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Professor Oldfich Kowalski passed away

This paper is dedicated to the
memory of Professor Kowalski
who was one of the leading re-
searchers in the field of differen-
tial geometry and especially Rie-
mannian and affine geometry. He
significantly contributed to rai-
sing the level of teaching diffe-
rential geometry by careful and '
systematic preparation of lectures
for students.

i~

Prof. Kowalski is the author or co-author of more than
170 professional articles in internationally recognized jour-
nals, two monographs, text books for students.

Prof. Kowalski collaborated with many mathematicians
from other countries, particularly from Belgium, Italy, Japan,
Romania, Russia, Morocco, Spain and others.

Tocmynuna 6 pedaxyuro 14.06.2021 e.
© Abbassi M. T.K., Mike§ J., Vanzurova A., Bejan C.L., Belova O.0.,
2021
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IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

With the death of Professor Oldfich Kowalsky mathe-
matical community are losing a significant personality and
an exceptional colleague, a kind and dedicated teacher, a
man of high moral qualities.

Keywords: Riemannian geometry, affine geometry, tangent bundle,
affine connection, Riemannian manifold, affine manifold.

It was with great sadness to learn about the death of Professor
Emeritus Oldfich Kowalski of Charles University in Prague, Czech
Republic — one of the world‘s leading experts in Riemannian ge-
ometry. O. Kowalski died at the beginning of this year, on 2nd
January 2021, at the age of 84 years.

0. Kowalski (or Olin, for friends) was born in Brno, in Mora-
vian part of the Czech Republic, on June 19, 1936. He studied
mathematics at the Masaryk University Brno and graduated in
1959. His first job was at the Technical University in Brno, Faculty
of Civil Engineering, where he spent 10 years between 1959 and
1969 as assistant and associated professor. It was during this period
when his scientific career took off. A crucial moment for his scien-
tific work came when Prof. Alois Svec, another famous Czech ge-
ometer (the student of Prof. Eduard Cech) recognized his great tal-
ent and offered him a position. In 1970, Kowalski moved to Prague
and became an Associated Professor at Mathematical Institute of
the Charles University. In Prague, Kowalski entered a stimulating
environment allowing him to focus on his scientific work. In his
own country as well as abroad, he took part in numerous internatio-
nal conferences on differential geometry and its application, se-
veral of which he helped organize. Thus, he collaborated on vari-
ous projects with many people from around the world. His courses
on geometric methods of mathematical physics, foundations of Rie-
mannian geometry, elements of mathematical analysis on manifolds,
foundations of differential topology etc. attracted several students
from abroad, some of which he supervised during their PhD.

Professor Kowalski belongs to the elite of Czech geometers.
An important part of his work is devoted to the field of Riemannian
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geometry. This is a branch of differential geometry that deals with
the study of differentiable manifolds, and in particular with the
properties of surfaces of arbitrary dimension, for which a Riemann-
ian metric is given. That is the tangent space at any point is en-
dowed with a scalar product that varies from point to point differ-
entiably. This enables one to make measurements on the surface,
such as angles, lengths, areas etc. Although the topic is rather clas-
sical and many mathematicians worked on this subject for many
years, O. Kowalski belongs to those who discovered new direc-
tions in this field. He posed and resolved new problems, he gener-
alized previous results, and he suggested alternative easier proofs.
His writing style was both aesthetic and exact. Among others, he
was the first to explain explicitly the fundamental (and quite non-
trivial) difference between local homogeneity and global homoge-
neity of a Riemannian manifold. This allowed him to improve and
make precise some previous incomplete results from affine Rie-
mannian differential geometry that were published originally by
K. Nomizu and 1. M. Singer. This part of geometry is still quite re-
levant nowadays as some of its generalizations are closely related to
mechanics and physics, particularly to general theory of relativity.
Prof. Kowalski co-authored more than 170 scientific publica-
tions in mathematical international journals. He collaborated with
many mathematicians from other countries, particularly from Bel-
gium, Italy, Japan, Romania, Russia, Morocco, Spain and others,
namely with M. Sekizawa [23; 24], L. Vanhecke [29—31], F. Tri-
cerri [29], S. Nik¢evi¢ [19; 20], M. T.K. Abbassi [1—3], T. Arias-
Marco [4—6] etc. He published Classification of generalized sym-
metric spaces of dimension <5 [17]. He is world famous as an au-
thor of the monograph Generalized symmetric spaces [18] (trans-
lated also to Russian) and Riemannian spaces of conullity two [7].
We would like to mention that mathematicians and physicists
who followed his talks during various international conferences as
well as students who had an opportunity to attend his regular
courses at the Charles University appreciated and enjoyed his ex-
cellent lectures. Thus, some of the excellent lectures of O. Kow-
alski for students were printed and published. Lecture notes Zakla-
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dy matematickéan alyzy na varietach (Elements of mathematical
analysis on manifolds) was edited by the Charles University Pra-
gue (Univerzita Karlova, 1973 and 1975), a translation to German
was published 1981 in the series Teubner-Texte zur Mathematik,
row 39. Lecture notes Uvod do Riemannovy geometrie (Introduc-
tion to Riemannian geometry) was published by the Charles Un-
versity (1995 and 2001), and due to his friend and co-worker
M. Sekizawa, also in Japanese translation (Nippon Hyoronsha Pub-
lishers, 2001).

Prof. Kowalski also helped with organizational duties in the
mathematical community. Among others, he was a member of edi-
torial boards of several journals, such as: Annals of Global Analy-
sis and Geometry (Springer) — since 1983; Archivum Math. (MU
Brno) — since 1991; Comment. Math. Univ. Carolinae — 1976—
2007; Differential Geometry and its Applications (Elsevier) —
since 1983, editor-in-chief 2002—2007; Note di Matematica (Lec-
ce) — since 1997; Pokroky matematiky, fyziky a Astronomie (Ad-
vances of Mathematics, Physics and Astronomy) — since 1972,
editor-in-chief 1972—2001. For the last one, he selected a series of
interesting papers and contributions from foreign sources, and
translated (from English) for Czech readers, to popularize mathe-
matical work. He was a vice-dean of Faculty of Mathematics and
Physics of Charles University (MFF UK) and a member of Scien-
tific board of MFF UK for many years. He helped to organize
regular international conferences Differential Geometry and its
Applications where he was a head of the section of Riemannian
geometry. For many yearshe was active in JCSMF (Jednota &es-
koslovenskych matematiki a fyzikli — Union of Czechoslovak
Mathematicians and Physicists). In 1998 he was elected as a mem-
ber of Learned Society of Czech Republic (Ucena Spole¢nost
Ceské republiky). In 2002—2007 he was editor-in-chief of the in-
ternational scientific journal Differential Geometry and its Applica-
tions (Elsevier). He was a member of Scientific board of the Silesi-
an University in Opava. For his important work, he obtained Gold
medals from both the Charles and the Silesian University.
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Since 1990, Prof. Kowalski shifted his attention to projects that
rely on the computer for search algorithms and simulations (partic-
ularly his joint work with Z. V1asek [33; 34], and later on with PhD
students Teresa Arias-Marco and Z. Dusek [9—12; 14—16; 22;
27]). This proved to be a very fruitful idea in both classical and
modern directions, especially in classification problems, as it was
necessary to prepare a more algebraic setting for solving certain
geometrical problems. Together with V1asek, they classified (local-
ly) torsion-less locally homogeneous affine connections on 2-di-
mensional manifolds [35] via group-theoretical approach (which
completed partial results of B. Opozda [21]). With Arias-Marco
[4], they continued and succeeded in classification of such connec-
tions with arbitrary torsion.

In the frame-work of the scientific supports of the Grant Agen-
cy of Czech Republic, Prof. Kowalski cooperated with J. Mike$
[36] and A. Vanzurova since 1994 till the very end of his scientific
work in 2019, and later, since 2003, also with his PhD student
Z. Dusek.

A significant extent of his final explorations was devoted to ho-
mogeneous Riemannian and affine manifolds. We mention an inte-
resting question concerning classification of homogeneous affine
connections or investigation of homogeneous geodesics. A homo-
geneous geodesic is a geodesic which can be obtained as an orbit
of one point under action of one-parameter group of isometries, or
affine diffeomorphisms, respectively. There is an interesting class
of homogeneous manifolds on which all geodesics admit this pro-
perty. In all these topics, computer support was very helpful.

In 2000 O. Kowalski and A. Vanzurova [32] initiated the in-
vestigation of a quite new generalization of homogeneous Rieman-
nian spaces, locally homogeneous manifolds and k-curvature homo-
geneity, originally called the class of curvature-homogeneous spaces
of type (1,3) and later mentioned as homothety curvature homo-
geneous spaces. This study inspired P. Gilkey and his collaborators
to make similar investigations in the pseudo-Riemannian case.

Another direction of research in which O. Kowalski had a ma-
jor impact was the geometry of tangent bundles. He was the first to
find a way to calculate the curvature of the Sasaki metric on the
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tangent bundle of Riemannian manifolds. Then, with M. Sakizawa
[22; 25—28], he gave a classification of natural transformations of
Reimannian metrics on a manifold to metrics on its tangent bundle,
which gave rise to the so-called class of g-natural metrics, a con-
cept that boosted research in the field of the geometry of tangent
bundles.

During the last several years, O. Kowalski cooperated also with
C.L. Bejan [8]. They studied special curves and their mappings,
which naturally arise in the study of electro-magnetic fields.

Finally, a number of geometers from various countries ack-
nowledge the role played by O. Kowalski in their academic lives.
Through his active and kind nature, he not only contributed to the
development of the subject, but he also influenced the careers of
those around him. The network of collaborators that he built as
well as the ideas and advice that he shared with them shall last and
continue to have an impact on the mathematical community.
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Ywen u3 xu3nn npoceccop Onapxux Kosanbckui

[Moctymmia B pegaxmmro 14.06.2021 r.

JlanHast ctaThs mocBsiiieHa namstu npodeccopa Kopaibckoro, KoTo-
pHIii OBUT OTHMM M3 BEIyIIMX HccienoBareneil B obnactu audepeHiu-
QIbHOM TeOMETPHH, 0COOCHHO puMaHOBOU U adduHHON reomerpun. OH
BHEC 3HAYMTENIBHBINA BKJIA]] B MOBBIIICHUE YPOBHs MpenoaaBanus audde-
PEHIMATBHOM TeOMETPUU MyTEM TIIATEILHOW U CHCTEMATHYSCKOM TOro-
TOBKH JICKIIUH [T CTYICHTOB.

Ipodeccop KoBanbckmii siBISETCS aBTOPOM HIIH COaBTOPOM Ooliee
170 mpodeccroHANBHBIX CTaTe BO BCEMHPHO NMPU3HAHHBIX XXYpHAJaXx,
JIBYX MOHOTpaduii, yaeOHUKOB IS CTYICHTOB.

IIpodeccop Kopampckuii coTpyaHHYIaT cO MHOTUMH MaTeMaTHKaMH
m3 apyrux crpaH (bemsrum, Urtamum, Anonnn, Pymeramm, Poccun, Ma-
pokxko, Mciarum u ap.).

C yxomom mpodeccopa Onapxkuxa KoBalbckoro MareMaTHYeCKOe
COOOIIECTBO TEPSET 3HAYUTEIbHYIO JTMYHOCTh ¥ MCKIIOYUTENLHOTO KOJI-
JIery, 700poro M NpeiaHHOTO YYHTENs, YelloBeKa C BBHICOKMMHU MOpPajlb-
HBIMU Ka4e€CTBAMH.

Knrouesvle cnosa: pumaHoBa reoMetpusi, adhpUHHAS TeOMETpHs, Ka-
caTellbHOE paccioeHue, apGpuHHAs CBI3HOCTh, PUMaHOBO MHOT00Opasue,
apuaHOE MHOTOOOpA3HE.
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1
O npnbnmxeHHO KenepoBbIX MHOrO00Opasmnsax
¥ aKCMOMe KBa3ncacakueBbIX rMnepnsiockocTen

[Toxa3aHo, 4TO OTIMYHBIE OT KEJIEPOBBIX MPHOIMKEHHO
KeJIepOBBI MHOT000pa3us, KIAaCCHIECKUM MPUMEPOM KOTO-
PBIX CIY)KUT IISCTUMEpHas cdepa, He YAOBICTBOPSIOT aK-
CHOME KBa3HMCACAKUEBBIX TUIEPIIIOCKOCTEH.

Kniwouegvle cnosa: 1mouTH SpMUTOBO MHOT000pasue, NMPHOIMKEHHO
KeJIepoBO MHOrooOpasue, MOYTH KOHTAaKTHAas METpUYecKas CTPYKTypa,
aKCHOMa KBa3MCACaKHEBBIX TMIIEPIIOCKOCTEH.

B namsime 0 dopocom Baoume @éooposuue
Kupuuenxo (1947—2021)

1. M3BecTHO, YTO MOYTH KOHTAKTHAS METPHUYECKAs CTPYKTypa
WHIYLIHUPYETCSA Ha BCIKOW OPUEHTUPYEMOU TMIEPIOBEPXHOCTH TIO-
YTH 3PMHUTOBAa MHOTrooOpasus. 3ydeHWeM NOYTH KOHTAKTHBIX
METPUYECKUX THUIMEPIIOBEPXHOCTEH MOYTH SPMHUTOBBIX MHOTO00pa-
3Uil 3aHMMaJNCh TaKUe€ H3BECTHbIE MaremaTuku, kak [[. biap,
C. l'onnbepr, C. Nmmxapa, B. ®. Kupuuenko, C. Cacaku, C. Tan-
Ho, M. Tammpo, X. Snamoro, K. Ao [1].

B Hacrosmieil 3ameTke paccMaTpUBaIOTCS MOYTH KOHTAKTHBIC
METPUYECKUE THIEPITIOBEPXHOCTH MPHUOIMKEHHO KEIEPOBBIX MHO-
rooopasuii. OTMETHM, YTO KIACC MPUOIUKEHHO KEJICPOBBIX MHO-
roo0pa3mii — OJWH M3 CaMBIX BaXKHBIX KiaccoB I pes — Xepsen-
JIBI TIOYTH IPMHUTOBBIX MHOr000pa3uii. Ero u3y4eHuro mocBsieHb!

Hocmynuna 6 peoakyuro 27.06.2021 2.
© Banapy I". A., 2021
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coTHH paboT. He BgaBasich B OIPOOHOCTH 3TOT'O OOIIMPHOTO BOII-

poca, HATIOMHHM JIHIIb, YTO TOJBKO IecTuMepHas cdepa S° ¢ Tak
Ha3bIBAEMON KaHOHUYECKOW PUOJIMKECHHO KEIEPOBOH CTPYKTYPOi
HcclieloBaliach TakMMU TeoMmeTrpamu, kak JI. Bpanken, A. I'pei,
P. Tetu, ®. Junnen, H. Exwupu, E. Kamaou, B.®. Kupuuenko,
W.-C. Tak, K. Cexurasa, C. Taunbana, I11. Oynabdamm, XaiikoHT
JIn, X. Xamumoto [2].

JlaHHas cTaThd NpOAOIKAET UCCIEIOBAHUS aBTOPA, CBSI3aHHBIE
C M3YYCHHEM IOYTH KOHTAKTHBIX METPHUECKHX CTPYKTYp Ha TH-
TIEPIIOBEPXHOCTSIX MPUOIIKEHHO KEJIEPOBBIX MHOTO00Opasuii (CM.,
Hampumep, [3; 4] u ap.).

