine conversions in direct products of two spaces with affine
connection were considered in the works of M. V. Morgun. In the
case of direct products of more than two spaces with affine con-
nection, the question of affine envelopes, these spaces are stable.

In the article Glebova M. V. and Sultanov A.Ya an estimate
was obtained for the dimension of the Lie algebra of infinitesimal
affine transformations of spaces with affine connection that repre-
sent a direct product of at least three non-projective Euclidean
spaces of the special condition. Such spaces are called spaces of
the first type.

In this paper, the accuracy of this estimate is proven. To solve
the problem, a system of linear homogeneous equations is investi-
gated, which is satisfied by the components of an arbitrary infinite-
simal affine transformation.
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This system is obtained using the properties of the Lie deriva-
tive applied to the tensor field of curvature of the spaces under
consideration. An estimate of the rank of this system made it pos-
sible to obtain a lower estimate for the rank of the matrix of the
original system.

Keywords: direct product of affine connectivity spaces, infinitesimal af-
fine transformations, Lie algebra, dimension of Lie algebra
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CuMMeTpuK 0gHON 3adaum rMaPOAUHAMMKM
€0 cBOOOAHOM rpaHuMLen

PaccmarpuBaercss 3ajaua 0 BOJHAX Ha BOJAE B TPEXMEPHOM
ciiyyae 0e3 MOBEPXHOCTHOTO HATSDKEHHMs, OTHOCSIIASICS K KJIaccy
3amad co cBobomHou rpanmieil. Kak mokazamm T. bpyk benmxa-
MmuH 1 [1. OnBep, Ha 3a1a9M TAKOTO THUIIA MOXKHO PacipoCTPaHUTh
METOJIbl TPYNIOBOrO aHanmu3a Au(@epeHInaIbHbIX YpPaBHEHUH.
OCHOBY TpYIIIOBOIO aHalN3a COCTABIAET TEXHHWKA BBIUYMCICHUS
anreOps! JIn mHQUHUTE3NMANbHBIX CHMMETPHH 3aJaHHOW CHCTe-
MBI T depeHnnansHbIX ypaBHeHuH. Llens Hacrosmel paboTsr —
MNPpOACMOHCTPUPOBATE NPUMCHEHHUE J3THX MCETOJOB Ha IIPUMEPE
BbIIIeyKa3aHHOW 3amaun. [IponsBeneH moapoOHBIH BBIBOA Oasmc-
HBIX MHOUHHUTE3UMAIBHBIX CHUMMETpPHUH, yKa3zaH HX (U3MYECKHUH
CMBICJI, BBIYMCJICHBI UX IMOMNMApHbIE KOMMYTAaTOPbI U Haﬁ):[eHI:-I qJie-
HBI IIPOU3BOIHOTO psiza uist anredps! JIu, sBisttomieiicss TMHEHHON
000JI09KOM JaHHBIX HHPUHUTE3UMAIBHBIX cuMMeTpuil. [TokazaHo,
4YTO BCEC I/IH(bI/IHI/ITC?:I/IMaJ'IBHBIe CUMMECTPUN BLIHleyKaSaHHOﬁ 3aga-
gm 00pa3yroT 13-MepHyto Hepaspemumyto anrebpy Jlu, uro corma-
CyeTcs C pe3yIbTaToM, MPUBEICHHBIM 0€3 J0Ka3aTelbCcTBa B pabo-
T€ BBIIIEYKa3aHHBIX aBTOPOB.

Knroueeswte cnosa: 3amada co cBOOOTHOW TPaHUIICH, TPYIIOBOI aHa-
13, MHQUHUTE3UMaNbHast CUMMETpHs, ainredpa JIn

Hocmynuna 6 peoakyuro 10.05.2025 2.
© Kymnemos A.B., 2025
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1. Beenenue. ITocTanoBka 3a1a4u

Haxoxxmenue rpymm CUMMETPHA TeX WU MHBIX TuddepeHu-
IBHBIX YPaBHEHHH, KaK OOBIKHOBEHHBIX, TaK M B YaCTHBIX MPOU3-
BOJIHBIX, COCTaBIISIET OCHOBY TpYyMIIOBOTO aHanu3a auddepeHu-
ANBHBIX ypaBHEHHUH, Bocxoasmero k padboram Codyca Jlu u nme-
IOLIET0 MHOTOYMCIICHHBIE NpuiiokeHus. Hampumep, ¢ momorubio
3TOTO METOJIa CTPOSIT HOBBIE PEIIEHUS MO YK€ M3BECTHBIM, HaXO-
ISIT TOYHBIE PEIIeHNUs, UMeroIne (GU3MIECKUil CMBICI, a TaKXKe T10-
Jy4aroT 3aKOHBI COXpaHEHHs coriacHo Teopeme Hérep (cM., Hamp.,
MoHorpaduu [1—4]). B pabore [7] mokazaHo, KakuMm oOpa3zoM
TPYNIIOBOM aHAIN3 MOXXHO PacHpOCTPaHUTh Ha CIydail 3a1ad TH/I-
POOMHAMUKH cO cBOOOAHON rpanuneid. CBoil moaxo aBTOPHI yKa-
3aHHOW paboTHl MPOWLIIOCTPUPOBAIM Ha MPUMEPE HAXOXKIECHUS
anreOps! JIlu MHOUHUTE3NMABHBIX CHMMETPHI IS JTBYMEPHOI
3aJjauydl MPH OTCYTCTBUHM IOBEPXHOCTHOro HatTspkeHus (o = 0),
OTPAaHWYMBIIKCH JUIIb YKAa3aHHEM KOHEYHOTO pe3yJbTaTa st
aHAJIOTUYHOW TpexMepHOH 3ajauu. B HacTosIIeil craTbe Mbl BOC-
MOJIHSEM YKa3aHHBIH Mpo0Oes, Mpou3Bens MOAPOOHBIH BBIBOA aj-
reOpsl JIn wHOUHUTE3NMATBHBIX CUMMETPHI I TPEXMEPHOTO
ciydasl.

Mycts (x,y,2z) — NpsAMOYroiibHas JI€KapTOBa CUCTEMa KOOP-
IMHAT, TIPAYEM OCh Y HaIlpaBlIeHa BBEPX, W IMYCTh HEC)KHMaeMmas
HEBSI3Kasl JKUAKOCTh €JUHWYHOHM IJIOTHOCTH 3alOJHAET 00JacTb

Dy, OrpaHHYECHHYIO CBEPXY MOIBIKHON (CBOOOAHOM) MOBEPXHO-
CTBIO S, ONMCHIBAEMON YpaBHEHHEM
y =n(x,z10), (1.1)

rae t — BpeMs, 1) — HEKOTOpas riajakas QpyHKIHUS mepeMeHHbBIX
X, z, t. T'opu3oHTambHAs IPOEKIUS Sy TOBEPXHOCTH S TPECTaBIIs-
€T co00H BCIO MIOCKOCTh XZ. O6nacTs Dy, MOKET Kak MPOCTUPATH-
¢ Ha OeckOHeuHyro TiayOuHy s Beex (x,z) € Sy, Tak u ObITH
OTPaHMYCHHOW CHU3Y (UKCHPOBAHHON T'OPM30HTAIBHOW IIOCKO-
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cteio y = —h. J{ns Besikoit dyukiwun f (X, y, z,t) 0003HauMM depes
fs ee orpaHMuYeHNEe Ha MMOBEPXHOCTH S, TO €CTh Pe3yJIbTAT MOJICTA-
HOBKM ypaBHeHHs (1.1) B gaHHYI0 (yHKIHIO.

Crnenys [7], Oynem cuuTaTh, 94TO MOTOK JKUIKOCTH TOPOXKIIEH
KOHCEPBAaTUBHBIMU, & 3HAYMT, OE3BMXPEBBIMH CHJIaMU. B Takom

cllydae BEKTOPHOE ToJie ckopocter u: D, — R® sBusiercs moTeH-
IHANTBHBIM, TO €CTh TIpecTaBsercs B Buje U = Vo, rae ¢: D, —
— R — norennuan. B cuity Toro 4To HeC)KMMaeMOCTh YKUIKOCTH
npuBoauT K ycnoBuro divi = 0, mOTeHIMan ¢ YAOBIETBOPSAET
YPaBHEHHIO
Ap = @yx + DPyy + ¢,, = 0. (1.2)
Hapsiny ¢ HEUM paccMaTpHBalOTCsl HEJNWHEWHBbIE TPaHWYHBIC
ycnoBus: kKuHemaTnueckoe ycnosue (kinematic condition)
I =n— CD(y) + CD(x)T]x + q)(Z)T]Z =0 (1.3)
u quHaMudeckoe ycnosue (dynamic condition) ans ciydas OTCyT-
CTBHS IOBEPXHOCTHOTO HaTskeHus (o = 0)
= 1rs2 2 2 —
I, = Q)+ E(CD(x) +®F, + DE,) +gn =0, (1.4)
rue
Py = (@x)s) Py = (‘py)s’

D, = (0)s) Py = (@p)s-

Vpasuenus (1.2—1.4) BmecTe 00pa3yoOT mpexmepryio 3a0ayy
co c80000Hou epanuyeli. TpeOyercs HaliTu anreOpy Jlu nHpuHUTE-
3UMAaJIBHBIX CHMMeTpuii 3amadn (1.2—1.4).