2. HamoMHuM, 4TO OYTH KOHTAKTHOM METPUUYECKON CTPYKTY-
poii Ha opHeHTHpyeMOM MHOroobpasun N "' HewerHoii pasmep-
HOCTH Ha3bIBa€TCSI CHCTEMa TEH30PHBIX IMOJIEeH {QD,(;, 1, g} Ha

3TOM MHOT000pa3uH, M1 KOTOPOU BBHIITOTHSIOTCS TAKAC yCIIOBHS:
n(E)=1; D(E)=0; ne®@=0; @’ =—id+£®n;
(@X,0Y)=(X,Y)-n(X)n(Y), X,Y eN(N>"T).

3necr @ — mone Tenzopa tuna (1,1), & — BekTopHOE ToNE, 17 —

2n-1
KOBEKTOpPHOE T10JI€, g=<-,-> — puMaHoBa MeTpuka, N(N") —

o 2n-1
MOJYJIb TIAJIKAX BEKTOPHBIX IOJIel Ha MHOrooOpasun N [5].

Iloutn KOHTaKkTHasi MeTpUYECKas CTPyKTypa {@, én, g}
Ha3bIBaeTCs KBazucacakueBoi (quasi-Sasakian, ¢S-), eciu ee dyH-
nameHrtanbHas Gopma (XY )=<X , DY > 3aMKHYTa W BBIIOJIHSA-

€TCs TAKOC YCJIIOBUC!
1

rne Ny — tensop Heilenxeiica onepatopa @ [5].

2n
HamomunaeMm, 94To mMoYTH SpMUTOBO MHOTOOOpasue M ™" yno-
BJICTBOPSCT aKCUOME KBa3MCACAKUCBBIX FHHCpHOBerHOCTCﬁ, €Clin
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@S -TUTIEPTIOBEPXHOCTh TPOXOAUT HYepe3 KaXAYyI0 TOYKY 3TOTO

MHOTr000pasusi. JlaHHyI0 TEpMHUHOJIOTHIO COPOK JIET Ha3aj] BBEN B
paccmotpenue B. ®@. Kupuuenko [6].

3. Bocnonb3zyeMcsi CTpyKTYpHbIMH ypaBHeHUsiMu KapTaHa mo-
YTH KOHTAKTHOW METPUYECKON CTPYKTYphI Ha THUIEPIIOBEPXHOCTH

2n-1
N“""" npubnmxeHHo keneposa MHOrooopasus M 2 [7]:

da)aza)g/\a)ﬁ +Baﬂ7a)ﬂ/\a)7+
+ iog a)ﬁ/\a)+(—\/§§"aﬁ—%§aﬁ"+i0'aﬁ)a)ﬂ A®

da)a:—a)f/\a)ﬂ +Baﬂ;,a)ﬁ/\a)y+

- iof g /\a)+(—\/E§naﬁ _%Eaﬂn —io-aﬂ)a)ﬁ AO

da):ﬁBnaﬁ o na” +\2 B w, ANog—

—2ioy a)ﬂ/\a)a+(Bnﬁn +ianﬂ)a)/\a)ﬂ+(§"ﬂ” —ianﬂ)a)/\a)ﬁ.

3nece u gmanee «, B,y =1, ..., n—1; a,b,c=1,..., n.

@ abc { B } ab c
YHKIAU wbes Y ¢ \Bap [ ABISIOTCS KOMIIOHEHTAMU
CTPYKTYpHBIX M BHUPTYaIbHBIX TEH30pOB KHpHUYEHKO COOTBeET-
CTBEeHHO [8], 0 — BToOpas kBaapaTu4Has Gopma MOrpy>KeHHs T'i-
2n-1

neproBepXHocTH N~ B NpuOIMAKEHHO KeJIepoBO MHOr006pasue
M.

CormnocTaBisisi 3TU ypaBHEHUS C U3BECTHBIMU [5] CTPYKTYpHBI-
MU YPaBHEHHSMH KBa3UCACAKUEBOH CTPYKTYPbI

da)aza)Z/\a)ﬂ+Bza)/\a)ﬂ;
do, =— f/\wﬂ—Bfa)/\a)ﬁ;

da)=2BZfa)ﬁ/\a)a,
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MBI IPUXOAUM K CICAYIOMIEMY PEIYJIbTATY:
Babc + Bbc'a + Bcab =0

Yenosue B + B + B’ =0 sBnsercs kxputepueM (B Tep-

MUHaX TEH30pOB KUpPHYEHKO) MPUHAIICHKHOCTH MNPHOIMKEHHO
KeJiepoBa MHOT000pa3us KJIACCy KeJISPOBBIX MHOr0o0Opasuii [9].
3HAYHUT, MBI YCTAHOBHJIM, YTO €CIH ¢S -TUIEPIIOBEPXHOCTh

N?""' IpoxomMT Yepes KaxkIylo TOUKY MPUOTIKEHHO KelepoBa
MHOroobpasust M*", To ycnosue B + B"* + B’ =0 Bpmon-

HSETCSI B KXJIOW €ro TOYKe, a clIe0BaTeIbHO, MHOrooOpasue sB-
JsieTcsl KeJepoBbIM. TakuM 00pa3om, UMeeT MECTO

Teopema. Bcsxoe npubnudiceHHo Kenepogo MHO2000pasue, y0o-
enemeopsoujee aKcuome KeasucacaKuegvlx 2unepnogepxHocmell,
AGNACMCS KeNEPOBbIM MHO2000pA3UEM.

OTMeTUM, 4TO NP aHAIM3€ TE€X WIM WHBIX aKCHOM MOYTH KOH-
TaKTHBIX METPUYIECKUX THUIEPIIOBEPXHOCTEN U PA3IMIHBIX THIIOB
MOYTH SPMHUTOBBIX MHOT000pa3Hii 4acTO BOZHHKAIOT TPYIHOCTH C
MOCTPOCHHEM KOHTPIPHMEpA, TO €CTh IpUMEpa IMOYTH SPMHUTOBA
MHOT000pasusi, He yAOBIETBOPAIOLIETO TOM MM MHOH akCHOME.
[TockonbKy yHnoMsiHyTast B Hadajle HAIICH 3aMEeTKH KaHOHHYECKas
NpUOTMKEHHO KeJlepoBa IIecTUMepHas cdepa He sBISIETCS KeJe-
POBBIM MHOT000OpasmeM (0ojiee TOro, MHOTHE CIEITUAIMCTHI CUH-

Taro chepy S°® HCTOPHUECKH MEPBBIM IPUMEPOM OTINYHOTO OT Ke-
JIEpOBa MOYTH 3PMUTOBA MHOTOOOpa3ns), TO, TAKAM 00pa3oM, Iie-
pea HaMu IPOCTOH MPUMEpP MHOT000pa3usl, HE YAOBICTBOPSIOIICTO
aKCHOME KBa3HCACAKHEBBIX TUTICPIIOBEPXHOCTEH.
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On nearly Kahlerian manifolds
and quasi-Sasakian hypersurfaces axiom
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It is known that an almost contact metric structure is induced on an
arbitrary hypersurface of an almost Hermitian manifold. The case when
the almost Hermitian manifold is nearly Kdhlerian and the almost contact
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metric structure on its hypersurface is quasi-Sasakian is considered. It is
proved that non-Kéhlerian nearly Kéahlerian manifolds (in particular, the
six-dimensional sphere equipped with the canonical nearly Ké&hlerian
structure) do not satisfy to the quasi-Sasakian hypersurfaces axiom.

Keywords: almost Hermitian manifold, nearly K&hlerian manifold,
almost contact metric structure, quasi-Sasakian hypersurfaces axiom.
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06 ycTOMYMBOCTU IPMUTOBLIX CTPYKTYP Ha 6-MepHbIX
ynnowarwmxcsa nogmHoroodpasmsx anredpsl Kanu

Y CTaHOBIIEHO, YTO APMUTOBA CTPYKTYpa Ha 6-MEPHOM
yIDIoImaromemMes: moaMHorooopasuu anredopsl Komm siBis-
€TCsl YCTOMYMBON B TOM M TOJBKO TOM CIy4ae, KOrja 3TO
MTOJMHOT000pa3He SBIAETCS BIOIHE T€01e3UIECKIM.

Knrwuesste cnosa: anrebpa Komm, 6-mMepHOe yIuiomaromieecs Mon-
MHOroo0pasue ajire0psl OKTaB, YCTOHYMBOCTh MOYTH 3PMUTOBOU CTPYK-

TYpBHI.

B namsime 0 dopocom Baoume @édoposuue
Kupuuenxo (1947—2021)

1. PaGoTsl 60-X roZioB NpouuIOro BeKa, aBTOPOM KOTOPBIX SIB-
JIieTCsl BBIAAIOIINIACS aMepukaHckuil reometp Anbdpen ['peit, 3a-
Jlaiil LeJIOe HampaBlieHHE B 00JIACTH TeOMETPUH 6-MEpPHBIX MOYTH
SPMHUTOBBIX MHOT00Opasuii. A. I'peit ycranoBuin [1], 4ro kaxmoe
U3 JABYX TaK Ha3blBa€MbIX 3-BEKTOPHBIX IPOM3BEICHUN B airedpe
Ko mopoxmaer Ha ee 6-MEepHOM TTOIMHOTO00pa3uH ITOYTH dPMHU-
TOBY CTPYKTYpy. Takue CTpyKTyphbl MCCIEIOBAIMCH MHOTUMH Ma-
TeMaTHKaMH, CPEAX KOTOPHIX MBI BBLIEIHM 3aMEYaTeIbHOIO OTe-
yecTBeHHOro reomerpa Baguma dénopouya Kupuuenko, craTbu
kotoporo B 1970—1990-x romax ObUIM HANKCAHBI MO BIUSHUEM

Hocmynuna 6 peoakyuro 27.06.2021 2.
© Bbanapy M.B., banapy I'. A., 2021
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pabot Anbsdpena ['pes. B. . Kupuuenko oOpaTii BHHMaHWE Ha
cienyromuii pe3ynpTar A. I'pesi: HOYTH S3PMUTOBBI CTPYKTYPBI, H0-
POXZIEHHbIE Pa3HbIMU 3-BEKTOPHBIMU IPOU3BEICHUSIMH B anredpe
OKTaB Ha OJIHOM W TOM K€ MOJAMHOr000pa3nuy, MOTYT OTIHYATHCS
Jpyr OT apyra. B "acTHOCTH, OfHA W3 TAaKUX TMOYTH IPMHTOBBIX
CTPYKTYp MOKET OBITh KelepoBoi, a apyras — Het [1]. B. ®. Ku-
PHUYEHKO BIIOJHE €CTECTBEHHBIM 00pa3oM BBEJ MOHATHE YCTOMYH-
BOCTH ISl TIOYTH SPMHUTOBOH CTPYKTYpPbI Ha 6-MEPHOM MOJMHOTO-
obpazum anreOpsl Kanm. A MMEeHHO, MOYTH 3PMHUTOBY CTPYKTYPY
Ha 6-MepHOM noAMHOroo0Opasun anredpsl Kanu on Ha3Ban ycToii-
YHMBOI1, €ciIM IBOMCTBEHHAs € CTPYKTYypa (TO €CThb CTPYKTYpa, I0-
pOXIeHHas OpyruM 3-BEKTOPHBIM NPOU3BEACHHEM B aaredpe Ok-
TaB) NPUHAJICKUT TOMY K€ KJIacCy IIOYTH 3PMUTOBBIX CTPYKTYP
[2].

B nanHOIf cTathe MBI paccMaTpuBaeM BOIPOC 00 yCTOHYMBO-
CTH 3PMUTOBBIX CTPYKTYP Ha 6-MEPHBIX YIJIOIIAIOLINXCS TOAMHO-
roobpasusx anredpsl Komu. Pabora mponmomkaer wucciiemoBanus
aBTOPOB B JIAHHOU 00JiacTH, Hayatbie Oonee 20 net Hazan (cM., Ha-
npumep, [3—6] u ap.).

2. Kak u3BecTHO, moutd 3pmutoBoii (almost Hermitian, AH-)

. 2 .
CTPYKTYpOii Ha MHOroo6pazun M ~" 4eTHON pasMEpPHOCTH Ha3bl-
BaeTcs Mapa {J , 8= (-, >}, rjae J — TMoYTH KOMIUIEKCHAs CTPYKTY-

pa,a g= <-, > — pUMaHOBa METpPHUKa Ha TOM MHOroooOpasuu. [Ipu

ToM J 1 g= <,> JAOJIKHBIL OBITh COTJIACOBAHBI TAKUM YCII0BUEM:
(JX,JY)=(X,Y), X,YeNM™),

rae N(M 2”) — Momynb Tiaakux (kmacca C”) BEKTOPHBIX TONei

Ha MHOroo6pasun M >" . MHoroo6pasue ¢ GpUKCHPOBAHHOI Ha HeM
TIOYTH DPMHUTOBOH CTPYKTYpOH HA3BIBAETCA MOYTH IPMHTOBHIM
MHOroo6pasueM. AH-MHOroo6pasue Ha3bIBAeTCS SPMUTOBBIM, €C-
JIM TIOYTH KOMIUIEKCHAsI CTPYKTYpa HHTETPHpyeMa.
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ITycte O = R® — anredbpa Kamu. B Helt onpeneneHs! 1Ba He-
Hn30MOp(HBIX 3-BEeKTOPHBIX pou3BeeHHs [ 1]:

B(X,Y,Z)==-X(YZ)+(X,Y)Z+(Y,Z)X —(Z,X)Y;
P(X,Y,Z)=—(XY)Z+(X,Y)Z+(Y.Z)X —(Z,X)Y.

3nece X,Y,Z€0; <-, > — cKaysipHoe npousBenienne B O,

X - X — oneparop conpsukenns B O . ITpu 5T0M 11060€ Apyroe
3-BEeKTOpHOE TPOU3BEICHNE B anreOpe OKTaB M30MOP(HO OJTHOMY

Y3 yKa3aHHbIX BbIme. [lycte M bco — 6-MepHOE OpUCHTUPYE-
Moe TToAMHOTro00paszue anredopsl Komu. Torna Ha HEM HHIYITUPY-
€TCsl TMOYTH SPMHUTOBA CTPYKTypa {Ja, gz(-,-)}, ompenensemMas B

. 6
KaKI0H TOUKE p € M~ COOTHOIICHHEM
J,(X)=P,(X,e,e), a=12,
rae {el , ez} — TMPOM3BOJILHBIN OPTOHOPMHUPOBAHHKIN 0a3UC HOP-

6
manbHoro k. M° IOANPOCTpaHcTBa B TouKe p, X € T),(M ) . Harom-

6 N 6
HHM, YTO TOUKa p € M~ HasbIBaeTcs oOwweH, eciu e, ¢ 7, s (M7),rne

ey — eauHuna anreOpsl Kamm. IlogmHorooOpasus, cocrosimue

TOJIBKO 13 OOIIMX TOUYEK, HA3bIBAIOTCS IIOAMHOI000pa3usiMu o01e-
ro tuna [2]. Bce paccMmarpuBaeMble ganee IOAMHOTOOOpa3us

MO MOJIpa3yMeBalOTCs MOJIMHOT000pa3usiMy OOIIEeTO THUIIA;

6-MepHOe moaMHOroo6pasue M — O HasblBaeTCS YIUIOMIAIO-
mwmMes (planar, naorga flattening), ecnm OHO CONEPKUTCS B TH-
MEPIUIOCKOCTH aIreOphl OKTaB [3].

B pa6ore [7] B.®. KupuiyeHko moiy4min CTpyKTypHBIE ypaB-
HEHUS MPOU3BOJIHHON MOYTH DPMUTOBON CTPYKTYPHI Ha 6-MEPHOM
nmoaMHOrooopasuu anreopsl Kamu. s cirydast 3pMUTOBOM CTPYK-
TYpBI 3TH ypaBHEHHUsI ObLIH yTouHEHbI. OKa3a710Ch, YTO OHU HMEIOT
cnenyromuii Bug [4; 5]:
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b L abh
do = @ +—=¢&""D, & Aw);
b \/E he b

1 he b
dw, :—a)fl’/\a)b +—=s, D" 0, Ao 1)
V2

1 .an d
a__ a c a gc 2 : e
d(()b =0, Ny — Eé‘bgthD + Tﬁéde D.N@O

@
rae {a)k} — KOMIIOHEHTHI (JOpPM CMEIICHHS, {wf} — KOMITOHEH-
THI ()OpPM PUMAHOBOM CBSI3HOCTH. 3/1ech 1 naynee ¢ =7,8; a, b, ¢, d,
gh=123a=a+3;kj=1,2,3,4,56.Kakus|[7], o, =0

I1 123 abc _ _abc
. Ilpu stoM &, = &4, € =&p3 — KOMIIOHEHTHI TEH30pa

Kponekepa tperbero nopsaka;
ah _ cach cach, pnhe _ .
S =5558 ~ 625, D" =D;.;

¢ go

@
rie {Tkj} — KOMIIOHEHTHI KOH(QUTYPAIMOHHOTO TeH30pa (B Tep-
MUHOJIOTUU ['pest), Wi BTOPOW OCHOBHOW (DOPMBI MOTPYKEHUS
6
moaAMHOro00pasus M .
6
OpmutoBo M~ < O sBiseTCs YIJIOUIAKOIIAMCS B TOM U TOJb-
KO B TOM CITy4ae, eCIH
TS =uT); TS =urll; C; u —const 2
ab = MHlgps ﬁl;_’u ab? Hels U —const. ( )

OTMeTHM, YTO K YMCIY YIUIOIIAIOUIMXCS OTHOCATCS U 6-Mep-
HBIE KEJIEPOBBI TOAMHOT000pa3us anreOpol okTaB [4; 6].

[IpumenuB ycnosue Kupuuenko [2] yCTOWYUBOCTH IOYTH 3p-
MHTOBOH CTPYKTYpHl Ha 6-MEPHOM NOIMHOTOOOpazuu anreOpbl
OKTaB:
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1 yuuThiBas (2), MbI ipuBeieM ypaBHeHus (1) kK Takomy BUY:

b
do" =wy N

do

b .
=~ Wy A Dp; 3)
a a c
doy =0, Aoy, .
Ypaeaenus (3) COOTBETCTBYIOT KEJIEPOBOU CTPYKTYpe Ha YIUIO-

6
aroIeMcs moaMHorooopasun M~ < O, npuueM BBITOIHSIOTCS B
CaMOM TIPOCTOM YaCTHOM CiIydae, KOoTaa

T,g.’zo,

T0 ectb korza M° SBISeTCS BIONHE re01e3HYECKIM IOIMHOT006-
pasuem anreopsl Ko, D10 mo3BoisieT copMyIHpoBaTh TaKyIO
Teopemy.

Teopema. Opuumosa cmpykmypa Ha yniowarouemcsa 6-uep-
HOM NOOMHO02000pa3uu aneedpvl OKMaAg yCmouuusa 6 mom u mofiob-
KO 8 moM ciydae, K020d 3mMo NOOMHO2000pa3ue ANAemcs 6NojHe
2€00e3UleCcKuM.

OTmeTHnM, 9TO JaHHAsl TEOpEeMa YCHIINBAET U3BECTHBIN Pe3yiib-
tar B.®. Kupuiuenko 006 yCTOWYMBOCTH KEJIEPOBOU CTPYKTYPHI:

KeJICpOBa CTPYKTypa Ha M6 YCTOIZQHBa Torga M TOJBKO TOrzaa,

xorma M °® — Brosnse reoxesnueckoe moaMHOT000pasue [2, c. 65].
Kak u B mpyrux Hammx padorax (B TOM YHCJIEC YIIOMSHYTBHIX BBIIIE
[4—6]) 00 yriomarmuxcst 6-MEepHBIX SPMUTOBBIX MOJIMHOT000-
pasusax anre6psl Komm, okazanoch, 4TO Takue MOJMHOT000pasus
MPaKTHYECKU BCETJa 00JIAZaf0T CBOHCTBAMH, aHAIOTUYHBIM CBOK-

CTBaM KEJIEpOBBIX M 6. [Ipu 3TOM HM3BECTHBI MPUMEPBI O-MEPHBIX
YILIOMIAIOUIMXCSI TIOAMHOT000pa3uidi anredpsl OKTaB ¢ dPMUTOBOU
CTPYKTYPOM, OTITMIHON OT KeJIepoBoii [8; 9].
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On stability of Hermitian structures
on 6-dimensional planar submanifolds of Cayley algebra
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We consider 6-dimensional planar submanifolds of Cayley algebra.
As it is known, the so-called Brown — Gray three-fold vector cross prod-
ucts induce almost Hermitian structures on such submanifolds. We select
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the case when the almost Hermitian structures on 6-dimensional planar
submanifolds of Cayley algebra are Hermitian, i.e. these structures are in-
tegrable.

It is proved that the Hermitian structure on a 6-dimensional planar
submanifold of Cayley algebra is stable if and only if such submanifold is
totally geodesic.

Keywords: Cayley algebra, 6-dimensional planar submanifold of Cay-
ley algebra, stability of the almost Hermitian structure.
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MpaccmaHonogo6Hoe MHOroo6pasne LeHTPUPOBaHHBLIX NNOCKOCTEH,
KOrAa LEHTp ONUCLIBAEeT NOBEPXHOCTh

[pomomkaeTcss HCCICIOBaHUEC TPACCMAHOIOIOOHOTO
*
mHOTOOOpasus Gr (m, n) LEHTPUPOBAHHBIX M -TIOCKO-

creil. PaccmarpuBaeTcss 4acTHBIM ciydyai, Korga UeHTp A
OIIHCBIBAET (n—m) -MEpHYI0 MNOBepxHOcTh S, .. bynem
0 4
o0o3Hayath nHaHHOe MHoroobpasue Gr (m, n). Ocy-
LIECTBJIEH aHAJIOT CUJIbHOW HopMmanu3auuu Hopaena mHo-
0 &
roobpasust Gr (m, n) JlokaszaHo, 4TO 3Ta HOpMaIU3alys
HMHIYyIUPYET CBI3HOCTh B PACCIIOCHUH, aCCOLIMMPOBAHHOM C
0 4
MHOroobpasuem Gr (m, n) Jlana reoMeTpudeckas xapak-
TEpUCTHKA JaHHOW CBA3HOCTH C IOMOLIBIO MApPAJIETbHBIX

MepEeHECEeHUH.

Kniouesvie cnosa: npoeKTHBHOE MPOCTPAHCTBO, TPACCMAHONIOTO00HOE
MHOT000pasue, IOBEPXHOCTh, CBA3HOCT, MApaILIEbHbIC IEPEHECEHHS.

Meron Bremnux ¢opm D. Kaprana [1; 23] B noxansHON nud-
(epeHInanbHO TeOMETPUH M TEOPETHKO-TPYNIIOBOH METOJ
I'.®. JlanTeBa MCNONB3YIOTCI MHOTUMH TeOMeTpaMH (CM., Hamp.,

Hocmynuna 6 peoakyuro 10.05.2021 e.
© benosa 0.0., 2021
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[2; 3; 5; 7; 14; 19]), a Taxke B ¢usmueckux Tteopusix [17].
B macrosmeit pabote JaHHBIE METOIBI MPUMEHSIOTCS IS HCCIIe-
JIOBaHUS TPACCMAHOIIOJAO0HOTO MHOTO0O00Opa3vs ICHTPUPOBAHHBIX
Iockoctel [15], Korja HeHTp OMHUCHIBAECT MOBEPXHOCTb.
I'paccmanono00HOE MHOrO0Opa3sue TECHO CBSI3aHO ¢ TaKUM
ITUPOKO M3BECTHBIM W TIOMYJBIPHBIM MHOTOOOpa3neM, Kak MHOTO-
obpasue ['paccmana [9; 12; 13; 16; 18; 20]. Muoroo0pasue ['pac-
cmana Gr(m, n) SBISETCS MPUMEPOM OAHOPOAHOTO MIPOCTPAHCTBA

n QopmupyeT BaKHBIH (DyHZAMEHTAJIbHBIH KJIACC MPOEKTHBHBIX
MHOT000pa3uii, MpU4eM MPOEKTUBHOE MPOCTPAHCTBO CAMO MOYKHO
MIPeNICTaBUTh Kak MHOTOOOpasue ['paccmana Gr(l, n+1).

OTHeceM 7n-MepHOE MPOSKTUBHOE MPOCTPAHCTBO P K Mo-
IBIDKHOMY peTiepy {A, /L} (i,..=1,..., n), "HQUHATE3UMAITEHEIE

HepEeMEIEeHUs] KOTOPOTO OIpeAestoTes GopMyIaMu

dA=0A+w' 4, d4, =04, +w/ A, + 0, A, (1)

npuaem popmel Hpadpda o', @, a); YAOBJIETBOPSIOT CTPYKTYp-
HbIM ypaBHeHUsM Kaprana npoextuBHo# rpynmnsl GP(n) :

Do’ =’ A&, Do, =0 Ao,

_ o . 2

Do =o' na) + 00, "N o A
J J k Tk J
B mpoctpanctBe P, paccMOTpUM TpaccMaHOIOZO0OHOE MHOTO-

obpasue Gr (m, n) LEHTPUPOBAHHBIX M-MEPHBIX MIOCKOCTEH P, .

*
[Tomemmaem BepinHbI A, A, Ha TWIOCKOCTh P, 1 GUKCUPYEM LICHTP

A (3mech W B JambHEWIEM HWHAEKCH MPHHAMAIOT 3HAYEHUS
a,b,..=1,...m; a,f,..=m+1,..,n). U3 dopmyn (1) oueBuu-

B
Hbl YPAaBHCHHUA CTATUOHAPHOCTHU IINIOCKOCTHU Pm

o’ =0, =0, 0 =0,
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MI03TOMY JaHHbIE (POPMBI SBIIAIOTCS TIaBHBIMU. BriOupaem (opmel
®”,® B KauecTBEe HE3aBUCHUMBIX, 2 OCTAJIbHBIC INIaBHBIE (HOPMBI

@ TIpeNCTaBJIIeM JTUHEHWHBIMH KOMOWHAIMSAMH Oa3uCHBIX (opM
o, o
a __ fqa_.a ab .«
o' =A 0" + AW . 3)
VYpaBuenus (3) ABISAIOTCS YpPaBHEHUSMHU IPacCMaHOIIOI00HOTO
MHOr006pasus Gr' (m, n) UEHTPUPOBAHHEIX IUIOCKOocTed [15].
KoMmnioHeHTH (yHIaMEHTATBHOTO O0BEKTa A={A§, A;’b} YI0B-
JIETBOPSIIOT mudGepeHITnanbHBIM CPAaBHEHHUSIM TI0 MOIYIIIO Oasuc-
HBIX popMm @, @

AN+ A0, + @' =0, AA” =0.

W3 nocieHux CpaBHEHUH BUIIHO, YTO KOMIOHEHTH A% (yH-
JaMEHTAIBHOTO 00BeKTa /1 00pa3yioT TEH30p, MOITOMY MOKHO
MPUPABHATH UX HYJIIO, TO €CTb U3 YpaBHEHHH (3) moaydum

o' =N o, 4)
CJIEZIOBATEIbHO, LEHTP A OMHCHIBACT (1 — M) -MEPHYIO TOBEPX-
HOCTB S, . bysem paccmarpuBaTh JaHHBIA Clly4all U MCIIOJIb30-
BaTh 00O3HAYE€HWE JUISI COOTBETCTBYIOIIETO MHOTO0Opa3ms
Gor*(m, n), To ecTh (gr*(m, n) — 9TO IPacCMaHOMOAOGHOE MHO-
roo0pasre HEeHTPUPOBAHHBIX IJIOCKOCTEH, KOTraa LEHTP OMHCHIBAET
IIOBEPXHOCTD S

[Ipn yxa3aHHOH cHenuaIM3alyy IOJBIDKHOTO perepa CTPyK-
TypHBIEe ypaBHEHU (2) mpuHUMaloT BuA (cp. [15]):

Do” =a)ﬂ/\a)g+/1;a)ﬂ/\a)a ,
Do =a)bﬂ/\(§fa)z—5gwfl’)—a)“/\a)a,

a __ 4 a a a a ac
Doy = ap Ao, — 0" Nay, — @, AWy, ,
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Da)f;‘ =a)£/\a)f—a)7/\a);},—a)g/\a)g;,
_ 8w WP
Doy, a)ﬂ (5 -0 ) /\a)ﬂ

b

- a — " s
Do, =w; Ny + 0 N0y, Doy =0, N0, +0,; Aoy,
rae
a a 4cC a a ac C Ll
a)bazéb/laa)c'i-é‘bwa"_/lawb’ Wpg =—0p @

a _ ¢a 4a a a
wp, =03 M,0,+050,+06, wp,
_ Qo @ = A
Wy =8, W, wup =Ny,
0 *
HaI[ MHOFOO6pa3I/IeM Gr (I’I’l, I’l) BO3HUKACT I'JIaBHOC paccCiioc-

wue G| Gr |, THIIOBBIM CJIOEM KOTOPOTO sBIsieTcs moarpymnmna G
CTAaLlMOHAPHOCTH LEHTPUPOBAaHHOH Iuockoctu P, . I'maBHOE pac-

0 *
cnoenne G| Gr | coumepxkuT cienywoimue (HaKTop-pacciIoeHUs:

TUIOCKOCTHBIX JIMHEHHBIX PENepoB, HOPMATbHBIX JIMHEHHBIX pere-
poB, adduHHOE (BaKTOpP-pacCIOCHHE, THUIIOBBIM CJIOEM KOTOPOTO
ciykut adpduHHas Qakroprpymnma rpynmnsl G, paccioeHue koad-
(DMHHBIX pernepoB.

0
B rnaBHoM paccnoennn G| Gr | 3agaguM (yHAaMEHTaIbHO-

TPYIIIIOBYIO CBA3HOCTE crtocodom JlanreBa — Jlymmcre [6; 11]:

~a _ _da a a a V4 }/

c,
~a _ _a a _f ab f ~ _ b
iy =0y =1 op0 Lﬂa) ,a)a—a)a—Laaa) =11, a)b,

&y =0,—L ﬂa)ﬂ—H;ﬂa)aﬂ.