3ameuanue 1. B umcio KMHEMAaTHYECKHX YCIOBHHA TaKKe
BKJIFOYAIOT (CM., Harp., [7]) tpedoBanue |Vo| — 0 npu

(xz + y2 + 22)1/2 N OO,
a TaKke ycnosue @, = 0 nmpu y = —h (B cily4ae KOHEYHOH riryOu-
ub1). Kpome Toro, tpebyrot, uro6sr ) — 0 mpu (x? + z2)1/2 — oo,

OpnHako maHHBIE TPEOOBAHMS B HAIUX IMOCIEIYIONIUX PAacCMOTpe-
HUSAX YYUTHIBATHCS HE OyAYT.
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3ameuanue 2. Haxoxnmenue anreOpsl JIm mHOUHUTE3NMATD-
HBIX CUMMETPHUH JJIi NBYMEPHOW 3allaud MPU HAJIUYUH TTOBEPX-
HOCTHOTO HaTshkeHus (o # 0) nmpuBeneHo B cTaThe [6].

3ameuanue 3. K aHanornyHsIM 3a1a4aM HECKOJBKO Oojee 00-
IIEr0 BUAA MPUBOIUT MOJECIb TPEXMEPHOU JKUAKOCTH MO TOHKUM
cnoeM nbna [8; 10], a Takke Monenb mysbcupyroinero (pulsatile)
MoTOKa B TpyOKax ¢ Bs3Koymnpyrumu (viscoelastic) crenkamu [9].
3amgagaM co cBOOOIHOM TpaHuIleit ocBsIeHa MoHorpadus [5].

2. Onucanue MeToaa

Marepuan JaHHOTO MyHKTa OCHOBAH Ha MPUIIOKEHHUH 2 CTaThU
[7]. PaccmoTpuM 3amady co cBOOOIHOMW TpaHmIel B Oonee oOrien
noctanoBke. O003HaYNM HaOOp HE3aBUCUMBIX TIEPEMEHHBIX Yepe3
X, y) = (x1,...,xP,y) € RP*! npuuem Bpems t comepxuTcs cpe-
JIM HUX B KAUeCTBE OJJHON M3 ImepeMeHHbIX X' (i = m), a KoopIu-
Hata y = xP*! Bhinenena, mockojbKy B paccMaTpUBAEMOil 3a/aue
OHa UTPAET POJIb BEPTUKAIBLHOTO HanpasieHus. Habop 3aBUCHMBIX
MepPEeMEHHBIX 0003HAYNM Yepe3

T (hl
¢ - (¢ ) ---;d)q) € ]Rq;
5
a yepe3 d¢ 0003HaUMM HAOOp M3 BCEBO3MOXKHBIX YACTHBIX TPOU3-

BOJHBIX ¢I] dyrxmmit ¢/ (j = 1,q) no nepemennsvm (%,y) 110 3a-
JAHHOT'O TIOPSIIKA V; BKIIFOYUTEIBHO:

i olllpJ olllpJ
P o T GG A A e
roe [ = (/11, ...,APH), |1l = A4 + ==+ + Ap44. Cama 3a1a4a co cBo-

00HOM rpaHULEel MPEACTaBIACTCS B BUAE CUCTEMBI IuddepeHnu-
QJIBHBIX YPAaBHEHUI ¢ YaCTHBIMU IPOU3BOAHBIMU

A(Zy, ,04) =0, 2.1)
paccMaTpuBaecMOM Ha 00J1acTH
D, = {Z,y): y <n = h(®)} c RP*,

1< €vy,
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BMECTC C TPaHUYHBIMH YCJIIOBUAMU

27 - -

L(%,m,1;, ¢s,0¢s) = 0, 2.2)
CHpaBeIMBBIMYU Ha BEPXHEH T'paHMIIC JaHHOW 00JIacTH, Ha3bIBae-
MO¥ c800600HOU NOBEPXHOCHIBIO

S={&y):y=n=h@}
rae
ally olllgJ
W= 9T T o)A . a(xP)
] = (Alr "'rlp)' 1 < I]I < V2,
551 = CB(’?’TI@?))-

R
Yepez d¢ps o0o3HaueH HAOOp M3 BCEBO3MOXKHBIX YaCTHBIX

g -
NPOU3BOAHBIX QYHKIHMI ¢ 10 mepeMeHHbIM (X,Yy) IO 3aIaHHOTO
HOPs/IKA V, BKIFOUHTEIBHO, OTPAaHUYCHHBIX HA TOBEPXHOCTH S

(0/)= ¢/ (Zn@D), 1<l <v,
Pewenue 3a0auu (2.1, 2.2) — sto napa pyuakuuii h: RP - R u
i D, —» R? Takux, uro n = h(X) u é = f(%y) ynosrersopsitor
cucreme (2.1, 2.2) TOKXAECTBEHHO.

Paccmorpum muddeomopdusm mpoctpanctea RPT! X RY Ha
ce0sl, 3alaHHBINA YPAaBHEHUSIMH

X = X(x,y,d)), y= Y(x,y,¢), b= P(x,y,(;b).

Ecnn oH mocraTouHo ONM30K K TOXIECTBEHHOMY OTOOpaske-
HUIO, TO 0071acTh D) B3aHMHO-OJIHO3HAYHO OTOOPA3UTCS B HOBYIO
obnmacte Dy co cBOOGOAHOW rpanunei 7] = fl(;), a QyHKIUS
f:Dy = R? npeobGpasyercs B HOBYr0 QyHkuuto f: Dy — RY. Ta-
ko muddeomopdr3M Ha3pIBaeTCs cummempuetl 3aoaqu (2.1, 2.2),

~ > ~ o>
ecnu napa h, f sBiseTcs ee pellleHueM BCAKUH pas, korza h, f —
pelieHue.
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Iyctp i = H, Jj= m, IIPUYEM I10 IIOBTOPSIOIIEMYCS UHIECK-
Cy IPEaIoJiaraeTcsi CyMMUPOBAaHUE COTJIACHO MPAaBWILy DUHILITEH-
Ha. Bexropuoe nose X na RP*! X R? paccmaTtpuBaercs kKak aud-
(bepeHIIMaNbHBIN OmepaTop MEepBOTO MOPSAIKA, NEHCTBYIONIMA Ha
C®(RP*! x RY):

X = ai(f,y,$)%+,8(f,y,$);—y+l/)j(a_c',y,(ﬁ)%. (2.3)

BekropHoe mosie Takoro BuAa SIBISETCS] TEHEPATOPOM HEKOTO-
poli oKaJbHOHM ogHOMapameTpuyeckoil rpymisl aupdeoMmopdus-
MoB RP*1 x RY na cebs. Eciu Bce OHH SBIAIOTCS CUMMETPUAMH
3amaun (2.1, 2.2), To BeKTOpHOE ToJie X Ha3BIBACTCS UHDUHUME3U-
MATbHOU cuMmempuell TAHHOW 3a1adu. MHOXeCTBO BceX MH(DHUHU-
Te3UMaNbHBIX CUMMETpHiA 3amaun (2.1, 2.2) obpasyer anrebpy Jlu
OTHOCUTENIFHO OOBIYHOTO KOMMYTAaTopa BEeKTOpHBIX mosiei. [lo-
cnennss sBisercs anredpoi Jlu rpynmel Jlu cummerpuil 3amaun
(2.1, 2.2) u urpaet BaXXHYIO POJIb B MCCIIEJIOBAHNY TaHHOW 3aJauH.

Jlns BekTopHOTO OIS BHAA (2.3) paccMaTpUBAIOTCS €T0 MPOIOI-
JKEHMs B MPOCTPAHCTBA CTPYH BhICHIMX Hopsakos Hax RPYL x RY,
@opMyJia s -Io IPOJOJKEHUS BEKTOPHOTO OISt X UMEET BUJL

pr\,X=X+6(,‘bIj£#-, 1<l <, (2.4)

rac
5¢ =0, (v - x,(¢7)) + X:(¢7), 2.5)
Xy =alm+ ﬁ:—y. (2.6)

31eck u fanee MBI OIyCKaeM apryMeHTHl y dbyHkumii at, 5, /.