Q,
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Cornacuo teopeme Kaprana — JlanreBa, CBI3HOCTh B aCCOIIH-
0
upoBaHHOM paccioenuud G| Gr | omnpenenseTcs ¢ MOMOIIbIO OIS

00BEKTA CBSA3ZHOCTHU

b
r {Fbaa ba:rlﬁ}mLﬁ}/a aﬁ:La 7L H Laﬁ) gﬂ}

aa >’ ao>

0,
Ha Oa3e Gr (m, n) CIIeIYOIUMU TU(QPepeHIIHATEHBIMUA CPaBHE-

HUAMUAU:
ATE + L, —wf, =0, AL —of< =0
Arﬂy"'LM —wp, =0, AL —wj =0,
ALy + Lip, + (S35 = ST g ah — iy =0,
oy + (0L Ly =S LN@S =0, ALy + (I}, + Tl e, =0,

AT + 12 0.+ 80w, =0, (5)

aa~’c

ALyp + (I g5 + I yg)w, =L,y + 1T aﬂ o, =0,
AITYy + Ly, — IT5g0 + Lo, =0,

Ocy1iecTBIM aHAJIOT CHIIbHON HopManu3anun HopaeHa [§; 10]
JAHHOTO MHOT000pa3usl TOJSIMH CIEAYIOIUX TeOMETPUIECKUX

00pazoB: (n—m—1)-mnockoctetio C, |, He HMEIOIIEH OOIIHUX TO-

4eK C IIOCKOCTbI0 P, u (m—1)-miockoctbto N, |, MpUHAIEK-

(vl * v
e miockocty P, u He npoxosinieii yepes ee nentp. [lnockocts
C

n—m-1

3alaM COBOKYIHOCTBIO TO4eK B, =4, +A A +4, 4, a
wiockocte N, | — toukamu B, =A + A4 A4.
Teopema 1. Ananoe cunvrou Hopmarusayuu Hopoena muozco-

0 *
o6pa3uﬂ Gr (l’l’l, n) no3eosem 3a0amsv C8A3HOCHb 8 accoyuupo-

B6AHHOM pacciloeruu.
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Jlokazamenvcmeo. Haxons muddepeHnnansl 6a3ucHBIX TOYEK
OCHAIIAIIIUX TUIOCKOCTEH U TpeOysi OTHOCUTEIBHYIO WHBAPUAHT-
HOCTH OCHAIIAIONIUX IIOCKOCTEH, MOTYIIM

a a __ a —_ j—
A+l =0, A, + Lo, +0,=0, Al +w,=0. (6)
JlaHHOE OCHAILEHME, 3a/aBaeMOE€ II0JeM  KBAa3UTEH30pa
0 *

A ={/1(j, A, /10} Ha MHOrooGpasuu Gr (m, n), TMO3BOJSET OXBa-

THTH KOMIOHEHTHI 00BEKTa CBSI3HOCTH [ :

a _
Tho = =0y A + Hg Ay + O Ho A s
ac _ ocaa
L a 5[7 ﬂ’a >

I, ==84,—04A, +85 A, . LY =823,
=—AGh, — M40 f’j}, = —5[,/15 )
Hataly s gy = 6% :
Log == g + Agdu s = Al 15, =—Aadg,

rae p, = Ay, — A, . ®yukiun (7) B cuiy cpaBHeHuit (4) u (6) yno-
BJIETBOPSIOT CPaBHEHHSIM (5).
JlaHHYIO CBSI3HOCTD MOXXHO OXapaKTE€pPH30BaTh '€OMETPHYECKU
C TIOMOIIBIO TTapaJUIENbHBIX IepeHecennid (cMm.: [4; 21; 22]).
Teopema 2 (0 mapajijeabHbIX NepeHECEHUAX OCHALIAIOIIEH
I0CKOCTH). Crnpasednusnl ciedyroujue YmeepHcOeHUsL:

1. Ocnawarowyro nrockocmv C, _ | 6 2pYNNOGOU CEAZHOCHU

0
I nepeHocunv napajilejibHo Helb35 (Hy./'lb 0bo3HaAUGAem 0X8aueH-

HbIL 00BEeKm 2PYNHOBOI C8A3HOCTU,).
2. IInockocms C,_, | nepeHoCUmcs napanievHo 6 C6A3HOCU,

0

0
o ab
onpeoensiemoli nodoovexmom 2 ={I"

ab
af }

ca

a

Br

a a

0 0 Oaa 0 0
Lo Ly T L

ba
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0
obvexma ceaznocmu I, moz20a u moabko mo2od, Ko20d OHA CMe-
waemcs ¢ naockocmu P =[C |, A], aeraoweiica anaioeom

Hopmanu I-eo pooa Hopoena [8].
3. IInocxocmv C nepeHocumcs napaiiesbHo 8 JUHEUHOU

n—m—-1

0
Kombunayuu cessnocmu I moeoa u moabko moeoa, Ko20a OHA
cmewjaemes 6 cunepnaockocmu P =N,  ®C

n-m-1"*

Jlokazamenvbcmeo clieyeT U3 CIEAyOINX COOTHOLIEHU:
0
dB,=vB,+a’ B,, (8)
0 0 0
dB,=(.),B;+V B, +(V,- 4,V Ii)A, 9)

rae v:é’—(/ia - a).
PaBencTBoO (8) momyuaercsa mpu MpUPAaBHUBAHUM K HYJIO KOM-

0 0
MOHEHT KOBapHaHTHBIX auddepenmuanos VA =0, VA =0 B

BBIPAKEHHUAX TUPQEpEHIINaIOB U 03HAYAET, YTO IIOCKoCTh C,

OCTaeTcsl Ha MecCTe.
Huddepennuansl Touek B, npumyt Bup (9), eciu ydecTb B

Hux oxBaThl (7). I[lomydueHHOE paBEeHCTBO IMOKA3hIBAaET, YTO 00pa-

0
IIeHUe B HyJb KOBapHaHTHoOro nuddepenunana V A xapaxrepu-

3yeT mapajuieJbHbIN nepeHoc miockoctu C B CBSA3HOCTH, OII-
0

0
penensieMoil moJoO0BeKTOM 7/, 00bEKTa CBSI3HOCTH [, NIPU KOTO-

n—m-1

pom mnockocts C, | cMellaeTcs B INIOCKOCTU P .

W3 BelpakeHuit (9) Taxke cinemyer, 4yTo oOpalleHHE B HYJIb
JUHEHHOW  KOMOMHAIIMM  KOBapHAaHTHBIX  JAU(QepeHInaIoB
0 0 0
02,=VA, -2, VA XapakrepusyeT NapajUle]IbHbIi IE€PEHOC

mwiockoctu C B JIMHEHHOU KOM6I/IHaI_II/II/I CBA3HOCTH, IIPHU KO-

n—m-1

TOpoM IIockocTs C, | CMEIAETCs B THUNEPIIOCKOCTH P .
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The Grassmann-like manifold of centered planes
when a surface is described by the centre
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We continue to study of the Grassmann-like manifold Gr*(m, n) of

m -centered planes. A special case is considered when the center 4 de-
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scribes an (n—m) -dimensional surface S, ,, . We will denote this mani-

0 *
fold by Gr (m, n) An analogue of the strong Norden normalization of

0 *
the manifold Gr (m, n) is realized. It is proved that this normalization

induces a connection in the bundle associated with the manifold

0
Gr (m, n). A geometric characteristic of this connection is given with

the help of parallel displacements.

In our research we use the Cartan method of external forms and the
group-theoretical method of Laptev. These methods are used by many
geometers and physicists.

The Grassmann-like manifold is closely related to such a well-known
and popular manifold as the Grassmann manifold. The Grassmann mani-
fold is an example of a homogeneous space and forms an important fun-
damental class of projective manifolds, and the projective space itself can
be represented as a Grassmann manifold.

Keywords: projective space, the Grassmann-like manifold, surface,
connection, parallel displacements.
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HeronoHomHble MHOroo6pasus Kenmouy,
OCHalLeHHble 0000LWeHHON CBA3HOCTLI0 TaHakn — BebcTepa

PaccmaTpuBaeTcs HeronoHomHoe MHOrooOpasue Ken-
MOILy, OCHAIlEHHOE CBS3HOCTBIO, SIBJISIOLICHCS aHaJOroM
o0obmennol cBszHOCTH Tanakm — BeOcrepa. M3yuaemas
CBSI3HOCTb HOJTy4JaeTcsi U3 00001IeHHOI cBsa3HOCcTH TaHaku —
BebcTepa 3aMeHOl TIEpBOro CTPYKTYPHOTO 3HIOMOp(dH3Ma
Ha BTOPO# CTPYKTYpHBIH 3HA0MOpbuU3M. [losryueHHas cBsi3-
HOCTb TaKXe IOJy4aeT B paboTe Ha3BaHWE 00O0OLICHHOMN
ces3Hoctu Tanaku — BebOctepa.

B otnuume ot MHOTOOOpasusi KeHmolty CTpyKTypHas
(¢opma HerosoHOMHOTO MHOT0O0Opasusi Kenmomy He 3a-
MKHYTa. CHC[{CTBI/ICM 9TOro CIMHCTBCHHOT'O Pa3JIM4ius AB-
JSIETCSl 3HAYUTENBHOE PACXOXKAECHHE B CBOMCTBAX TaKHX
MHOT00Opa3uii. Tak, Hampumep, B paboTe IOKa3bIBAaETCH,
YTO anpTepHauus TeH3opa Puyum — CxoyTeHa HErosno-
HOMHOT0 MHOroo0Opasus Kenmolly, SIBIISIOIIErocs TpaHC-
BEPCAIIBHBIM aHAJIOTOM TeH30pa Puuun, mpornopiyoHansHa
BHeIHeMy muddepeHnmany crpykTypHOH GopMsl. B TO xe
BpeMsi B KJIACCHUECKOM ciyuyae MHorooopasus Kenmorry

TeH3op Puuunm — CxoyTeHa SBISIETCS CHMMETPUYECKUM
TEH30POM.
Jloka3pIBaeTcs, 4TO CBSI3HOCTh TaHaku — BeOctepa

SIBJISIETCS METPUUECKOM CBSI3HOCTHIO. JlOKa3bIBaeTCs TaKXKe,

Hocmynuna 6 peoakyuro 30.06.2021 2.
© Bykymesa A. B., 2021

42


https://orcid.org/0000-0002-2930-1697

A.B. bykywiesa

YTO W3 TOTO, YTO albTepHANus TeH3o0pa Puaunm — CxoyTe-
Ha TIPOTIOPIIUOHAIEHA BHEUTHEMY MU(depeHInany CTpyK-
TYpPHO# (DOPMBI, BBHIIIOJHSAETCS CIIEAYIONIEe yTBEPXKICHUE:
€CII HeroJIOHOMHOe MHOrooopasue Kenmolry ects MHOTO-
o0Opa3ue DHUHINTEeHA OTHOCHUTEIFHO OOOOIIEHHON CBS3HO-
ctu Tanaku — Bebcrepa, TO OHO PHYYH-TIIIOCKOE OTHOCH-
TEJIbHO TOM XK€ CBSI3HOCTH.

Kniouegvle cnoea: HeronmoHoMHOoe MHOroooOpasme Kenmorry, BHYT-
PEeHHAS CBSI3HOCTB, TeH30p CxoyTeHa, TeH3op Puaun — CxoyTteHa, 0606-
IIeHHAs CBA3HOCTH TaHaky — Bebcrepa, MHOTOOOpasne DHHIITEeHHA.

BBenenune

Herononomuoe muoroo6pasue Kenmorry siBnsiercsi 06001eHu-
eM MHOTo00Opasus Kenmorry, otkpeitoro B 1972 romxy B pabdote [7].
Crpyxkrypbl Kenmoiy HOpManbHbl M HHTETPUPYEMBI [8], B TO Bpe-
Ms KaK CTPYKTYpPBbl HETOJIOHOMHOT0 MHOrooOpasue Kenmory HoOp-
MaJIbHBI, HO HE HHTerpupyemsl. HerojoHomHOe MHOroo0Opasue
Kenmorry onpeneneHo aBTOpoM HacTosIIe paOdOTHl B cTatbe [1].
BHyTpeHHss TeoMeTpusl HETOJJIOHOMHOTO MHOTo0o0Opasus Kenmory
M obnamaeT psIoM 3aMedaTeIbHBIX CBOMCTB. JTH CBOMCTBA yI00-
HO Cc(OPMYyIHpPOBAaTH B TEPMHUHAX AaJaNTUPOBAHHBIX KOOPIUHAT
[2—4]. B gacTHOCTH, YCTaHOBJICHO, UTO T€H30pHOE moyie CxoyTe-
Ha — Barnepa P, KOMIIOHEHTBI KOTOPOI'O B aJlallTUPOBAHHBIX KO-

OpAMHATAaX BBIPAXKAIOTCS C IOMOLIBIO PABEHCTB Pac = 8,11"5Z 4> 00-

pamiaercs B HyJb. B Hacrosimell paboTe JOKa3bIBACTCS, YTO allb-
TepHanus TeH3opa Puyunm — CxoyTeHa, SIBIAIONMIETOCS TPaHCBEP-
CaJIbHBIM aHAJIOTOM TeH30pa Puyum, mponopuroHaibsHa BHEITHEMY
middepenmany crpykTypHoit ¢popmbl. HerononomHoe MHOToo0-
pasue Kenmory ocHamaercs B HacTosIield paboTe aHAIOroM
0000menHoit cBsa3HocTn Tanaku — Bebcrepa. O0oOIeHHas CBsI3-
HocTh Tanaku — BeOcrtepa BBeieHA JUIsI KOHTAKTHOI'O METpHUC-
ckoro MHOTOoOOpasusa [8]. B Hamewm cirydae Goiee 3hdEeKTHBHOM

43



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

SABISICTCSA CBA3HOCTD Vg(, KOTOPYHO MbI TaKiKe 6y,[[6M Ha3bIBATb

000011eHHOM cBsA3HOCTBIO Tanaku — Bebctepa u koTopast ompe-
J€IA€TCA C IOMOIIBIO PABEHCTBA

VEY =V x4 ((Van)Y)E=n(Y)V x & -n(X)yY.
3n1eck 3HIOMOP(U3M Y 33]1aeTCS PABEHCTBOM
o(X,Y)=g(vX.Y)
W Ha3bIBaCTCS BTOPBIM CTPYKTYPHBIM 3HAOMOpQHU3MOM. JloKa3bl-

Ba€TCiA, BO-IICPBBLIX, YTO CBA3HOCTH VQ SABJISACTCA MeTpI/I‘IeCKOﬁ

CBSI3BHOCTBIO, @ BO-BTOPBIX, UTO €CJIM HETOJIOHOMHOE MHOT000pa3ue
Kenmorny ects MHOrooOpaszue DWHIITEHHA OTHOCHTEILHO 0000-
IeHHOM cBsizHOCTH TaHaku — BebOctepa, TO OHO PUYYH-TIIIOCKOE
OTHOCHUTENBHO TOH K€ CBA3HOCTH.

OcHOBHBIE Pe3yJIbTATHI

[ToyTn KOHTaKTHBIM METPHYECKUM MHOTr000pa3neM Ha3bIBACT-
csl TJIagKoe MHOrooOpazue M He4YeTHOH pasmepHOCTH n =2m + 1,
m>1 ¢ 3a1aHHON HA HEM IIOYTH KOHTAKTHOW METPUYECKOHN CTPYK-

Typoi (M,f,n,(p,g) [5; 6]. 3neck, B wactHOCTH, 77 — 1-hopMa n
£ — BeKTOpHOE IoJIe, OPOYXKIAIOIIIE, COOTBETCTBEHHO, PacIpe-
nenenne D: D =ker (17); u ocHameHue Dt pacnpenenenus D:

Dt = span(&). I'magkoe pacnpenenenne D Ha3bIBaeTCs paclpene-
JICHWEM HOYTH KOHTAKTHOT'O METPUYECKOro MHorooopasus. Mmeer

MecTo paznoxenue TM =D® D" . Tlourn KoHTaKTHOE MeTpHuue-
CKOe MHOTr000pa3ue Ha3bIBaeTCsd HOPMAaJIbHBIM, €CJIH BBITOIHIETCS

yenosue N, +2dn® E =0, rme
Ny (X.Y)=[pX,p¥ ]+ 0 [X.Y]-p[pX.Y]-p[X.pY] —
Ten3op Helienxeiica sunomMopdusma ¢.
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HopmanpHOE 1MoYTH KOHTAaKTHOE METpUYecKoe MHOrooOpasue
M Ha3pIBaeTCS HErOJOHOMHBIM MHOTOOOpasueMm Kenmorry, eciu
BBITIOJHsIETCS paBeHCTBO dQ) =27 A Q). Jlerko mokaszaTh, 4TO JJIS

MHOT000pa3us M Takke BBIIOJIHICTCS yCIOBHE
ng =2(g—77®77).

Byaem wucronk3oBath cienyoomue 0003HAUEHUS I CBS3HO-
cti U kodpduuuenToB cesazHoctu JleBu-UuBUTHI TeH30pa g B
aJIaNTUPOBAaHHBIX KOOpAUHaTax [3; 6]: @, r %}/ (o, B,y=1, .., 1, qa,
b, c=1, .. n-1).

[lon BHyTpeHHE!H JTHMHEWHOI CBA3HOCTHIO Ha MHOTOOOPA3HH C
KOHTAaKTHOW METPUICCKON CTPYKTYpol [4] moHMMAaETCsT 0TOOpake-

aue V:I'(D)xI(D)—>T (D), ynoenersopsiomee oObIMHbIM [JIs1

KOBapUaHTHOM MTPOU3BOJIHON YCIOBUSIM.
Koaddumnmentsr BHyTpeHHEH CBA3HOCTH B aJalTHPOBAHHBIX

KOOP/IMHATAX OMPEENSIOTCS U3 COOTHOLIEHUS V; &, =[5)¢..
a
[lyets w: D — D — s>HnoMopdusM, onpeaeisieMblid paBeH-
CTBOM a)(X .Y ) = g(l//X Y ) Nmeer mecto ciepyrollee npemio-

kenue [3].

Hpenaoxenue 1. Kosgpuyuenmor cesznocmu Jlesu-Husumot
He20I0HOMHO20 MHO2000pasusi Kenmoyy 6 adanmuposanHuix Ko-
OPOUHAMAX umMerom euo

=a _1 ad _ _ i
Fpe =58 (@8ed +@8bd ~2asbe): T =@ba ~ Lab:

b b b b n ~a
Uan=Tha =04 +va, Tng =Ty, =0.
HazoBem 0000111eHHO# cBsi3HOCTHIO TaHaku — BelGctepa cBsi3-

HOCTb V§ , KOTOpasd OnpeaAciiACTCs C IOMOIIBIO PABCHCTBA

vf(Yz6XY+((€X77)Y)5—77(Y)6X§ —n(X)pY.
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Haiinem KOMIIOHEHTBI Gg[  CBA3HOCTH Vg( B a/IalITHPOBAHHBIX
KOOp/IMHATAX.

[Monoxum X =é,, Y =¢. Ilomydaem

V&, =V a8y —1(V48p), mm G, =T, G", =0

atb ab 77 atb )> ab ab’ ab :

[Tycts Temeps X =¢€,, Y =0,.
Torna Vg@n =V ,0, -V ,0,=0.
Orcrona ng =0, G/, =0.
[Tycts nanee X =0,, Y =¢,. Torna

V&, =V 8y, —1(V,8) - wéy, mm G, =52,
Takum 00pa3zoM, OTIUYHBIE OT HYJISI KOA((UIIMEHTH CBI3HOCTH

VZ{, B aalITUPOBAHHBIX KOOPAUHATAX UMCIOT CJ'IC,E[YIOIJ_II/Iﬁ BUO:

1 ad (= . -
Gy, =58 Y (epgea +ecghd —Cagbc)> Grp =0} -

[IpoBoast HEOOXOMUMBIEC BEIYMCICHHS, YOSKIaEMCSI B CITPaBE/I-
JIMBOCTH CIICAYIOLIETO MPEII0KCHHUS.

Hpenaoxenue 2. O6o6wennas cesznocme Tanaxu — Bebcme-
DA AGIAEMCA MEMPUYECKOU C8AZHOCTNBIO.

BrruncinM He0OXOAUMBIE HaM IS JAIBHEHIIEr0 OTIANYHEIE OT

HYJIsI KOMIIOHCHTBI TCH30pa KPUBU3HBI K cBs3HOCTH Vg( Boc-

MOJIB3yeMCs U1 3TOro HOpMyIIoi

K(x.Y)z=vivlz vIvlz- V[T 7%
HNmeem

d _ pd d
K gpe = Rape =2®badc »

KC

_ c c
nab_a”rab Va§b'
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3nech V. — BHYTPEHHSS CBSI3HOCTb, a ijc — KOMITOHECHTBI

Tensopa Cxoyrtena [3]. Vunrsisas, uto P, =0,IC, =0, nonyua-
. kC

em: K, =0.

ITycte K(X,Y) — cootBetcTBytoumii TeH3zopy K(X,Y)Z teHszop
Puuuu. Umeror MecTo paBeHCTBa

d
kge =Vge + 20,400, =740 +200,.

Mpennoxenue 3. /[na necononomnozo muozoodpasus Kenmoyy
pasmeprocmu n=2m+ 1 gpinonuaemcsa criedyroujee pageHcmeso:

2m@eqg —1qc] =0

Jlokasamenvcmeo. Kak W3BECTHO, B aIalITUPOBAHHBIX KOOPIH-
HaTax JJisl JJF000r0 MOYTH KOHTAKTHOT'O METPUYECKOI0 MHOT000pa-
3Us1 BBIIOJIHSETCS CIIEAYIOIIEe PAaBEHCTBO:

d d
VieVal&be = 20eq0n8hc — 8dcR,,p, — 8bd Reac-
B ciyuae HerononoMHoro MHOroo6pasus Kenmoiry 3To paBeH-
CTBO IIEPEIUIICTCS B BUC
d d
0=40e48pc — gdCReab — 8hd Reac-

[TpoBoas HEOOX0aMMEBIE TIPEOOpaA30BaHUS, TPUXOANM K PaBEH-

1
CTBY 2ma,, = E(Fac —Teq)-

Uro u TpeboBasioch JOKa3aTh.

Teopema. [lycmov Hnecononomuoe muocoobpaszue Kenmoyy M
A6AeMCsL MHO2000pazuem DUHWMeNHa OMHOCUMETbHO 0000 eH-
Hou cesasHocmu Tanaku — Bebcmepa, mozda oMo puddu-niocKoe
OMHOCUMENLHO dMOU CEAZHOCMU.

Joxazamenvcmeo. Ilycts M — wmHOrooOpasue DHHIITEHHA.
Ortcroza, B 4aCTHOCTH, CIEyET, YTO

kge =140 + 20,4, = Ag40, AR,
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Torna, ¢ ogHOI CTOPOHBI, 00BEKT k,. CUMMETPHYEH, TaK Kak
kge = Ag4c- C npyroii CTOPOHBL, IPOANBTEPHUPOBAB PABEHCTBO
kac =Tac + 2040 =84

1 BOCIIOJIb30BaBIIMCH PAaBECHCTBOM

2macg :%(’”ac _rca)’
noJTydaeM
Kac) =(=2m+2),c.
JApyrumu cinoBamu, ecini m #1, 10 kpge1# 0.
Teopema nokazaHa.
PaccmoTpum mpuvep vt cirydas m = 1. Tiyets M e R, (0g)

(a =1, 2,3) — CTaHJAapTHBIM 0a3uc apuMeTHUECKOro MpoCTpaH-
crBa. Onpenenum Ha M 1-popmy 77, monaras 77 = d> + x2dxl.
ITycts  nanee € =01 — x283, é) =0,, é3=£ =03,
D =span (El ,0o ) OmpenenuM METPUYECKANA TEH30p, Iojaras
g(e,e)=g(er,er)= €2x3 , g(e3,e3)=1. Tem cambIM n00HBaeM-
Csl BBINIOJIHEHUSA paBeHCTBa L E8= 2 ( g-n® 77). CTpyKTypHBII
SHIOMOP(HU3M 3a1aAUM PaBEHCTBAMHU
pé)=éy, p(ey)=—ej, p(é3)=0.

OTcrofa HemoCpeICTBEHHO CEYeT, uTo L EP= 0w

a(p(é)),p(ér)) =—w(éy,é)) = w(é],éy).
HOCJ‘IC,E[Hee 0O3HA4YacT BBIIIOJIHCHHUC paBeHCTBa

o(pX,pY)=w(X.Y).
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IIpoBoast HemocpelICTBEHHBIE BBIYUCICHUS, yOexnaemcsi B
TOM, 4TO HEHYJIEBBIMH KOMIIOHEHTaMU BHYTPEHHEH CBSI3HOCTH fIB-
JIAIOTCSL  CleAyIoe KO3 puiuenTor: I il = F%l =-T 122 _——
Otcroma, B 4YacTHOCTH, CIEAYyeT CIPaBEeIMBOCTh paBEHCTBA
V@ =0. Ilocie HEOOXOOUMBIX BBIYHCICHUH MOJIy4YaeM Rlz22 =1.

Takum o6pazom,

k12=l’12 +2a)12=1—1=0.
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A non-holonomic Kenmotsu manifold equipped with a connection
analogous to the generalized Tanaka — Webster connection, is consid-
ered. The studied connection is obtained from the generalized Tanaka —
Webster connection by replacing the first structural endomorphism by the
second structural endomorphism. The obtained connection is also called
in the work the generalized Tanaka — Webster connection.

Unlike a Kenmotsu manifold, the structure form of a non-holonomic
Kenmotsu manifold is not closed. The consequence of this single differ-
ence is a significant discrepancy in the properties of such manifolds. For
example, it is proved in the paper that the alternation of the Ricci-
Schouten tensor of a non-holonomic Kenmotsu manifold, which is a
transverse analogue of the Ricci tensor, is proportional to the external
differential of the structural form. At the same time, in the classical case
of a Kenmotsu manifold, the Ricci — Schouten tensor is a symmetric
tensor.

It is proved that a Tanaka — Webster connection is a metric connec-
tion. It is also proved that from the fact that the alternation of the Ricci-
Schouten tensor is proportional to the external differential of the structur-
al form, the following statement holds: if a non-holonomic Kenmotsu
manifold is an Einstein manifold with respect to the generalized Tanaka —
Webster connection, then it is Ricci-flat with respect to the same con-
nection.

Keywords: non-holonomic Kenmotsu manifold, intrinsic connection,
Schouten tensor, Ricci — Schouten tensor, generalized Tanaka — Web-
ster connection, Einstein manifold.
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Komno3numoHHoe ocHaleHne MHOroobpasus
rMNepLEeHTPUPOBAHHbIX NIOCKOCTEH, pasMepHOCTb KOTOPOro
COBMagaeT ¢ pa3MepHOCTbLI0 06pasytoLei NNOCKOCTH

B MHOromMepHOM NPOEKTUBHOM TIPOCTPAHCTBE pac-
CMATpPHUBACTCS PACCIOCHHUE HAaJ CEeMEHCTBOM Map IDIOCKO-
CTEeM, OJJHA U3 KOTOPBIX SBJISIETCS TUIIEPIUIOCKOCTBIO B JIPY-
rou. JlokazaHo, YTO KOMIIO3UIIMOHHOE OCHAIICHUE CEeMEH-
CTBa MHAYLHPYET (PyHIAMEHTAIBFHO-TPYIIIOBEIE CBSI3HOCTU
JIByX TUIIOB B pacCCMaTpUBAEMOM PaCCIOEHUHU.

Kniouegvle cnosa: poeKTHBHOE IPOCTPAHCTBO, CEMEHCTBO THIIEp-
LEHTPUPOBAHHBIX IUIOCKOCTEH, (yHIaMEHTaJIbHO-TPYIIIOBasi CBA3HOCTD,
KpUBHU3HA, IICEBIOTEH30P.

OrHeceM n-MepHOE MPOEKTUBHOE MPOCTPAHCTBO P, K MOABIK-
Homy periepy R={A4, A4} (I,..=1,n), nnpuHATE3NMANBHBIC ITe-
pEeMeIeHns] KOTOPOTo ONpeenstoTces Gopmynamu

dA=0A+0'A,, dA, =04, + o] A, + v, A, (1)
npuueM Qopmer [1dadda a)l,a)j,a)l YAOBJIETBOPSIIOT CTPYKTYp-
HBIM ypaBHeHHsM Kaprana npoektuBHoi rpynmel GP(n) (cm.,
Hamp., [1]):

Hocmynuna 6 peoakyuro 10.05.2021 e.
© Bsosa A.B., Illeuenxo 0. ., 2021
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Do' =0’ A&, Do, =0 rw,,

)

I K 1, ol K I

Do), =) Nog +0,0y NOT + 0, AO' .
B mpoextnBHOM mpocTpaHcTBe £, paccMOTpUM m-MEpHYIO
mwiockocte P, ¢ MHOrOMepHbIM 1eHTpoM b, , KOTopyro 0003Ha-

-1 <

uum P . CneumanusupyeMm tnoxBmwkHoi penep {4,A4,A4,}
(@,...=Lm, a,..=m+1,n), nomeuas BepmMHbl A, 4, Ha BHEII-

HIOIO IUIocKocTh P

m>o

a BepIIMHBI 4, — B €€ LIEHTP, Ha TUIep-
wiockocts P, . Beibupass m Gopm B KauecTBe 0Aa3MCHBIX, 3aIli-
IeM ypaBHEHHUss MHOroobpasusi V,, — cemelicTBa IUIIEPIEHTPH-

POBaHHBIX IIOCKOCTEN P,:H B BUJE [2]
a _ 4o a _ 40
o =N w;, of =N ;. 3)
BbasucHbie popMbI yIOBIETBOPSIOT CTPYKTYPHBIM YPaBHEHUSIM
Y J — 2
Do =0/ nw;, 0/ =0/ -Aa,. 4)
®dyuaameHTanbHbll 00bekT 1-ro mopsimka A ={A", A?} ce-
MmetictBa V), , KOMIIOHEHTBI KOTOPOTO yIOBICTBOPSIOT YPaBHEHHUSAM
a(i) ai o A a(j) — Ak
ANTY =N’ =N 0;, ANT =N o, 4)
SIBIISIETCS] TICEBJOTEH30POM B cMbICie [1], comepskammmM MMOATICEB-

notemsop {A?}. 3nech muddepennmansusii onepatop A eii-
CTBYET CJICYIOLIUM 0Opa3oM:

A o -
AN = dA? + A0 + N of — A of .