B pamkax 3amaun co CBOOOIHOM TpaHHLICH TaKKe ONPEAeseT-
cs rpaHn4Hoe npojoinkenue (boundary prolongation), dopmyna
JUTSl KOTOPOT'O UMEET BH]T

1 a a
pry Xg :Xs+(6¢1])5m+6n]a_n]’ (2.7)
)
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rae
_ gl 9 0
Xs = aSW"’ﬁS%"‘d’sE;
&n; = 0;(Bs — Xom)) + Xo(n;)), (2.8)
. a . ; . .
Xo=as57, Py =(0]), @ =(¢), (2.9)

1<l <v, 1]l

Jns BemmauH 6¢Ij , 6m; crpaBeIMBBI PEKyppEHTHBIE GOpMy-
1wl (eM.: [3]):

5¢l, = D (6¢)) — dl,Dya’, w,v=1p+1, (2.10)

&1y = Di(8ny) = npcDi(asf), (2.11)
rae D,, — onepatopsl NOJHBIX IPOU3BOIHBIX:
0 0 0 -
Du:W+(pu%+(puva_%: u=1,p+1
a ollg/ a ally

b= Gt axl " VT il Gl
Nmeet mecTo
Teopema [7, c. 183]. Bexmoproe none X ssniemcs ungpunume-
3UMAnbLHOU cummempuell 3adayu (2.1, 2.2) mozoa u monvko moe-
da, K020a umeiom mMecmo pageHcmaa

pr,, X(A) =0 npu K=0, (2.12)
pry, Xs ([) =0 npu T=0, (2.13)

20e pry, X u pry, Xg onpedensiomes no gopmyram (2.4—2.9).
VpaBuenus (2.12) u (2.13) Ha3BIBAIOTCA Onpedensitouumu
ypasHeHusMu I HAXOXKIECHUS WHQUHUTE3UMAIbHBIX CUMMETPUN
3amaqm (2.1, 2.2).
3ameuanue 4. B dhopmynax mpogomKeHus, a TAaKXKe B Ompe/ie-

JISTONINX YPaBHEHUAX CHMBOJIBI ¢>Ij , ®J, q’éz)’ 1, 1; paccmaTpuBa-

IOTCA KaK HE3aBUCUMBIC IIEPEMCHHBIC.
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3. CocTaBieHue onpeesilONUX YPaBHeHUI

B cootBercTBHU ¢ 1. 2 BesAkas WHQUHUTE3WMATbHAS CHMMET-
pus 3amaqn (1.2—1.4) momxHa IMETH BUJT

a a
X—a—+[3 '|']/a 54‘1‘[)%, (31)

rae a,f,Y,7,Y — OYHKUMH NEepeMeHHbIX X, Y, Z,t, ¢. Ha mpoTs-
’KEHHH BCETO JAIBHEHIEero N3JI0KeHNST HHACKCH Oy IyT mpoderaTsh
CIIeMyIONTUe 3HaYeHUS (€CIIM HE OTOBOPEHO MHOE):

u,v,w=a; i,j, k =§; r,s =2, 4.

O603HaYNM
t = 1 = x2 =x3 =
T= 1, = 0-’2, ﬂ
0 0
m = axu = au’ % - a‘P’ Pxv = Py, Pxrx? = Puws

SQyu =8Py, GPxuyy = 6@y, q)(xu) = CD(u),
Nei =i 61,1 = 6y,
TOrJla C y4eToM TNpaBwia DWHINTEHHa CYMMHpPOBAHHS IO MOBTO-
pAOIIEMYCS HHACKCY BEKTOPHOC MOJIC XHpHMeT BHU
7] 7] 0
X = axu+ll)—— —-+ a+lp% (32)

oxt

[TockonpKy nopsaok ypaBHeHus (1.2) paBeH AByM, TO HaM IIO-
TpeOyeTcsi BTOpOE MPOAOJIKEHHE BEKTOPHOTO MOJs X, KOTOpOe
BciencTeue Gpopmyd (2.4—2.6) umeert BUj

a d
pro X =X+ 6(pu a + Zusv 6(puv @: (3.3)
riae B cuiny (2.10)
@y = Dyp — (vauav: (3.4)
8Puy = Dy6@, — @y Dya®. (3.5)
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[opsinox ypasuenwit (1.3) u (1.4) paBeH equHMIE, a TTOTOMY
AOCTATOYHO OI'paHUYUTLCA NEPBBIM I'PAHUYHBIM HPOAOIKCHHUEM
3TOr0 BEKTOPHOTO MOJIS

_ 9 9
pry Xs = Xs + (0gu)s T + 6 o7 (3.6)
rae B cuy (2.11)
on; = D;i(Bs) — n;Di(aé). (3.7)
Di(az) = Di(a)) + (a3) 1i- (3.8)

Urak, ompenenstounue ypaBHenus (2.12, 2.13) nmns 3amaum
(1.2—1.4) nmerot BUL

pry X (Ap) =0 mpu Ag =0, (3.9)
prq XS (Fl) =0 Inpn Fl = Fz = 0, (310)
prl XS (Fz) =0 HpI/I Fl = FZ = 0, (311)

rae pry X u pry Xg BeIpaxatorcs o dpopmynam (3.3) u (3.6) coor-
BETCTBEHHO.

4. Avanu3 ypaBHeHus (3.9)

Jlemma 1. Vpasuenue (3.9) pasnocunvro cucmeme

Ay = .By =Vz Ay = —Bx» Az = —Vx, Bz = Yy 4.1)

ap =By =7y =0, (4.2)

Ty =Ty =T, =Ty =0, 4.3)

AY =0, Aa = waq): AB = 2¢y<p: (4.4)
Ay = lez<p: lp(p(p = 0. (4.5)

loxazamenvcmeo. C yuerom (3.2, 3.3) ypaBuenue (3.9) npu-
HUMAET BH]T

Y00 =0 mpu Ap =0. (4.6)
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®dopmysel (3.5) pacnuiieM moapoOdHee MPUMEHUTENBHO K 8 (-
Sprr = (O + Yuorr) — 0s(B,0° + @ 0rr) = 29055 Drat’,
rie
Ara® = a7y + 267,07 + QG p7,
DY =Py + 2070 0r + Yy 07

Tornaa nesast yactb (4.6) MPUHUMAET BU]T

Z Sprr = Z A+ ¢<pA<P - Z P Arat —
T T T
_(pua$A§0 -2 Z OruDra®.
T

Bce BenuuuHbI @, GUTypUpYIOT 37ech B siBHOH (opme. C yue-
TOM ypaBHeHUs A = 0 UMeEM @, = —Pxx — Py, TOITOMY (4.6)

MMPUHUMACT BU
z A — z QouArau -
T r

_2(pquxau - 2(pyuDyau - 2¢XZDZa - 2(pyzDz.8 +
+2(pxx + q)yy)Dzy — 2¢,D,7=0. 4.7)

PaccmarpuBas neByro dactsh (4.7) Kak MOJMHOM OT IEPEMEH-
HBIX

DPxr Pyr Pz Pxxr Pxyr Pyys Pxzr Pyzr Pxtr Pyts Pzt

¢ koaddurmenTamu, 3aBUCAIINMH JHIIb OT X, Y, Z, t, ¢, MBI IPH-
paBHHMBaEM KaXIblH 13 K03()(OUIMEHTOB K HYIIO, B Pe3yJbTaTe ye-
ro nosrydaem cuctemy (4.1—4.5). Jlemma goka3zana.
CaeacrBue 1. KoaddunmeHnts a, §,y 3aBUCAT JIAIIL OT TIEepe-
MEHHBIX X, Y, Z, t, B TO BpeMsl KaK T 3aBUCHUT JHIIb OT t.
CaencrBue 2. FIMeroT MeCcTo paBeHCTBa

ar = —al, r*Ss, (4.8)

Dya" =aj, D,t=0, DT =14 4.9)
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5. Ananu3 ypasuenus (3.10)
Jlemma 2. Ilycmo umerom mecmo pagencmaa (4.1—4.5), moeoa

ypagrenue (3.10) pasHocunvHo cucmeme ypagHeHutl
T + Ip(p = 2a,, (5.1)

Yy =ay, Y, =Vt lpy = B¢ (5.2)
HA noeepxHocmu S

Hokaszamenvcmeo. C yuerom (3.2, 3.6) ypasuenue (3.10) mpu-
HUMAET BH]T

81 — (8 + (B9 )sMx + @1 +

+(69)sn, + 9,6n, =0 mpu I} =T, =0. (5.3)

Pacniumiem moapo6Ho 671, 01, U 81, ucnonb3yst GOpMyIIbI
(3.7, 3.8), xoTOpHBIEC yIpOIIAIOTCS Oaromaps paBeracTsam (4.9):

one = (B)s + (ﬂy)sm — Nx(ay)s — nx(ay)sm -

—1:(0)s = 1:Me(vy) g — 1 (@s, (54)
on; = (B)s + (ﬁy)sm- - le(“ij)s -
~nani(ay), —nami(vy)y i=2 3. (5.5)

[Moncrasnsst popmynsr (3.4), (5.4) u (5.5) B paBenctso (5.3),
MOJTyYUM:

Bt + ByNe — Nx@e = Nx@yNe — NzVe — NNeVy — NeTe —
~(DyY — oxay — @, By — @,1y) +
+(DxY — Py — QyBr — oY) +
0 (Bx + Byl = Mxx — N3y = Nz¥x — N0xYy) +
+0, (B, + Bylz — Nxz = Ny, @y = N2¥, — M3Yy) +
+(DyY — ¢x; — 03B — P2¥2)N, =0 mpu Ty =T, = 0,(5.6)

rze S MBI [UII KPaTKOCTH OITyCTHIIH (Tak OyZeM JenaTh U Jalee).

93



[nddepeHumanbHas reomeTpus MHoroobpasui uryp

YuureBas cucremy (3.10, 3.11), caemaem moaCcTaHOBKY:
Nt = @y = Pxllx = P2z
toraa (5.6) mpuMer BUA
Be + By(@y — oxnix — 021) —
Ny = Ny (Py = Pxllx = P2N2) —
=NVt = NzVy(Py = @xllx = P2Nz) = Te(Py — Pxllx — P2Mz) —
—(DyY — pxay, — @By — @,1y) +
+(DxY) — Py — QyBr — P2V )N +
+ 0 (Bx + Byl = Nx@x — NZQy = Nz¥x — N7xYy) +
+(Dh — pxat, — QyB, — Qr¥2)0; +
+0, (B, + Bylz = Nx@z — M@, = Nz¥, —3yy) = 0. (5.7)

PaccmatpuBas neByro dacth (5.7) Kak MOJMHOM OT MEpPEMEH-
HBIX 1)y, 1], C KO3 UITUEHTaMH, 3aBUCSIIIAMH JIUITH OT

‘xl y; Z; tl (pl (va (py' goz’
MBI cBoiMM (5.7) K cucteme:

77925: AyPx — Pxy = 0, (5.8)
N VyPr — @z¥y =0, (5.9)
NNzt Ay@Pz + VyPx — PxVy — P,y = 0, (5.10)

Nxt = By®x — A — Ay@y + Tepy +
+(DxY — P — PyBy — P2¥x) +
+0xBy — Pxax — 9, =0, (5.11)
Nzt = ByPz = Ve = Vy@y + Tt — Qx¥x +
+(D) — oxtt, — yB, — @2¥2) + @By — @27, =0, (5.12)
L B+ Byoy — ey — (Dy — @y — @y By — @,1y) +
+QxBx + 928, = 0. (5.13)
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PaBenctBa (5.8—5.10) TOXKIECTBEHHO BBITOHSIOTCS M, TAKAM
00pa3oM, He BJEKYT HHMKAKHX OTPaHHYCHUH Ha CHUMMETpHI0 X.
PaccmatpuBas neBbie yact paBeHCTB (5.11—5.13) kak moITMHOMBI
OT MEPEMEHHBIX (y, Py,{;, Mbl IPUPABHUBACM KaXbIi U3 UX KO-
5¢GULMEHTOB K HYJIO, B pe3ylbTaTeé 4ero MOoJIy4aeM CHCTEMY
YPaBHEHHUH, 4acTb U3 KOTOPBIX SIBISIOTCS CIEICTBUSAMH CHCTEMBI
(4.1—4.5), a octaBmmecs umeroT Bu (5.1, 5.2). Jlemma goka3zana.

6. Ananu3 ypasHenus (3.11)

Jlemma 3. Vpasnenue (3.11) ¢ ycnosuamu (4.1—4.5, 5.1—5.2)
npuooOUMcs K 6UQy

lpt+g{(rt—¢(p)n+ﬁ}:0 Ha S. (6.1)

Hokaszamenvcmeo. Pacnmmem mnonpobHee ypasHeHue (3.11),
ucnons3ys (1.3, 3.2, 3.6):

60+ 2r @00, +gB =0 mpu I} =1, =0, (6.2)
rae S Mbl JUIsl KpaTKOCTH CHOBa omycTwiu. [loncTaBmsist BeIpaxke-
Hus (3.4) nns Sy, B (6.2), mOTy4YnM:

D¢ — @y Dra™ + Z @r(Dyp — @y Dra*) + gB =0
r

npu I} =T, = 0, gto ¢ yuerom (4.9) npuBoIUTCS K BULY

lpt + 1/)<p(pt - (puag + Zr q)r(lpr + 1/J¢(Pr - q)sars') + gﬁ =0 (6~3)

npuly =T, =0.
VYuureiBas cucremy (3.10, 3.11), caemaem moacTaHOBKY:

1
0e =5 (ok+ 07 +07)—gn,
toraa (6.3) mpuMeT BUA
1
Ve — (Yo — T¢) (5 (02 + 93+ 92) + gn) — Qx — Py B —
— @Vt (px(lpx + l:Dfpgox = OxQy — (py:Bx - (pzyx) +
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+ (py(lpy + lp(p(py — Pxy — (Pyﬁy - (pzyy) +
+ o, (Y, + ¢<p§02 — Pxz; — (pyﬁz —@z¥,) +gB=0. (64

PaccmarpuBas neByro yacth (6.4) Kak MOJIMHOM OT TE€peMeH-
HBIX @y, @y, @, € KOOQOUUMEHTAMH, 3ABUCAUIUMH JIULIb OT

X, ¥, Z, t, @, Mbl cBOTUM (6.4) K CUCTEME:

pZ: —%(1,04, — 1)+, = a; (nor He cymmnpyem), (6.5)

Orps: —ay —ar =0 (r#s), (6.6)
o —al +Y, =0, (6.7)
1 e+ gn(te —,) + 9B = 0. (6.8)

VpaBuenus (6.5—6.7) ABIAIOTCS CICACTBUSAMH DPAHEE IIONIY-
YeHHbIX ypaBHeHui (4.1—4.5, 5.1, 5.2), a (6.8) mpuBoIUTCS K BU-
ny (6.1). Jlemma mokazaHa.

3ameuanue 5. HezaBucumyio mnepeMeHHYIO 1), (QUIypUpPYIO-
IIyT0 SIBHO JIMOO HESIBHO B ypaBHeHUsX (5.1, 5.2, 6.1), nanee 6ynem
Be3JIe 3aMEHSTh Ha Y.

7. B cuny (4.5) 1, He 3aBUCHT OT ¢, @ 3HAYHT, 1) MOXKHO TIPe/i-
CTaBUTH B BUJE TUHEHHON (PYHKINU IO JAHHOU ITePEMEHHOM:

Y =co(x,y,z,)p + x(x,y,20). (7.1)

ITokaxem, 4TO ¢y — KOHCTaHTa. B camom zene, B cuiy cien-

ctBus 1 KO3(pOUIMEHTH «, 5,y 3aBHCAT JHIIbL OT TEPEMEHHBIX

X,¥,Z,t, B TO BpeMs Kak T 3aBUCUT Jwiib oT t. [loatomy, muddepen-
mupys (7.1) mo x, y, z u t, ¢ yaetom paBeHCTB (5.2, 6.1) momydanm

(Co)r(P +xr =Y =y,
(c)e@ + xe = Y = —gy(te —¥y) — 9B,

T7ie TIpaBble U JIEBBIE YaCTH PACCMATPUBAIOTCA KaK MHOTOUJIEHBI OT
NEPEMEHHOHU ¢, TIPUYEM (‘L‘t - 1,[)4,)3/ + 3 He 3aBucUT OT ¢. Torna

(co)y =0, u=1, 4.
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Takum 00pa3oM, BeIpayKEHHE IS 1) YIIPOIIAeTCA:
Y =cop+xxy2t), Y, =cy=const. (7.2)
Torma B cuiy (4.1, 5.1) nmeem:
1 1
Ay = IBy =Yz = E(Tt + lp(p) = E(Tt + o),

NpUYeM T; + Co 3aBUCHUT JIMIIb OT t. A 3HAYUT, KOBPPULIUEHTH
B ¥ y MOXHO NPEJICTABUTH B BUIC

a= %(Tt +cy)x +0a(y,zt), (7.3)
B =3 G+ coy+plxz0), (74)
y = %(Tt +cy)z + w(x, z,t), (7.5)

rae o(y,z,t), p(x,z,t) u w(x,zt) — HekoTopsle QyHKIMU. U3
(7.3—7.5) u (4.8) cnenyer, 9TO
al, =0, r,s= 2, 4.

3naunt, Kaxnaas u3 pyukuuit o(y,z,t), p(x,zt), w(x,zt)
JIMHEHHA 10 IEPEMEHHBIM X, Y, Z, TOra

0(y,z,t) = 01()yz + 0, ()y + 03()z + 0,4(0), (7.6)

p(x,z,t) = p1(O)xz + pa()x + p3(t)z + pa(t), (7.7)

w(x,z,t) = w,()xy + wy()x + w3(t)y + w,(t). (7.8)

U3 paBencts (4.1) ¢ yuetom (7.3—7.8) BBITEKAIOT CIIEIYIOIINE

COOTHOLICHUS Ha KO3QULHUEHTHI 0y, Py, Wy, (U = 1, 4):

01(6) = —p1(8), 02(8) = —p,(0), (7.9)
01(8) = —w1(t), 03(t) = —wy(0), (7.10)
p1(0) = —w1(0), p3(t) = —w3(t), (7.11)
U3 KOTOPBIX, B CBOKO OUYEPE]lb, CIEAYET, UYTO
01(t) = p1(t) = w.(t) = 0. (7.12)
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C yaerom (7.6—7.12) dopmymnsl (7.3—7.5) npuHAMAIOT BU

a= %(Tt + co)x + o, ()y + 05(t)z + a,(t), (7.13)
B =2 +c)y—a(®x+ps(Oz+p, (1),  (114)
y =@+ )z —03(Ox = ps(Oy + w0y (8).  (7.15)
N3 (4.4) u (7.1) momydaem, 9TO
Ay = 0. (7.16)

8. Hatinem Beipaxkenue s pynkuuu y(x,y, z, t). B cuny (5.2)
nMeeM:

Xx = %T”X + o3y + 03z + 0y, (8.1)
1 ! ! A

Xy = ET”y — 02X + P32+ Py, (8.2)
1 12 ! ! !

Xz =357 Z— 03X — p3y + Wy (8.3)

3nmech U ganee mTpux 0ob6o3HauvaeT auddepeHIupoBaHne mo .
C y4eToM paBeHCTBA CMEIIAHHBIX YACTHBIX MPOU3BOJHBIX Xrs = Xsr»
rae r # s, popmyinsl (8.1—8.3) maror
o, =05 =p3 =0.
3HAYHT, 0y, 03, P3 — KOHCTaHTHI. OOO3HAYMM HX CIEIYIONIHM
obpazom:

02 = €11, 03 = €12, P3 = (13- (8.4)
Torma hopmyier (8.1—8.3) ynpomarorcs:
1 , 1 , 1 ,
)(x=§1' X + oy, )(y=§1' Y+ py, )(Z=§T Z+ wy.
3amerum, 9To B cmuty (7.16) OHM IPUBOJAT K PABEHCTBY
" =0.