OTMETHM, YTO A’f[jk] =0, A1 =0, rxe xBampaTHBIC CKOOKH

0003HaYaIOT aATbTEPHUPOBAHIE.
Hax wmuoroo6pasuem V,, BO3HHKaeT TIJIaBHOE pacCIOCHHE

G,.(V,) ¢ tunoebiM cnoem — noarpynmoii G, cranumoHapHOCTH
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TUIEPLEHTPUPOBAHHOM IJIOCKOCTH P IIpAYEM

m
r=n(n—m+1)+m*. CIpyKTypHBIE ypABHEHHS ACCOLHHPOBAH-
Horo ¢ MHoroo6pasuem V,, paccnoenus G,.(V,) cocrosr u3 ypas-
HEHUH (4,) U CIeyIOLUX:

N i b
Do =0’ ho; +0; N7, (6)

. ‘ . "
Dw; =o; Ao, + o, Ao}, (7)
Doy =wj no) + o, /\G)Z[, (®)
Da)aza)f/\a)ﬁ—a)l-/\a)fz, )
Do), =) A&+ Aoy + 0, Ao (10)

a o j o 4] o >

TIe

i oA i ik _ pak i ic k _ pak k i

o' =N w,, o] —A_j a)a+5_/.(a) A a)a)+5ja), (11
ai . pdi ] a i AN _Aa
w5 = Aja)ﬂ+§ﬁ(a) Aa)y) A .

Paccnoenne G, (V) comepxut 4 rnaBHbBIX (aKTOPPACCIOCHUS
CO CJEIyIOMMMHU CTPYKTYPHBIMHU ypaBHeHusMu [2]: 1) (41, 7) —
pacciioeHne IIOCKOCTHBIX JIMHENHHBIX Kopenepos L .(V,) ¢ tu-

IIOBBIM CJIOEM Lm2 = GL(m) — nuHeliHOW (aKTOPrpymIoH, nei-

cTByfolei Hea(hPeKTUBHO BO BHyTpeHHe# mwiockoctu P, ; 2) (44,
6, 7) — paccnoenue appuunbix kopenepos L, .. (V,,) ¢ THIOBbIM

cimoem L y =GA(m) — addunnoit akToprpynnoi, mercr-

‘m(m+1

BYIOIIEH B THIIEPIEHTPUPOBAHHON IuIockocTH P~ = P,,P,),

m

rne P, , < P,; 3) (41, 8) — pacciioeHre HOpMaJIbHBIX JTHHEHHBIX

m?

kopenepos L ,(V,) ¢ TUIOBBIM CII0O€M — JHMHEHHOH (aKTop-

(n—m)

rpymnmoi, aercTByromeld HedpPEeKTUBHO B MPOESKTUBHOM (aKTop-
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=P /P, (cm., manp., [1]); 4) (41, 8, 9) — pac-

CIIOEHHE IEHTPONPOEKTUBHBIX KOpenepos L, ., i (V,) ¢ -

npoctpanctse 9,

IIOBBIM CIOEM L,,_,,, — IEHTPONPOECKTUBHON (haKTOPTPYIIIION,

—m+1)
JEMCTBYIOIIEH B MIPOSKTHBHOM THUIIEPIIEHTPUPOBAHHOM (DaKTOPIIpO-
P, /P, D9

I[H(bq)epeHquysI BHEIIHUM 0Opa3om Qopmbl (4,) ¢ ydeToM
ypaBHenuit (7, 9) u nuddepeHnmanbHbIx ypaBHeHUH (5;) HA KOM-

on-m-1 o) ) o
CTPpaHCTBEC J - (Jn—m"‘Jn—m—l) , e Jn—m n—-m-1"

MMOHEHTHI 0100 BEKTa {A?} , IOJIyYuM
DO/ =60 N6/ + o, AO, (12)
rae

* =A% 0! + A7 0"+ (5] 0" + 6 0)) -
(13)
—(6/ A" w, +5/ N 0,)- 1" w

Tak kak 61 =0, To cnpasenyBa

Teopema 1. Mnozoobpasue V,, sensemcs cononomnviv [3] 21ao-
KUM MHO2000pa3uem.

3ameuanue. B pabote [4] paccMoTpeHO MPOU3BOJIBHOE CEMEii-
CTBO THIEPIEHTPUPOBAHHBIX TUIOCKOCTEH, HO HE TOKa3aHO, YTO
OHO SIBJISIETCS] TOJIOHOMHBIM MHOT000pa3neM.

Bo3sMeM HOBBIE CIIOEBEIE (popMLI

~i i i ~j ik
0 =0 Fa)_/., ®; = Fa)k, a)ﬂ—a)ﬂ Fﬂ
" (14)
~ i ~i i 7if
w,=0,-1,0,, 0,=0,—-L o

a™j"

JubdepeHnupys ux BHEITHUM 00pa3oM ¢ ydeTtoM (4, 6 —10)
u ucnone3ys Teopemy Kaprama — JlanreBa [5], momyuum, 4to
CBA3HOCTH B TiaBHoM paccnoenun G.(V)) 3amaercs ¢ momomisio

nonst obwvexta csznoctn [ ={I", I'7, '}, I,,L} } . Kommonen-
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Thl 00BbeKTa (PyHIAMEHTAJbHO-TPYIIIOBON CBA3HOCTU [ YJOBIE-
TBOPSAIOT TU(PepeHINATBEHBIM YPaBHEHHSAM:

A -rjo* + o =I' o,

i(k) ik _ ikl a(i) i _ paif
Ary" v oy =Ty a, Alp™ + o5 =y o, (15)
) 4 A i
Al + 1, 05—, =10

a™jo»

i(J) s i B ij ok _ ik
AL, + 1,0 — I o, + 1)) wg -1 o, =L, @ .

a

Teopema 2. O6vexkm GyHoameHmanrbHo-2pynnosoll C8sa3HOCMU
I, 3a0arowuii ceaznocme 6 2nasnom paccioenuu G.(V,), cooep-

. ik
orcum 2 npocmetiuux nodobvexma (17 ={I"}"} — obwexm nioc-
xocmuou apunnot cesznocmu, 1, ={I" Z’} — 00BEeKM HOPMATTLHOU

nunetinot ceasnocmu) u 2 npocmoix nodobvexkma (1, ={I", I} —
obvekm  niaockocmuou  obwell  aguuHou  CceA3HOCMU,
Iy={l,,I',} — obvexm HOpMANLHOU YEHMPONPOCKMUBHOU C6513-

HOCI’l’lu), 361()(1101/1/;14@ CBA3HOCMU  COOMBENICMBEHHO 68 qbakmop-
paccioenusix Lmz (Vm) ’ L(n_m)z (Vm)’ Lm(m+1) (Vm) ’ L(n—m)(n—m+1) (Vm)

3ameuanune. OOBEKT CBSI3HOCTH [ 00paszyeT KBa3HIICEBIO-
TEH30p JIMIIb B COBOKYTHOCTH C ()YHIaMEHTAJIbHBIM IICEBAOTCH30-
poM /. Ha3anus o0bekTaMm HaHbl C YYETOM Ha3BaHHUH paccioe-
HUMH, UX TUIIOBBIX CJIOEB U Pa3MEPHOCTH 0as3bl.

C yderom ypaBHeHHi (15) 3anuiemM cTpyKTypHbIe ypaBHEHUS
it popm cBsizHOCTH (14):

Do’ =’ /\aN)j’.+R”ka)j/\a)k,
~i o~k o~ ikl
Do, =w; oy + R o Aoy,

~a _ Y ~a aij
Doy =wz no, + Ry 0, nw;,
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=S5 =P A G i
Do, =, nog+R,0, N0,

a

ijk

a

~i o~~~ i~ ~i
Do, =w, n0; + 0, Ny +0, NO + R 0; Ay

Koaddumentsl mpu BHEIIHMX NPOU3BEACHUSX Oa3MCHBIX

g o
dopm R ={R", R} ,RZ,R!,RY"} COCTaBISAIOT OOBEKT KPHUBH3HBI

IPYIIIOBOM CBSI3HOCTH [
Rk — ilk] _Fl[jF;k] , Rj-kl — rj[kl] _F;ﬂ[kF’lZ] ,
Rgij — Fz[ii] _Fg[if;?(i],Rz — Ft[l[j] —Ff[[F‘j] , (16)
ng — Li)[[jk] _LIDE./F;k] _ [‘f[/‘LIE] _ F([j]"ik] ,

[pUYEeM aNbTEePHUPOBAHNE MPOU3BOIUTCS 110 KPAHHIM HHIEKCaM B
KBaJIpaTHBIX ckoOkax. [Ipomomkas ypasaenus (15), momyuum nud-
(epeHnnanbHBIE CPAaBHEHUSI:

Ari(j)(k) +F”t9,jk + Flja)lik _Flijka)l _F;ja)lk n a)ijk =0,
Ar 0 4 e + 710N - T o™ + 0l =0,
AP+ T3] + T - T + 0 =0, (17)
ATV + ko) Tl + T w, - T} =0,
AL’;ij)(k) +L’Z{6’1jk +L1{);a);k —L%a)fk +I—~0{kwi n Féwik _
I, +IMaly+ T oy - T ), =0,

T7Ie CHMBOJI « = » O3HA4YaeT CpaBHEHHE IO MOAYIO 0a3UCHBIX (hopMm

@, ¥ BBEJEHbI 0003HAYECHNUS
ik _ ok i il _ okl i si¢ K gakl kil
o" =N w,, 0] =A"0,+6(0" -N"w,)+5;0",

vy = A vy - 050" + 05 (N w, — Nw))+ A v, — N wy.
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Huddepentupys (16) ¢ ucrnonp3oBaHueM ypaBHeHHH (15) u
cpaBHeHuil (17), moayyuM cpaBHEHHS Ha KOMITOHEHTBI OOBEKTa
KPUBU3HBI R:

ARi(.f)(k) _Rlijkwl =0 , AR;(k)(l) =0 ,
ARZ(i)('j) =0, AR(S)('D +R£Uwﬁ =0,

AR 4+ Rl o' - R @, + RV )y - R/ ), = 0.

a
Teopema 3. ObOwvexm kpususuot R ¢yHoamenmanvho-
epynnosoul ceaznocmu I’ sensiemces ncee0OmMeH30poM, co0epica-
wum 2 npocmeuuiux {R;kl}, {RZij } u 2 npocmwix {Rijk,R;kl},
{Rg,RZ’j } nooncesdomenzopa, Komopwvie AGIOMC 00bEKMAMU
KpUususHsl coomeemcmeayouux nooceasnocmett I'y— 1T, .

Onpenenenue. Komnosuyuonnvim ochawenuem [1] cemerictna
Y, THIEpUEHTPUPOBAHHBIX IIOCKOCTEH P,;"_l HAa30BEM IIPUCOEIH-

HEHHUE K KaXKIOW IIIOCKOCTH P,ZH IBYX (UTYp — TOYKH H ILIOC-
KOCTH:
1) BeP, B¢P, :B®PFP, =P

m m>

2’) anmfl :Pm @anmfl :P

n-

3a,I[aZ[I/IM OCHallaromiue (bI/IprLI COBOKYITHOCTSAAMHU TOYCK
B=A+214, C,=A,+A A +1A.

[MponuddepeHunpyemM ux U, mepexois K CpaBHEHUAM IO MO-
IyJto 0a3UCHBIX (YOPM, TTOTYIHM

dB=6B+ (A + ')A,
dC, =0C, + 0)Cy + (AL, + 2,0 + @) A4, + (A4, + ®,)A.

yCJ'IOBI/IH, O6GCH6‘{I/IBaIOH_II/IC HWHBApUAHTHOCTL OCHAIIAIOMINX
HHOCKOCTefI, IO3BOJIIIOT HAWTH YpaBHCHUSI Ha KOMIIOHCHTLL 00b-

eKTa i:{ﬂ,i,/iz,/la}:
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i i __ g __qi i i i _ a0
M+ =V, A, +0,=2,0,, Ak, +1,0" +0,=4,0;.(18)
KomIto3uionHoe OcHaIeHue, 3a/laBaeMoe I0JIeM KBa3HTEH-

sopa A=1{A,1,,2,} ua muOroo6pazun V,

m>o

IIO3BOJIAICT OXBATHUTH
KOMITOHEHTHI 00BbEKTa CBSI3HOCTH I 110 hopMyiam

1 o . 0 .
=g A7 —2n’ I =, A" +5

i
a J

n*+8i 2,
0 ai i qj i a, i ! i i i i
p= N Ay = Ny +6pm" I o= A, (" = A) =15, (19)
Li=-Jnl - AY (n’ﬂ/li + /1’/1a/1k/1ﬂ) - AN, 2,
rae
nL=A, -2, 0 ==, +/1jA‘j’fi).
Takum 006pa3om, cripaBenInBa
Teopema 4. Komnosuyuonnoe ocHawjenue cemelcmea cunep-

YEHMPUPOBAHHBIX NIOCKOCHEl UHOyyupyem @yHOAMeHmanibHO-
2pPYNnosyIo C6A3HOCMYb 1-20 muna 6 accoyuupo8anHoOM paccioeHuu

! R LU T
G.(V,,) cobvexmom I'={I"*, %", I LI}

B muddepennmanbabie ypaBHeHUs JIIs1 KOMIIOHEHT OCHAIAI0-
mero kpasutenzopa A (18) BMecTo ciioeBbiX (JOpM MOACTABUM HX
BBIPKEHUS Yepe3 COOTBETCTBYIOIUE (POPMBI CBI3HOCTH U JIMHEH-
Hble KoMOuHanwH 0a3ucHBIX dhopMm u3 (14). [lepeHocs cmaraemsie ¢
0a3ucHBIMHU (pOpMamMu BITPABO U BBOJIS1 0003HAUCHHS, TIOTYUIUM

VA =VIZw;, Vi, =V'ie, Viy=Viw;, (20)
A€ BbIpAKCHUSA
VA=di+Xo,+a',
Vi =dhg = Asdly + @y, 1)
VA, =dA, + A0, - M@l + 2,0+,
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Ha3bIBAIOTCSI KOBApHAHTHBIMU IU(depeHrataMu KOMIIOHEHT OC-
HAII[AIOIIEro KBa3UTeH30pa A OTHOCHUTENBHO CBSI3HOCTH /', a KO3(-
(urenTsl pu 0a3uCHBIX popMax

VIZ =0 - ri -t

Vidy=2da+ A0 =T, (22)

VA, = -+ AT =2, - I

a

Ha3bIBAIOTCS] KOBAPUAHTHBIMHU IMPOU3BOIHBIMU OTHOCHTEIHHO [ .
[MpomomkeHus KOMIIOHEHT OCHAIAIOIIETO KBasWTeH3opa A
HMEIOT BU]L

AXY + 20l + 0 =0,
ALY — A0l — @l =0, 23)

a

o " . T "
AXD + 2 el — ’ﬂa)ﬂj +Ae® + A,0" =0.
ITocTpoeHnsl 0XBaTh

21 ij kOi'
ri=p-ry,

2, 0
i_ ! Bi
I'y=Aa+ 517, (24)
2 . i 0 . .0 4 2.
y_ vy _ y i y_ )
Lo=A, =2, Ui+ A U= A, 7.
Takum 00pa3zom, cripaBeInBa
Teopema 5. @ynoamenmanvro-epynnosas cesaznocmes 1 mo-
Jicem Oblmb Cc6edeHa K NIOCKOCMHOU obweli ap@uunot u Hop-
MATHOU TUHEUHOU C8AZHOCIAM C HOMOWbIO hopmyn (24).
CaencrBue. Komnozuyuonnoe ochaujenue cemeticmea cunep-

YEHMPUPOBAHHBIX NIOCKOCMEN UHOYYupyem @yHOAMEeHmanbHo-
2PYNNOBYIO CBA3HOCMb 2-20 MUNA 8 ACCOYUUPOBAHHOM PACCIOEHUU

2 o .0 2.2 2.
G,.(V,,) c obvexmom I' ={I" ", I" 4. 'V, " L7}
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The composite equipment for manifold
of hypercentered planes, whose dimension coincides with dimension
of generating plane
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In n-dimensional projective space P, a manifold V, , i.e., a family of
pairs of planes one of which is a hyperplane in the other, is considered.
A principal bundle G,.(V,) arises over it, r =n(n—m+1)+ m*. A typi-
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cal fiber is the stationarity subgroup G, of the generator of pair of planes:

external plane and its multidimensional center — hyperplane. The princi-
pal bundle contains four factor-bundles.