CrnenoBarenbHo, T — JHUHEHASA (GYHKIHS, TO €CTh T IMEET BU

T =cyt +c3, (cy €3 = const) (8.5)
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u ipu otoM (X, y, Z, t) IpeacTaBuMa B BUIIE
Xy, z,t) = 0,(Ox + p(Dy + wi(Dz +6(),  (8.6)
rae 6(t) — mexoropas Gpyukuus. Toraa
Xe =0 x+ply+wyz+0".
C npyroii croponsl, u3 (6.1) ¢ yaetom (7.14) u (8.4) momygaem

1
Xt = E}’g(co -37") - 9(_sz +p3z + P4(t))-
Takum o0pazom,
o /X +plytwiz+6 =
1 '
=2y9(co — 3t") — g(—02x + p3z + p4 (D). (8.7)

PaccmarpuBas (8.7) kak TOXIECTBO ABYX MHOTOYJICHOB OT Iie-
PEMEHHBIX X, Yy, Z, IPUPaBHIEM KOA(PQGUIIUCHTHI PH OJMHAKOBBIX
CTETICHSX dTUX MEePEMEHHBIX:

x: g, = goy, (8.8)
12 1 !
y: py =59(co —37), (8.9)
zZ: wy = —gps, (8.10)
1: 8' =—gp,. (8.11)
U3 (8.8—=8.9) BBITEKALT, UTO Ty, P4, W4 U B UMEIOT BUI

04 = %gaztz + ¢yt + cs, (8.12)
P4 =§c1t2 + ¢t + 5, (8.13)
w, = —%gpgtz + cgt + co, (8.14)

9% .3 _1 2
9 =_Eclt _EgCGt _gC7t+C10, (815)

TIIE Cy, ..., C19 — KOHCTAHTHI, IPHUEM

C1 =C— 3C2. (816)
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9. Beipaxkenus (7.13—7.15) mnst «, B, ¥ ¢ yuerom (8.16) npu-
HUMAIOT BUJT

a= %(402 +c)x + ¢y +cipz + %gclltz + et +cs, (9.1)
B = %(4c2 +c)y —cipix + 3z + %cltz +ct +c7,  (9.2)
1 1
y = 5(4‘6'2 + Cl)Z - Clzx - C13y - EgC13t2 + Cgt + Cg, (93)
a BeIpakenue (7.2) mig Y B cuity (8.6, 8.12—8.16) npuHuMaeT BUI

g
Y= 3c, +c)p+ (goyt +c)x + (Eclt + c6)y +

2
+(—gpst + cg)z — i]—2c1t3 — %gc6t2 —gct+co. (9.4)

[Toacrasnsst HatineHAbIe BEIpaxkeHus B (3.1) u rpynmupys cia-
raeMble IpU OJUHAKOBBIX KOHCTAHTaX, Mbl BBIAEISIEM Oasuc aj-
re6psl JIu £ nHpUHUTE3UMAaTIBHBIX cuMMeTpui 3agaun (1.2—1.4):

13
X = 2 Cin',
i=1

rae
x 1 g z gt g*

X, =29 (— —tZ)a Za 9,9 3,
1= Tyl )OOt (9T Y T3 )%
Xy = 2X0x + 2y0,, + 220, + t0; + 3¢90,

X3:at, X4:tax+xaw, X5=6x,

1
Xi, = (y + Egtz) 0y — x0,, + gtxd,,

X12 = Zax - xaz,
1
X3 = 20, + (—y - Egt2> a, — gtzo,,
1
Xg = tay + (y —Egt2> 6<p,
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X7 = ay - gta¢, X8 = taz + Za(p,
X9 = az, Xlo = a<p
Jnsa ynoberBa nepeiineM k HOoBoMy 0asucy:
Vi=Xs, Vo=X3 V3=X0, V4=X;
V5 = X4, V6 = X6' V7 = 4X1 _Xz,

1
Vg =X11, Vo= EXZr Vio = X12,

Vii = X13, Vip = Xg, Viz = Xo.

Bripaxkenust 1711 HOBBIX 0a3MCHBIX HHOUHUTE3UMAITBHBIX CHM-
METPUIl UMEIOT BUJ

Vi =0y Vo=0, Vs=20,, (9.5)

V, = d, — gtd,, (9.6)

Vs = tdy + x0,, (9.7)

Vs = tdy + (¥ — 3 gt?) d,, (9.8)

V, = gt?0, — td, + ((p + 2gty — g?zt3) 0y, (9.9)
Vg = (y + %gtz) 0y — x0, + gtxd,, (9.10)
Vo = x0y + Y0y + 20, + 20, + >0, (9.11)
Vio = 20, — x0,, (9.12)

Vi1 = z0y + (—y - %gtz) 0, — gtzo,, (9.13)
Vi = t0, + 20, (9.14)

Vys = 0, (9.15)

OTMeTUM, YTO KaXKII0€ U3 HaWJIEHHBIX BEKTOPHBIX IMOJEH sIBIs-
€TCsl TEHEPATOPOM COOTBETCTBYIOLIEN OJHONIAPAMETPUUYECKOM TPyII-
el cuMmMeTpuit 3aaaun (1.2—1.4). A umenno, V; u V;; nopoxnaior
TOPU3OHTATIBHBIC CABUTH, V, — CABUTH MO BpeMeHH, V3 — caBUTH
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3HA4YeHUs NOTeHUuana, V, — BepTUKaNbHBIE CABUTH, V3 — ropu-
30HTalbHBIE BpameHus, Vs u Vi, — ropU30HTaJIbHbIC TaJIUIEEBhI
OycThl, Vg — BepTHKAIbHBIE TaHIIEeBBl OYCTHI, I, — BepTUKAIb-
HBIE yCKOpeHus, Vg u V;; — BpallleHus, KOMIIEHCUPYEMbIE TPaBH-
Tanuel (gravity-compensated rotations), Vo — MacmtabupoBanue.

Hccnenyem mnomyueHHyio anrebpy Jlu £ Ha pa3pemmnmocTs.
Jlist 3TOTO MpHBEIEM 3JIeCh MOMAPHBIE KOMMYTATOPhI HalIEHHBIX
BEKTOPHBIX Toniel. Bce Henysesblie kommyTatopbl Buna [V, V],
rae 1 <i <j < 13, umeror BUf

Vi, Vsl = Vs, [V1, Vel = =Va, V1, Vo] =V,
Vi, Viel = =Vaz, Vo, Vol = —gVs, [Vo, V5] =1,

V2, Vel = Va, [V2, V5] = 29V — 2V, [V3,Vg] = gVs,

1
[V, Vo] = EVZ' Vo, Vil = —gVia, [Vo,Via] = Vis,

3
[V3'V7] =V, [V3:V9] = EV3» [V4'V6] =V,

[V4: Vs] =1, [V4; V9] =V, [V4: V11] = —Vis,

1
Vs, V7] = Vs, [Vs, Vel = —Vs, [V5, Vo] = EVs.

1
Vs,

[Vs'Vlo] = -V, [Vs'V7] = Ve, [Ve; Vs] = Vs, [V6r V9] = 2

[Ve, V11] = —Via, [V7.V12] = —Via, [Vs, Vm] = Vi
1
[Vs' V11] = —Vio [V9: V12] = —EV12' [V9: V13] = —Vis,

[Vio, Vi1l = Ve, [Vio, Vial = =Vs, [Vio, Vasl = —V4,
Vi, Vial = =V, Vi, Visl = =Vi, [Vig,Vig] = —Vs.

Ocranbubie koMmyTatopel Buaa [V;,Vi], rne 1 <i<j <13,
SIBIIIIOTCS HYJIEBBIMU BEKTOPHBIMHU MOJIsIMU. Toraa

2,: = [E,E] =< Vl'VZ' V3,V4, V5,V6,V8, VlO’ Vll' VlZ' V13 >,
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rae £ — kommyTtaTtop anreOpsl JIn £, mpuveM yrioBble CKOOKH
0003HaYaIOT TUHEHHYIO 000JI0YKY 3JIeMEeHTOB. OCTaNbHBIC WICHB
MIPOU3BOAHOTO PsiJla UMEIOT BUJI

m). — (g(n—l))' -
=< Vl,V3, V4_, V5, Vﬁ, V8, Vl()' Vll' Vlz, V13 >, n 2 2.

3HauuT, naHHasg anaredpa JIu He sBiseTca paspemmmon. Takum
o0pa3oM, JIoKazaHa

Teopema. Hugunumesumanvhole cummempuu mpexmepHou 3a-
oauu (1.2—1.4) obpaszyrtom 13-mepnyio nepaspewumyro aieebpy
Jlu, bazuc komopoi obpasosan eexmopHvimu noaamu (9.5—9.15).

3ameuanue 6. /[aHHas Teopema COIIACYETCSl C PE3YJIbTATOM,
MpHUBEICHHBIM 0€3 ToKa3aTeNnsCTBa B padote [7, ¢. 150].
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Symmetries of some free boundary problem in hydrodynamics

Submitted on May10, 2025

The free boundary problem of water waves in three space di-
mensions without surface tension is considered. The problem con-
sists of the Laplace equation on the velocity potential, and of the
kinematic and dynamic boundary conditions. T. Brooke Benjamin
and P. Olver have showed that the methods of group analysis of
differential equations can be applied to such problems. The group
analysis is based on finding infinitesimal symmetries inherent to
the problem. The key point is that each infinitesimal symmetry ge-
nerates a one-parameter group of symmetries, and that transfor-
ming a given solution of the problem by any of the symmetries
produces a continuous family of other solutions. The aim of the
present paper is demonstration of application of the group analysis
to the problem. The base infinitesimal symmetries of the problem
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are deduced, their physical meanings are revealed, and their com-
mutators are computed. It is shown that all the infinitesimal sym-
metries of the problem form a 13-dimensional non-solvable Lie al-
gebra, and the corresponding Lie group of symmetries is generated
by horizontal and vertical translations, time translation, variation
of base-level for potential, horizontal rotations, horizontal and ve-
tical Galilean boosts, vertical acceleration, gravity-compensated
rotations, and scaling. All the results agree with the ones obtained
by T. Brooke Benjamin and P. Olver.

Keywords: free boundary problem, group analysis, infinitesimal sym-
metry, Lie algebra
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0600LieHHbIe ToOXaecTBa Puyym u BuaHku
ANA CBA3HOCTU C HETEH30PaMU KPY4eHUsA U KPMBU3HbI

PaccmaTpuBaeTcss MHOrooOpasue, CTPYKTypHBIE YpaBHEHUS
KOTOPOTO TIOCTPOEHBI C TIOMOIIBIO JAedopmanuy BHEIIHEro Iud-
¢depenmmana. Kpyduenne m kpuBu3Ha apUHHON CBS3HOCTH Ha
3TOM MHOTr000pa3uu He ABIAIOTCS TeH3opamu. KpuBusHa sBseTcs
TEH30pOM, TPHYEM HYJIEBBIM, TOJBKO JJIsI KAHOHUUYECKOH CBS3HO-
ctu. KpydeHne coBmamaeT ¢ aHTUCUMMETPUEH CIIOEBBIX KOOPAH-
HAT ¥ He o0pamiaeTcs B HyJIb e JJIsl KAHOHUYECKOW CBSIZHOCTH.
KaHoHmMueckasi cBSI3HOCTb, B OTJIMYME OT cBs3HOCTH JleBu-UuBu-
THI, SIBISIETCSI TUIOCKOH M HECUMMETPHIHOM.

Ioctpoens! obobmeHHsIe TokAecTBa Pryum n buanku s
KPHMBU3HBI ¥ Kpy4eHust ad(pMHHON CBSI3HOCTH Ha 3TOM MHOT000pa-
3un. OfHaKo MOBTOPHBIN NedopMupoBaHHBEIN TudQepeHran ot
6a3ucHBIX GopM U (HOpM CBA3HOCTH OOpamiaeTcss B HYJb TOJNBKO
BIOJIb JIMHUM Ha MHOTrooOpasuu. J[Jsi KaHOHWYECKOW CBSI3HOCTH
9TH TOXKAECTBa NMPHOOpPETAIOT Kiaccuueckuid Bua. [IpudyeM B aToM
cllydae TIOBTOPHBIA MepOPMHUPOBAHHBIN MudQepeHnnan ot hopm
CBSI3HOCTH TOKAECTBEHHO PaBEH HYJIIO, a MOBTOPHBIM aedopmu-
poBaHHEIH AuddepeHnuan or 6a3ucHbIX GopM odpamaercs B Hyjb
TOJBKO BJIOJb JIMHUH Ha MHOTOOOPa3nH.

Kniouesvie cnosa: Toxnectsa Puuun u buanku, oObeKTbl Kpy4YeHUsI
U KPUBH3HBI, TIOJTyCUMMETpPUYECKast CBI3HOCTh, KAHOHUYECKAs CBSI3HOCTh

Hocmynuna 6 peoakyuro 02.05.2025 2.
© IMonsxosa K. B., 2025
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[Iponomxkaercs m3yuenne AeQOPMHUPYIOIMErOcss MHOT000pas3us
X [23], Hauatoe B [7; 8] u paccMmarpuBaroinee auddepeniman D,
onpeneneHublil g nuddepennnansaoi 1-popmsel @ dopmynoit
(cp. [15; 16; 25; 26])

Dw = Dw + (df A w)|p2p+
¥ BKJIIOYAIOIIMK BO3MyIleHHe BHemHero nuddepenimana D (cMm.,
Harp., [10]).

B paccioeHHH NHMHEHHBIX PernepoB Haj MHOroobpasueM X,

3a/1aluM CBSI3HOCTH [ ik € TIOMOIIBI0 hopM

_ i LT T (N
=&} —Tjw* (AT + & = T j0bh),
rnei,j,k=1,..,m.

CTpyKTypHBEIE YpaBHEHHsS IIs 6a3uCHEIX (opM w' m dopm
CBSI3HOCTH 5]‘ NPUBEAEM K BHIY

(

o' = wl /\a) + 1Tkwj A wk, (1)

D& VJ = 5}-‘ A&E + %R}klwk At (2)

0OBEKTHI KpydeHns T jk W KPUBH3HBI R}kl BBIpaXaroTcs o Gpopmy-
JaMm

1ri

M 1 _wi_ms m
5T = Ty 5Rja = Ty = Gielfsiy.

OOBEKTBl Kpy4eHHUS Tk U KpPUBH3HBI R k1 YHOBIETBOPSIOT
YPAaBHEHUSIM

K T + x55650,0 fxba? = T 0! 3)
jie T X610 q@Wt = kl ,
X Ri i *s 0.9 fFxumP = pi s 4
A Ry = VjpXiOsp fxq @y = Rjj s0°, (4)
rne f =f (xi,x,i). 3amenss B ypaBHeHUsX (3, 4) cioeBbie GopMBbI

Ha (OpMbI CBA3HOCTU (CM., Hamp., [12]) &} = 5]‘ + f‘}ka)k, noJy-
quM

TP — T T 9Pl — ST Pl
VT = 0ViTy, VRjy = @’ VsRjy
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KoBapuanrubie nuddepenimanst ijlk, V}?}kl VMEIOT BUJT

v A z =i Fi cz lvl *s ol A dp t =P
S5l _ j=2] =g VS _
VRjj, = ]kl + R klws Rskl(‘) — R} slwk ]ks

y][lxk]xv apuf jq’
a KOBapHaHTHBbIE MPOU3BOJHBIE Vllek, VSR}kl BBIpAXaTCs 10
dhopmynam
L2 o R ] S T o1 S _ S K1 q t P
ViTS = Thoy — Tl + TaT + TTS — x84 040 fxET.
v Bl _ pi i 5L FP 4 Bl PP 4 pi PP
VS jkl - jkl,S ]le +R klr- +R'plrks +Rjkprls +
q
+I syj[lxk] vapuf
J1y1si KOMITOHEHT 00BEKTa CBA3HOCTH CIIPABEIJIMBO Pa3JI0KCHUE
[6; 9]
B i s
Uik = Vi — X%

raue yj‘k = yj‘k (xl,xg ) — TEH30p JeopMaluyd OT KaHOHHYECKOU
C

apduumoii cessnoctn I'h = —Xj, K HPOU3BOIBHON CBA3HOCTH
H}k. B [8] moka3ano, 4TO CIOEBBIE KOOPAUHATHI 2-TO MOPSIKA f;k
morycuMMeTpuyHbl (cM.: [5; 18; 19; 27]); kpome TOTO, OHH YIO-
. . . * .
vl — _ NI | A
BJICTBOPSIIOT PaBEHCTBY X[ = —Njy, tae Ny = x{;6,40,f — at0
Kpy4YeHHe KaHOHWYECKOW CBSI3HOCTH. YKa3aHHOE Pa3jioKeHHe M03-

BOJISIET CBECTH OOBEKTHI CBA3HOCTU, KPYYCHHUSA U KPUBU3HBI, HE AB-
JIAIOIIUECCS TeH30paMI/I K TCH30pY yjlk’ CJIOCBBIM KOOpAWHATaAM 1-To

xJ u 2-10 X7 ik TIOPAIIKOB, a TaKke QyHKumK f, 3aparoueit nepopma-
nuto (uckpusiieHne) auddepermanoB. OOBEKTH KPyUSHHUS Tjk

KPUBHU3HBI ﬁ}kl BBIpaXKArOTCs cIexyromuM odpasom [7]:
3Tk = Vg + N ®)
%u}.kl = as)’ji[kxzs] - Y}sszz = YiuYisi- (6)
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3ameuanmue. 13 (4, 6) cinemyer, 9TO IJIs HYJIEBOTO TEH30pa yjll
KpUBH3HA R}kl CTaHOBHUTCSl TEH30pOM, TpudeM HyjeBbiM. U3 (3)

BUHO, YTO KpyUeHHE T']‘k HE SIBIISIETCS TEH30POM U He obpaiiaercs
B HyJb (CM. Takke, Hamp., [21; 24]). B pabore [1] paccmarpuBaet-
Csl CBA3HOCTH B MaKCHMallbHOM (PaKkTOp-paccioeHHH Hal Ipo-
CTPaHCTBOM LIEHTPHUPOBAHHBIX TUIOCKOCTEH, KOTOpAast BCETAA C KpPY-
YeHHEM, TaK KaK IMIOCTPOEHHBIC KBa3UTEH30PHI S', S" U TEH30p Kpy-
yeHus S"' Hellb3st 00paTUTh B HYJIb.