A fundamental-group connection is set by the Laptev — Lumiste
method in the associated fibering. It is shown that the connection object
contains four subobjects that define connections in the corresponding fac-
tor-bundles. It is proved that the curvature object of fundamental-group
connection forms pseudotensor. It contains four subpseudotensors, which
are curvature objects of the corresponding subconnections.

The composite equipment of the family of hypercentered planes set
by means of a point lying in the plane and not belonging to its hypercent-
er and an (n—m—1)-dimensional plane, which does not have common
points with the hypercentered plane. It is proved, that composite equip-
ment induces the fundamental-group connections of two types in the as-
sociated fibering.

Keywords: projective space, family of hypercentered planes, funda-
mental-group connection, curvature, pseudotensor.
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MpoponkeHHbIe NOYTH KBa3nUCacakueBbl CTPYKTYpPbI

BBoauTcs OHATHE MOYTH KBa3ucacakueBa MHOroo0pa-
3us. MHOrooGpasue ¢ moyTH KBa3ucacakueBOM CTPyKTypoi
sBJsieTCsl 0000IIEHNEM KBa3ucacakheBa MHOrooOpasusi U
OTIMYAETCd OT HEro TeM, YTO OHO MHOYTH HOPMAJIBHO.
CoopmynupoBaH XapaKkTepUCTHUECKMH NpPU3HAK IIOYTH
KBa3ucacakueBa MHorooOpasus. Haiinensl ycnoBus, npu
KOTOPBIX MOYTH KBa3MCACAKHEBBI MHOT0O00pPa3Us SBISFOTCS
KBa3MCaCaKNEBBIMH MHOTO00Pa3HsIMH, B YaCTHOCTH TOTAA U
TOJBKO TOTJa, KOT/Ia TIEPBBIH U BTOPOH CTPYKTYpHBIE SHIIO-
Mopdu3Mel KOMMyTHPYIOT. Ha pacnipeneneHuy modTH KOH-
TaKTHOTO METPUIECKOTO MHOT000pa3us OnpeenseTcs Ipo-
JOJDKEHHAsl MOYTH KOHTAKTHas METpUYecKas CTpyKTypa. 13
OTIpeieIeHUs] IPOIOJIKEHHONW CTPYKTYpHI ClIEeIyeT, 4TO OHa
SIBJISIETCSL KBa3UCACAKUEBOM CTPYKTYpPOIl JIMILIb TOT/1A, KOT1a
HCXOJ/IHAsl CTPYKTypa SBJISIETCS KOCUMIUIEKTUYECKOU C HY-
JIEBBIM TEH30pOM KpHUBH3HBI CxoyTeHa. Jloka3bpIBaeTCsl, 4TO
MIOCTPOEHHAs MPOJOKEHHAs ITOYTH KOHTaKTHAs MeTpHUYe-
CKasl CTPYKTypa ABIS€TCA CTPYKTYpOil MOUTH KBa3UCACAKH-
€Ba MHOrooOpas3usi TorzJa W TONBKO TOIZa, KOrJa TEH30p
CxoyTeHa UCXOIHOTO MHOT000pa3us paBeH Hyo. HaxomsT-
Csl COOTHOIIEHHS MEXIy BTOPBIMH CTPYKTYPHBIMH 3HJIO-
MOpGH3MaMHU HCXOIHOM U MPOIO/DKEHHOM CTPYKTYD.

Kniouegvle cnosa: noutu KOHTAKTHOE METPHUUECKOE MHOroodpasue,
BHYTPCHHSIS CBSI3HOCTbH, IMOYTH KBa3HCACAKHEBO MHOr000Opasue, Mmpoaosi-
JKEHHAas TIOYTH KBa3UCaCaKUeBa CTPYKTYpa.

Hocmynuna 6 peoakyuro 30.06.2021 2.
© I'anaes C.B., 2021

63


https://orcid.org/0000-0002-1129-7159

IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

BBeagenne

KBa3ucacakueBbl CTPYKTYpBl SIBISIOTCS 0OO0OOIIAIONIMMHU 10
OTHOILIEHUIO K CAaCaKMEBBHIM M KOCHMILJIEKTHUYECKUM CTPYKTypam
[7; 10; 11]. Eme Gomee mmpoOKU# KiTacc COCTABIAIOT MOYTH KBa-
3UCAacCaKueBEl CTPYKTYpHI (AQS-cTpykTyphl). Hadano u3ydenuro
AQS-cTpyKTyp HOJ0XKeHO B paborax [4; 9], rie MbI BBEIU TOHS-
THE TIOYTH KOHTAKTHOT'O K3JEpPOBAa MHOI000pa3us — IOYTH HOP-
MaJIBHOT'O MOYTH KOHTAKTHOTO METPUYECKOTr0 MHOTO00pa3us ¢ 3a-
MKHYTOH (pyHIameHnTansHOH Gpopmoii. B HacTosmeit pabore noutn
KBa3UCACAKHEBBl CTPYKTYpPHl BO3HHUKAIOT B PE3yJIbTaTe YTOUHEHUS
MOHATHS IOYTH KOHTAKTHOTO K3JIEpOBa MHOI000pa3usl.

Mmuoroobpasue Cacaky IpeAcTaBiIsieT co00l HOpMaIbHOE KOH-
TaKTHOE METpUieckoe MHoroodpasue. «HopManbHOCTEY» O3Ha4YaeT
BBITOJIHEHHE YCIIOBHS

N,+2dn®& =0,

e Ny(X.Y)=[pX.0Y]+9? [X.Y]-0[pX.Y]-p[X.0¥] —

teH3op Helienxeiica crpykrypHoro snaomopdusma ¢. Ksaszucaca-
KHEBO MHOT000pa3ue — 3TO HOPMaJIbHOE I10YTH KOHTAKTHOE MET-
pudgeckoe MHOTooOpasue ¢ 3aMKHYTOH (yHIaMEHTaIbHOH ¢hop-
Moii: dQ)=0. OyHgaMeHTaIbHON POPMOIl CTPYKTYPBI Ha3bIBAETCS

KOCOCUMMETPHUUYECKHUH TEH30D Q(X Y ) = g(X ,pY )

IToyTH KOHTAKTHOE K3JIEPOBO MHOrooOpasue — 3TO MOYTH
HOPMAJIBHOE IOYTH KOHTAaKTHOE METPUYECKOE MHOT000pa3ue ¢
3aMKHYTOH (pyHIamMeHTaIbHOH dopmoii: d2=0. [lodtn KOHTAKT-
Has CTPYKTypa Ha3BaHa HAMH TMOYTH HOPMAJBHOW CTPYKTYpOIA,
€CJI SHJIOMOP(U3M ¢ YIOBICTBOPSIET YCIOBUIO

Ny=N,+20*dn®¢& =0.

AQS-cTpyKTypa — 3TO MOUYTH KOHTaKTHas K3JepoBa CTPYKTY-

pa, YAOBJIETBOPSIIOIIAsl AONOJHUTEIFHOMY YCIOBUIO: d7 (5 , ) =0.
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PaccMoTpyM MOYTH KOHTAaKTHOE METpHYECKOe MHOrooOpasue
M newetHOI1 pazmepHocTy 1 =2m + 1. [lycTb (M LE 0,0, g,D) —
3aJaHHas Ha MHOTrooOpasuu M TOYTH KOHTAaKTHas MeTpHhdecKas
CTpyKTypa, rae ¢ — TeH3op tuna (1,1), Ha3pIBaeMblil MEPBBIM
CTPYKTYpHBIM SHIOMOP(H3MOM, & ¥ 7] — BEKTOP U KOBEKTOP,

Ha3bIBa€MbIE COOTBETCTBEHHO CTPYKTYPHBIM BEKTOPOM U KOHTaKT-
Holi opmoii, g — (TiceBI0)puMaHoBa MeTpuKa. [Ipu 3TOM BBITION-
HSIOTCS CIEAYIOIINE YCIIOBHS:

D) ¢* == +7®E,
2) n(€)=1,
3) g(pX.0Y)=g(X.Y)-n(X)n(Y),
rne X,Y el'(TM). 3nece I'(TM') — MOIynb TIaAKUX BEKTOPHBIX

noJjiex Ha M.
I'mankoe pacrpenenenue D =ker#n Ha3bIBaeTCs pacmpeselie-

HUEM MOYTU KOHTAKTHOM CTPYKTYPBI.
B kauectBe cneacTBus ycnoBuit 1)—3) nomydaem

4) p£=0,5) nop=0,6) n(X)=g(X.&), X eT(TM).

Kococummerpuueckuilt TeH30p Q(X .Y ) = g(X ,pY ) Ha3bIBa-
ercs GyHAaMeHTaNbHOW (opMOil cTpyKTypbl. Iloutn KoHTakTHas
MeTpHUYecKasi CTPYKTypa Ha3bIBae€TCsi KOHTAaKTHOW METpHYECKOH
CTPYKTYPOI, €CIi BBIOJNHSAETCA paBeHcTBO ) = d7. I'magkoe pac-
HpeeieHue Dt = span(g? ), OpPTOTOHAJBHOE pacHpeneseHuto D,
Ha3bIBaeTCs OCHallleHueM pacrpenenenus D. Mmeer mecto pasiio-

xxeune TM :D(-DDJ‘.
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MHOFOO6pa3I/Ie Cacakld — KOHTaKTHOE METPUYCCKOC IPOCT-
PaHCTBO, YAOBJICTBOPAIOMICE JOINMOJIHUTCIIBHOMY YCIIOBUIO

N =N, +2dn®& =0,
rae
Ny (X.Y)=[pX,pY |+ [X.Y]-9[pX.Y]-p[X.0¥] —
teH3op Heiienxeiica supomopdusma ¢. BrimonHnenue ycnoBus

N((pl) =N, + 2dn ® E =0 o3Hauaer, 4yTo MpocTpaHcTBO Cacaku sB-

JIA€TCA HOpMaJIbHBIM IPOCTPAHCTBOM.

Ha3zoBeM mouTH KOHTaKTHOE METPUYECKOE MHOT00Opasue Io-
YT KOHTAKTHBIM K3JIEPOBBIM MHOT000PA3HeM, €CIIH BBITOIHSIIOTCS
ciaenyromme ycnosus: dQ =0, Nj,=N,+2¢p*dn®¢& =0. Muo-
roo6Opasue, sl KOTOPOTO BBIMOJHSIETCS YCIOBHE

Ny =N, +20*dn®5 =0,

Ha3BaHO HAMH IOYTH HOPMaJbHBIM MHOTooOpasueM. OueBHIHO,
YTO MOYTH HOPMAJIBHOE MOYTH KOHTAKTHOE METPUYECKOE MHOTIO-
o0pasue sBJISIETCS HOPMAaJIbHBIM MHOT000pa3sueM TOTJa U TOJIBKO
Torna, korna dn =@ *dn.

Ilycte P: TM — D — NpOEKTOp, ONpPEACIIeMbIid PA3IOKEHU-

em TM =D® D", Torma mMeeT MecTo CllemyIonee MPeIOKEHHUE.
Hpenaoxenue 1. /[na 1106020 noumu KOHMAKMHO20 Mempu-
4ecK020 MH02000pa3us GbINOIHAEMCS  cledyloujee PaBeHCMmeEo:

M — N
PNy’ =N,,.
Hokazamenvcmeo.

PND (X,Y)=P((pX,0Y ]+ ¢*[X.Y]-0[pX.Y]-p[ X0 ]+
+2dn(X,Y)E)=P[pX,pY |- P[X.Y]-0[pX.Y]- o[ X,pY]=
=[pX.0¥]-n([pX.0Y])E ~[X.Y]+n([X.Y])E - p[pX.Y]~
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~p[ X, Y] =[pX, 0¥ ]+ 0* [ X,Y]-0[pX,Y]-p[ X, 0V ]+
+2dn(pX,pY)E =N, (X.Y).

HpCZ[J'IO)KCHI/IC JOKa3aHo. 3aMCTI/IM, YTO M3 TOJBKO YTO JOKa-
3aHHOTI'O NPECIJIOKECHHUA CIICAYET COOTHOLICHUE

) — N E
Ny (X.Y)=N,(X.Y)+2(dn(X.,Y)—dn(pX.pY))E.

IIpuBenem nBa MpoCTEUIINX IMPUMEPA MOYTH KOHTAKTHBIX K3-
JIEPOBBIX MHOT'000pa3uii.

[pumep 1. Ilycte M = {(x,y,z,u,v) eR’ 1y # O} — TIagKoe
MHOroo0Opasue pasMEepHOCTH 5, OCHAIEHHOE IMOYTH KOHTAKTHON
METPUUYECKON CTPYKTYpOr (M ,ff 1,0, g,D). 31ech:

1) D=<él,52,é3,é4>, rac él =81 —y85, 52 262, é3 283,
é4 =04, (01,07,03,04,05) — eCTECTBEHHBI Ga3uC POCTPaH-

CTBa RS,
2) £=0s,
3) n=dz+ ydx,

4) pe|=e3, pey =éy, pe3=—e|, péy=-¢é, ¢p5 =0,
5) 6azuc (51,62,53,64,5 ) COCTOHMT U3 OPTOHOPMHUPOBAHHBIX

BeKTOpoB. HemocpeacTBeHHO poBepAETCs, UTO MOYTH KOHTAKTHOE
METPHUYECKOE MHOrooOpasue M He sBisieTcS HOPMaJbHBIM, HO SB-
JIsieTCsl IOUTH HOpMaJIbHBIM MHOT000Opa3ueM. /leiicTBUTENbHO,

NP (@.8)) = 9216.611 413,841 91é3. 81— plé. 4]+
12d1(&),6))E = p*E ~n(E)é =&,

C apyroi CTOpOHBI, N¢(El,éz) = 2d77(é3,é4)§ =0.
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s paccMaTpuBaeMoil CTPYKTYpbl BBIIOJIHSAETCS. PABEHCTBO
dn(E,X) =0, X eI (TM).