Ucnonw3ys (5, 6), Halinem ToxaecTtBa Puuun u buanku, koTo-
PBIM yIOBJIETBOPAIOT KPYyUEHHS U KPUBU3HA.

[eiicTBys Ha o0e yacTu ypaBHeHUs (5) BHemHUM audepeH-
umanoM D, momyaum

~— . 1\_,\_,- .
D*w' = VTj Al AWk +

+ (T‘;l'r]?c - R}kl + fox[sj&i]xgasgf) wl A wk A0 +

N| =

1(*s gi o1 p j k
+ 2 (x58L055f ) daf A wd Ao
YuuteiBas BBIpaXXCHHE KOBAPUAHTHOTO IU(QepeHiurana, mno-
Jy4UM
D2wi =
_1(g 5 L piy i *s it D3 d i A K l
=2 (Vllek + Tg;Tie — Rjja + X{01g%q Y41 Osp )w’ AW ANw' +
1(*s ¢i 51 p j k
+5 (x[jSk]aspf) dx; Aw! Aw*.
Beenem o0o3HaueHME

Mji = VT + ToiTien — Rijiy + V%5 61 %0sp

ITockonpKy Kak[qo€ cllaraeMoe B BBIPDaKEHUH Mj‘kl KOCOCHM-

METPUYHO MO JIBYM HHJEKCaM, BXOJSIIUM B TPYIIy HHIEKCOB
Jj, k, I, 10 KOTOpPBIM PON3BOAUTCA ANBTEPHUPOBAHUE, TO AJIBTEPHH-
pPOBaHHE MOYKHO 3aMEHUTh IUKINPOBaHUEM. ClIe0BaTENBHO,

M = VT + Te Ty — Ry + ¥ 196957
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Torna

1 .
D*w' == haw! Aok Aot + x[]é‘k] dspfdxl A wl A wk.

Papenctao M/ ikt = 0 SIBISICTCS TOXKJECTBOM, YTO JICTKO I1OKa-
3aTh, UCIIOJIB3Ys BBIpAKEHU (5, 6) Ul 00BEKTOB KPYUEHHUs U KPH-
i
BU3HBI C IOMOLLBIO TeH30pa Ae)OpMALHH ¥ jy .

Amnayior Toxaectsa Puaun jikl = 0, To ecTb
i y 4 _
V{l k} + T;{]Tkl} Rijiy + ylex[sﬁk }xqa =0, (7)
NPUBOIUT BhIpaxkenue mist D2w' k Bumy
D?w' = (%;fj&,‘;]aszl,f) dxl A wl A . )

BrinonHeHrne TOXIECTB HE BIEYET 32 COOOH PaBEHCTBO HYJIIO
Broporo quddepennuana D?w' ToabKo BAOJL TMHAN HA MHOT000-

pazuu X,
c

Jnsl KaHOHMYECKOM CBA3HOCTH f‘]‘-k = —¥j) umeem
P_q Fi — NI Pl —
Yo =0, Tj = Njg, Rjq =0,

mostomy (7) mWMeeT BHJ KJIaCCHYECKOTO TOXKAecTBa Puwum mms
IIOCKOH CBSI3HOCTH

VT + Téa Ty = 0. )

O6wexT M! ikl = V{lT Ky T Ts{zT k) ABIACTCA TEH30pPOM, M €ro

oGpalleHue B HyJlb HHBAPHAHTHO. [IpH 9TOM BIpaKeHHe
0 .
D2w! = (—x[Jc?k] Spf) dx? A w/ A 0¥

obparaeTcs B Hylb BIOJb JTI000H TMHUM p HA MHOT006pasun X,
Taxoli ke Bua nmeer BTOpod auddepeHnHan B MpocToil (noay-

cummempuueckoii) cB3HOCTH k-
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c
3ameuanne. Kanouuueckoit ceasuocts I'j = —Xj, B oTiH-

que OT CBSI3HOCTH JIeBU-UMBUTHI, MMEET HyJIE€BYIO KPUBU3HY U He-
HyJeBoe kpydeHue. CBsa3HocTh BaiinienOeka (cMm., Hamp., [17]) Tak-
K€ WMeEeT HYJIeByI0 KpUBU3HY M HEHYJEBO€ KpydeHHE, MpHUeM
KpY4CHHUE SIBIAETCSI OOBEKTOM HErOJIOHOMHOCTU MOJBHXKHOTO pe-
nepa. Kpydyenue kaHOHMYECKOM CBSI3HOCTH TaK)K€ COBIA/aeT C aH-

THCUMMETPHEN KOOPIMHAT X i) = —Nj.

[eiicTBys Ha o0e yacTu ypaBHeHUs (2) BHemIHUM audepeH-
nuanoM D, noixydnm

—

=i 1(s =~
D23 = 2 (VRhy + vjxb 05 0 f Bl — Riy TRw® ) Awk A .

YuuteiBas BBIpaKeHHE KoBapuaHTHOro muddepeninana, Ha-
XOJUM

—

~ 1 ~— ~ . *
D*&} = 3 (VSR}k RhTh y]?[lx,f]xgy(}gapi) 0* A wt A0S
V;s 51] Vfdxd A wk A b,
Beenem o603HaueHne
i  _ v pi i *p q
as = VisRijay + RipgeTisy = Vi ¥iaisy %o oS
=5 =i . 1 . %
D?&j = Mjjs0* A ' A w® = (yj‘[lx,f]apﬁf) dx¥ A w* A wl.
Anajior Toxaectsa buanku M ikis = 0, TO ecTb
T pi i P Adq Ve _
VisRijay + Ripu T = Vi¥i¥lais*o Opuf =0, (10)
TIPMBOIHUT BBIPAXKEHHE T D 25; K BULY

—

D& = —%y]?[l;,f]apidxy A wk A ol (11)
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3ameuanue. B paGore [2] paccmaTpuBaeTcs T€OMETPHIECKOE

JIOKa3aTeIbCTBO TOXKIecTBa buaHkm.
Jlnst kanounueckoi cesisuoctn vy = 0, T, = Nfy., Rh; = 0 pa-
BeHCTBO (10) uMeeT BUA KJIaCCHYECKOT0 TOXkAecTBa bruaHku miioc-

KOH CBSI3HOCTH
VisRij) = 0, (12)
pu4eM
D&} =0,

-
IIOCKOIBKY ¥j3 = 0.
Hatinennsie Toxknectsa (7, 10) aBisroTcst 0000IIICHHBIMUA TOX-
JecTBaMH buaHKHM A7 KpydeHHsS M KPHBH3HBI paccMaTphBaeMoin
CBSI3HOCTH F]l-k. [Tpu stom BTOpOi Auddepennman (8) Oa3nCHBIX

dhopm w' u Bropoi muddepenmman (11) ¢opm crszHOCTH 5]‘ HE
paBHBI HymI0. B ciyyae KaHOHMYECKOHW CBSI3HOCTH ToxjaecTBa (7,
10) npuanMaroT kinaccuueckuit Bun (9, 12).

3ameuanue. B paGote [20, p. 85] mpencTaBieH MaTpUYHBINA
croco0 BBIpakeHHsI 000OIIECHHBIX TOXKIACCTB bHaHKH B TepMHHAX
MHUHOPOB KO3(h(UIIMEHTOB KOBapHaHTHO 3aMKHYTHIX TuddepeH-
[UANBHBIX (HOPM CO 3HAUYSHUSAMH B BEKTOPHOM paccioeHuu. Takxke
00001IeHHbIe TOXKAeCTBa braHkn paccMaTpuBaIOTCs, HallpUMeEp, B
[3; 4; 11, c. 28; 13]. B [22] BBOmsITCSI 00001IIEHHBIE TOXKIECTBA bu-
aHKK B MOJIEIH MOAM(DHUIMPOBAHHOW TpaBUTAIUM C JTUHAMHYC-
CKUM KpYYCHHEM, C HCIIOJIb30BAaHUEM BO3MYIICHUS CBSI3HOCTH.
B [14] moka3aHo, 4To B 00IIeM ciiy4yae B 00OOIICHHOM MPOCTPaH-
ctBe Beitng mepBoe ToxnectBo buanku He BbmosHsercs. OHO
MMEEeT MEeCTO, eclii 0000IIeHHOe MpoCcTpaHCTBO Belins oOnamaet
MOy CHMMETPHYECKOW CBS3HOCTBIO.
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A manifold is considered whose structure equations are const-
ructed using a deformation of the exterior differential. The torsion
and curvature objects of the affine connection on this manifold are
not tensors. The curvature object is a tensor, and it is vanishing,
only for a canonical connection. The torsion object coincides with
the antisymmetry of fiber coordinates and it is non-vanishing even
for the canonical connection. Unlike the torsion-free Levi-Civita
connection, the canonical connection has vanishing curvature and
non-vanishing torsion.

Generalized Ricci and Bianchi identities are constructed for
curvature and torsion of the affine connection on this manifold.
However, the repeated deformed differential for the basis forms
and connection forms vanishes only along a line on the manifold.
For the canonical connection, these identities take on a classical
form. Moreover, in this case, the repeated deformed differential for
the connection forms is identically equal to zero, and the repeated
deformed differential for the basis forms vanishes only along the
line on the manifold.

Keywords: Ricci and Bianchi identities, torsion and curvature objects,
semi-symmetric connection, canonical connection
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York decompositions for the Codazzi,
Killing and Ricci tensors

The York decomposition of the space of symmetric two-ten-
sors originated in theoretical physics and has found applications in
Riemannian geometry, as illustrated by its use in Besse’s famous
monograph on FEinstein manifolds. In this paper, we derive York
decompositions for Codazzi, Killing and Rucci tensors on a closed
Riemannian manifold. In particular, we derive the York decom-
positions for the Codazzi, Killing and Ricci tensors with constant
trace.

Keywords: closed Riemannian manifold, York decomposition, Codazzi
tensor, Killing tensor

1. Introduction

In the present paper we consider a closed (i.e., compact and
without boundary) Riemannian manifold (M, g) of dimension
n > 2. We denote by SPM: = SPT*M the vector bundle of covar-
iant symmetric p-tensors (p = 1) on (M, g) and define the L?
global scalar product of two covariant symmetric p-tensors ¢ and
¢' on (M, g) by the formula

(p,9") = f g (¢, 9")dvoly < +o
M
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where dvoly is the volume element of (M, g). Also 6*: C*(TM) -
— C*®(8?M) will be the first-order differential operator defined by
the formula §*6: = %ng for some smooth vector field ¢ and it’s

g-dual one-form O(see [1, p. 117, 514]). At the same time, we de-
note by the formula §: C*(S2M) - C*(TM) the formal adjoint
operator for §* which is called the divergence of symmetric two-
tensors. In this case, we have (@, 8"0) = (6¢,0) for any ¢ €
€ C®(S2M) and 0 € C*(T*M).

We recall, that ¢ € C®(52M) is called the Codazzi tensor if it
satisfies the differential equation (see [1, p. 434; 2, p. 350])

(Vxp)(Y,Z2) = (Vyp) (X, Z) (1)
for arbitrary X,Y,Z € TM. Such tensors arise naturally in the study
of Riemannian manifolds with harmonic curvature or harmonic
Weyl tensor (see [1, p. 435]). For example, any Codazzi tensor ¢
on (M, g) with constant curvature C has the local expression (see
[1, p. 436])

¢ =Hess(f) +C - f-g
for the C? — function f on (M, g).

Let us also recall that a symmetric, divergence-free and tra-
celess covariant two-tensor is called a T7-tensor (see, for instance,
[3]). Any TT-tensor is denoted by @7 (see [3]). In this case, @77
satisfies the equations trace,'" = 0 and § " = 0. As a conse-
quence of a result of Bourguignon — Ebin — Marsden (see [1,
p. 132] and [4]) the space of TT-tensors is an infinite-dimensional
R-vector space on any closed Riemannian manifold (M, g). Such
tensors are of fundamental importance in stability analysis in Ge-
neral Relativity (see, for instance, [5; 7]) and in Riemannian geo-
metry (see, e.g., [1, p. 346—347; 4; 8]).

Now, we are ready to formulate our first result.

Theorem 1. Let (M, g) be an n-dimensional (n = 3) closed
Riemannian manifold. Then any Codazzi tensor ¢ € C®(S*M) has
the L?-orthogonal decomposition
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1
9= (GLeg+2g)+o™ @)
for some vector field & € C®(TM), some TT-tensor @T' €
€ C®(S%2M) and some scalar function A € C*(M). Furthermore,
if the inequality fMLg(traceggo) dvoly = 0 holds, then this de-
composition can be rewritten as

1
Q= ;(traceg(p)g + ™7, 3)

Moreover, if traceq@ = const, then @™ is also a Codazzi tensor.

Remark. Our theorem generalizes the result of Simons (see
Theorem 5.4.1 and Theorem 5.4.2 from [9]): If ¢ is a traceless Co-
dazzi tensor on a closed Riemannian manifold (M, g), then
@ = A g+ H, where A is a constant and H is another traceless Co-
dazzi tensor.

We recall, that ¢ € C®°(S?M) is called the Killing tensor if it
satisfies the differential equation (see, for instance, [10])

Vx@)(Y,2) + (Vy@)(Z,X) + (Vz)(X,Y) =0 (4)
for arbitrary X,Y,Z € TM. In mathematics, a Killing tensor is a
generalization of a Killing vector, for symmetric tensor fields. It is
a concept in Riemannian and pseudo-Riemannian geometry, and is
mainly used in the theory of general relativity. For example, if
(M, g) is a Riemannian manifold of constant curvature, then any
Killing tensorg on (M, g) has the local expression (see [11; 12])

(pij = ez“’(Aijkl xkxl + Bijkxl + CU)
for w = (n + 1)"!In(det g) with respect to a local coordinate sys-
tem{x?, ..., x"}of(M, g). The coefficients A;jy;, Bijx. and C;; are
constant and symmetric with respect to the first two subscripts and

Aijri + Ajkir + Akiji = 0;Byji + Bjyi + Brij = 0

fori,j,k,l=1,..,n
Now, we are ready to formulate our second result.
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Theorem 2. Let (M, g) be an n-dimensional (n = 3) closed
Riemannian manifold. Then any Killing tensor ¢ € C®(S?M) has
the L?-orthogonal decomposition

1
o ey b ) TT
P (2 gtag|t+o

for some vector field § € C®(TM), someTT-tensor T € C®(S*M)
and some scalar function A € C*(M). Furthermore, if the equality
) wle (traceg(p)dvolg < 0 holds, then this decomposition can be
rewritten as.

1
Q= ;(traceg(p)g + T, Q)

Moreover, if trace g = const, then ™" is also a Killing tensor.

The Ricci tensor Ricis an important mathematical object used in
differential geometry, and it also appears frequently in general relativi-

ty (see [1]). It has the local expression Ric = (s/n) g + Ric, where
Ric is its traceless part. Our next theorem is especially important.
Theorem 3. Let (M, g) be an n-dimensional (n > 3) closed

Riemannian manifold. Then the traceless part Ric of the Ricci ten-
sor Ric of (M, g) has the L*-orthogonal decomposition

Ric = SO + ¢™T
for the Cauchy — Ahlfors operator S6, some one-form 6 € C*(T*M)
and some TT-tensor TT € C®°(S2M). Furthermore, if the inequa-
lity fM (Lsc s ) dvolg = 0 holds, then this decomposition can be
rewritten as

Ric = nlsg + ™7,
where s is constant.
2. Proofs of theorems

For any n-dimensional (n > 3) closed Riemannian manifold
(M, g), the algebraic sum Imé&* + C®(M) - g is closed in S?M,
and we have the York decomposition (see [6; 7, p. 24—25])
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S2M = (Im&* + C°M - g) ® (5-1(0) n trace;l(o)) (6)

where both factors on the right side are infinite-dimensional and
orthogonal to each other with respect to the L? global scalar prod-
uct (see [1, p. 130]). It's obvious that the second factor §-1(0) N
trace;l(O) of (6) is the space of T7-tensors. Therefore, in particu-

lar, we have the L?orthogonal decomposition (2) for any Codazzi
and Killing tensors, respectively.

Let us consider equation (4) of a symmetric Killing tensor ¢.
From (4) we obtain

o= % d(tracegtp). @)
At the same time, from (5) we can conclude that trace,¢ =

=660 +nl, where § § = —div & for % = &. In this case, if (p
denotes the traceless part of ¢, then

0+ (50—n2) —(1L NEPY) )+ T
o=¢+- nl)g = (Leg +-564)+9

and hence

@ =250 + @7, (8)
where S8 = Lgg +2/n 6 6 g is the Cauchy — Ahlfors operator.
Next, applying § to both sides of (8), we obtain

5@ = S5S6, )

for the Ahlfors Laplacian S*S for S* = 2§ (see details in [13]).
Using (7), equation (9) can be rewritten in the form

° 42
Sp = W d(traceg(p). (10)

From (9) and (10) we deduce the following integral formula
(56,56) = fMLg(traceg(p)dvolg. (11)

If we assume that fMLg(traceggo)dvolg <0, then from (11)
we obtain that S6 = 0 and fMLf(traceggo)dvolg = 0. In this ca-

n+2
n
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se, we have @ = @7 and hence (5) holds. Furthermore, it is ob-
vious if trace,¢ = const, then @7 is also a Killing tensor. Theo-
rem 2 is proven.

Next, let us consider equation (1) of a Codazzi tensor ¢. From
(1) we obtain

Sp=— d(traceg(p).
In this case equation (10) has the form
n—1

5(2) = — d(tracequ).

n
In turn, the integral formula (11) can be rewritten in the form

n—1
(50,56) = —TfMLf(tracegw)dvolg.

If we assume that [, L¢(tracegp)dvoly >0, then from the
last formula we obtain that S8 = 0 and [ wle (tracegcp)dvolg = 0.

In this case, we have ¢ = @7 and hence (3) holds. Furthermore, it
is obvious if tracegp = const, then ™" is also a Codazzi tensor.
Theorem 1 is proven.

In conclusion, we consider the Ricci tensor Ric. As can be seen
from the well-known second Bianchi identity, one has

6 Ric = 1d
ic=—5ds.

where sis the scalar curvature, defined as s = tracegRic. In this
case (8) can be rewritten in the form

Ric = S6 + ¢'7
and hence
n—2
(50,50) = = ——/,(L¢ s )dvol,,

respectively. Therefore, if we assume that n >3 and
) M (Lg s )dvolg = 0, then from the last formula we obtain S8 = 0
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and | wle s dvoly = 0. Therefore, ¢ is a conformal Killing vector

. 1
field and Ric = —s g + ™", where s must be constant.
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