Takum obpazoMm, w =dn B paccMaTpUBaEMOM NPUMEpPE SBIIS-

€TCsl JAOMYCTUMBIM TEH30PHOM IIOJIeM, K KOTOPOMY IpPHUMEHHMa
BHYTpeHHsIs cBs3HOCTh V. Ilpu atom Vw =0. IlycTs, nanee, y —

SHAOMOP(U3M, ONPEeNIIeMbIii PaBEHCTBOM a)(X Y ) = g(l//X Y )
KoopaunatHoe npencrasieHne 3HAOMOp(H3Ma i BBINJISAUT Cie-

b

IOyIoIHM 00pazom: V/Z =g"“@,,. TeM caMbIM JIsl CITydast MHOTO-

oOpasusi M cien kBajpaTa 3HIOMOpPQHU3MA | SIBISIETCS MMOCTOSH-

HOH BEIMYUHOMN: tr(l//z) = const.

IIpumep 2. B sToM mpumepe paccMaTpUBAaeTCsl TO K€ Camoe
MHOroobpasue M c TOW IHIIb pasHULEH, 4To € =0] — yz05,

1 =dz + yzdx. OnHaKo, B OTIMYUE OT MPEABIAYIIETro ciydas, yCiIo-

BHUE dn (é" , ) =0 He BbInoJHAETCA. JleCTBUTENBHO,

2dn(E.)=-n([£.a])=y=o0.

HazoBeM mo4TH KOHTaKTHOE METPUYECKOe MHOT000pasue Io-
YTH KBa3HWCacaKueBBIM MHoroooOpasuem (AQS-MHOroo6pasuem),
€CJIM BBITIOJTHSIOTCS CIIEAYIONIHNE YCIOBHUS:

dQ=0, N,=N,+2p*dn®& =0, dn(&,")=0.

3aMeTI/IM, 4TO U3 IIpUMeEpa 1 CICOYECT, YTO CYHIECTBYIOT TaKUC
IIOYTH KBa3HMCACaAKHECBEBI MHOF006p33I/I}I, JJI1 KOTOPBIX BBIINIOJIHAIOT-

csi ycnoBust: Vo =0, z‘r(l//z)zconst. IIpu 3TOM paBeHCTBO

Vo =0 3kBHUBaNEeHTHO paBeHCTBY V i = 0.

HmMmeet mecto cJIeayrouias TeopemMa.
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Teopema 1. [loumu xKoHmaxkmuas mempuyeckas CMpyKmypda
AGNACMCS. NOYMU K8A3UCACAKUEBOU CIMPYKMYPOU mo20a U MOabKO
mo2oa, Ko20a BbINONHACINCA PAGEHCNBEO

(Vxo)Y =g((vor)r, X)E-n(Y)(pow)(X)-

—(X)(poy —wop)Y.

Crenyromuye MPEUIOKEHUS SBISIOTCS HETOCPEACTBEHHBIMU
CJIEICTBHSIMH T€OPEMBI 1.

[pennoxenne 2. Iloumu KoOHMAKMHAL MEMPUUECKAST CIPYK-
mypa s611emcs K8a3Uucacaxkuesou CmpyKmypou mozoa U moabKo
mo2od, K020a 8bINOIHACMCS PABEHCEO

(6X¢)Y:g(AY,X)§—77(Y)AX, A=poy.

Hpenaoxenue 3. [loumu xeazucacaxueso mMHo200bpasue s6-
JISIeMCS KEA3UCACAKUEBLIM MHO2000pa3ueM moz20a U moabKo moe-
0a, K020a 6bINOJHAEMCA 0OHO U3 CAeOVIOUWUX IKBUBAICHIMHBIX VC-
J06UlL:

) dn=gp*dn,

2) poy —yeop=0,

3) g(X,AY)=g(4X.Y), A=poy.

Beenem Ha pacnpenernieHuu D NOYTH KOHTAKTHOTO METpUYe-
CKOTO MHOT'000pa3usi CTPYKTYpY TJIaJKOr0 MHOTOOOpa3us CICAyo-
M 00pazom. [loctaBiM B COOTBETCTBHE KaXI0M a1all THPOBAHHON
kapre K(x%) [1—3] muoroobpasus M ceepxkapry K (x%,x"*%)
Ha pacnpeaeneHuu D, nonaras, 4to

% (24 n+a

K(X)=(x%x""),
rae X" — kxoopmmHaThl jpomycTHMOTO BekTopa X B Gasmce
é,=0,-Tho,: X=x"""¢,. 3ananue pHyTpenueii casizHocTH V

BIIEYET  pA3JIOKEHWE  pacupeneneHus D =7, l(D), rae
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7:D— M — ecrecTBeHHas IPOEKLUs, B IPIMYK CyMMYy BHJa
D=HD®VD, rne VD — BEPTHUKAJIBHOE PACIpPENEIICHUE HA TO-

TaJIbBHOM npocTtpaHctBe D, HD — ropu3oHTajJbHOE paclpeneie-
HUE, TOPOXKIAEMOE BEKTOPHBIMU MOJIIMU

- b
Eq :aa _ann _Gaan+b’

rae Gg (x4, x4 = FZC (x%)x"C, cm — k03¢ punEeHTH BHYT-

pEHHEN CBA3HOCTH.

Ilyctse, nanee, N: D — D — mnoJie 10IIyCTUMOrO T€H30pa THUIIA
(1,1). N-mpoomKeHHOM CBSI3HOCTBIO [5; 6; 8] Ha30BEM CBSI3HOCTH
B BEKTOpPHOM paccioennu (D,z, M), onpenensieMylo pa3ioKeHH-

em TD =HD ® VD, rne ﬁDzHD@Span(z?), Uy :Z‘—(NX)V,
£=0,, XeD, (NX )v — BepTUKaNbHBINA JTUGT. OTHOCUTEIBHO
6asuca (£,,0,,0,,,) TONE i TIOIydYaeT CIEAyIOllee KOOPAUHAT-

Hoe mpencTaBnenue: i =0, — Nix"0o Ecinu He oroBopeHo

n+a-
MpoTUBHOE, Oyaem cuutath, uro N=0. B oa3tom cmydae

HD = HD @ Span (0)-
DopMbI
(dx®,0" =dx" +T"dx® ,@"% = dx™% 1 T x"*¢ax")
OTIPEIEIISIIOT TI0JIe KOOA3MCOB, COMPSHKEHHOE K TTONTI0 6a31COB
(84 =04 ~T0, ~Toex"0,1.0,.040)-

[IpoBomst HEOOXOAMMBIEC BBEIYHCICHHUS, MOyIaeM CIIEAYIOIIHE
CTPYKTYpHBIC YPaBHCHHSI:

- = n+d pc
[ga,gb] = 2wbaan +X Rbadan-rc’
= n+d c
[Sa,an] =X 6nradan+ca

[ga > an+b ] = Fflbal’H-C'
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Besikomy BexropHoMy momo X € I'(TM ), 3anaHHOMy Ha MHO-

roodpazun M, OOBIYHBIM OOpa30M COOTBETCTBYET €r0 TOPHU30H-

TaabHbI JUGT X h , Tpu 3ToM X her (HD) TOT/Ia ¥ TOJIEKO TO-

riaa, korga X — momyctuMoe BekTopHoe mojie: X € I (D)

CripaBeNTUBOCTh CIIAYIONIEH TeOpEMbl BHITEKAET U3 TIOTy4EH-
HBIX BBIIIE CTPYKTYPHBIX YPaBHCHHIA.

Teopema 2. [lycme V — @HymMpenHsas CUMMEMPUYHAS CB513-
Hocmb ¢ menzopom kpususzuvl Cxoymena R(X,Y)Z. Tozoa ons ecex

X,Y e F(D) u p €D umerom mecmo credyrouue pasencmea:
[Xh,Yh} —[x 7] —{r(x,7) 5},
_ _h ~
X[ ET PR
[Xh,YV:' —(VyY),

[Xh,fh}z[)(,ﬂv.

OnpenenuM Ha pacnpezaeieHur D mHoroooOpasus Cacaku M
MIPOJOKEHHYIO IIOYTH KOHTAKTHYIO METPHUYECKYIO CTPYKTYpY

(D,J,ti,A =107, g~,l~)), roJjaras
gy =g YY) = g(x,Y),
XMy =g(xv Y =g(x" @)= g(xV,i) =0,
JXM=xV, JxV =-x", J(ii)=0, X,Y e(D), ii=0, =&"

Jlerko mpoBepuTh, YTO MOCTPOCHHAs BbILIE CTPYKTypa JEH-
CTBUTEJILHO SBJSETCA MOYTH KOHTAaKTHOW METPUYECKOH CTPYKTY-
poil. Pa3Hble acIEKTBI TEOMETPUN MTPOJOHKEHHBIX MTOUTH KOHTAKT-
HBIX METPUYECKHUX CTPYKTYP OCBEINAIKCh B paborax [6; 8].
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Teopema 3. [loumu KOHMaKmuas Mempuyeckas CMpyKmypd
(D,J,ui,A=n0m, g,D), onpedensiemas Ha pacnpeodeienuu D no-
Ymu KOHMAKMHO20 MEMPUYECKO20 MHO2000pasus, saeasemcs AQS-
cmpykmypou moz0a u moivko mozoa, koeoa D — pacnpedenerue
HY1€60U KDUBU3HDL.

JlokazarenbcTBOo. UMeem

da( X" ") =dn(x.y), da(x".y")=o,
dﬂ(XV,YV)zo, d/i(Z,Eh)zo, X,YeT(D), Zel(TD).
IIpoBepHM BBIIIOJIHEHHE CIEAYIOLIETO YCIOBHUS:
[JX,JY]+J2[X, Y]~ J[JX,Y]-J[ X, Y]+ 2dn (JX,JY )i =0,
X, YeD(TM).
Orpannunmcs caydaeM X =&,, X =&p. Umeem
[JEq,J 81+ T2 (84,81 T[54, Ep1— T [Eq,TEp ]+
o N 21~ =
+2dA(J €4, JEp )i =[0y1q:0nsp |+ [E408p ] -

_J[an—i-a 7§b ] - J[ga’an+b ] + 2dﬂ(an+a aan+b )”7

n+d pc c = c = n+d pe
=—x"""Ry Onic T & —T péc=—x"""Ry 10yic.

CrpaBenTMBOCTh TPEIOKEHUS 4 TIPOBEPSETCS HEMOCPEICT-
BEHHO.

Ipennoxenne 4. Ilycmo y — 6mopoui CmpyKmypHblii 3HOO-
MOp@U3IM UCXOOHOU CIMPYKMYpbl, d W/ — GMOPOU CIMPYKMYPHDbILLL

sHOomoppusm npodoaxcennoi AQS-cmpykmypol. Tozoa evinonms-
romces cuedyioujue COOMHOUEHUSA!

X" =(yx)", px’ =0, gi=0.
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The notion of an almost quasi-Sasakian manifold is introduced. A ma-
nifold with an almost quasi-Sasakian structure is a generalization of a
quasi-Sasakian manifold; the difference is that an almost quasi-Sasakian
manifold is almost normal. A characteristic criterion for an almost quasi-
Sasakian manifold is formulated. Conditions are found under which al-
most quasi-Sasakian manifolds are quasi-Sasakian manifolds. In particu-
lar, an almost quasi-Sasakian manifold is a quasi-Sasakian manifold if
and only if the first and second structure endomorphisms commute. An
extended almost contact metric structure is defined on the distribution of
an almost contact metric manifold. It follows from the definition of an
extended structure that it is a quasi-Sasakian structure only if the original
structure is cosymplectic with zero Schouten curvature tensor. It is proved
that the constructed extended almost contact metric structure is the struc-
ture of an almost quasi-Sasakian manifold if and only if the Schouten ten-
sor of the original manifold is equal to zero. Relationships are found be-
tween the second structure endomorphisms of the original and extended
structures.

Keywords: almost contact metric manifold; internal connection; al-
most quasi-Sasakian manifold; extended almost quasi-Sasakian structure.
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Komnnekcbl annuncongos ¢ MHAWKaTpUcamun
KOOpPpAUHATHbLIX BEKTOPOB B BUAe nOBerHOCTeVI

[Ipomomkaercst mcciaenoBanne B TpexmepHoM adduH-
HOM TIPOCTPAHCTBE KOMIUIEKCOB (TpeXmapaMeTpPHIeCKUX
CEMEWCTB) 3JUIMIICOUIOB, PACCMOTPEHHBIX paHee B psije
pabot aBTOpa. M3y4aercss MHOrooopasue 3JUIUICOUI0B, KO-
I71a KOHIIBI KOOPIWHATHBIX BEKTOPOB COBMAAAIOT C (¢o-
KaJbHBIMH TOYKAMH, a TIepBasi KOOPAMHATHAS psAMas OIH-
CBHIBaCT LMJIMHJIPUYECKYIO IMOBEPXHOCTh, IIPH 3TOM Ha 00-
pasyroleM 3JIeMEeHTe UMEIOTCS o KpaitHed Mepe Tpu do-
KaJTbHBIC TOYKH, HE JICKAIINe HAa OHOW MpsIMON W Ha Of-
HOW IUTOCKOCTH, IPOXOAIIEH uepe3 LEHTP, U ONpPeaeso-
e TPU CONPSDKCHHBIX HampaplieHusa. 3 ykazaHHOTO
MHOT000pa3us BBIACISETCS KOMIUIEKC SJUTHIICOMIOB MpHU
YCIIOBHH, KOT/Ia MHIUKATPUCHI BTOPOTO M TPETHETO KOOP-
JUHATHBIX BEKTOPOB OyIyT ONMUCHIBATH MOBEPXHOCTH C Ka-
CaTeNBHBIMH IUIOCKOCTSIMH, TapajUIeIbHBIMH TPEThe KO-
OpPAMHATHOHN IJIOCKOCTH, a KOHEI] BTOPOTO KOOPJHMHATHOTO
BEKTOpa ONMCHIBAET JIMHUIO C KacaTeIbHOM, mapanieasHon
NepBOMY KOOpAMHATHOMY BeKTOpy. Jloka3aHa Teopema cy-
IIECTBOBAHUS HCCIIEAyeMOro MHorooopasus. HaiineHs! reo-
METPHUYECKHE CBOWCTBA PAaCCMAaTPHUBAEMOT0 KOMILIEKCA.

JlokazaHo, 4TO KOHEI[ IIEPBOT0 KOOPIMHATHOTO BEKTO-
pa, TOUKH IEePBOH KOOPAMHATHOM MPSAMOM, a TakKe NepBOH
KOOPAMHATHON IUTOCKOCTH ONHCHIBAIOT JBYIapamMeTpHye-
CKOE€ CEMEHCTBO IIOCKOCTEW, KOHELl TPEThEro KOOPAUHAT-

Tlocmynuna 6 peoaxyuro 17.02.2021 e.
© Kpetos M.B., 2021
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HOTO BEKTOpa OIHCHIBAET ABYIApaMETPUICCKOE CEMEHCTBO
UUAJTUHIPUYECKUX TJIOCKOCTEH, TOUYKA TPEThed KOOpIUHAT-
HOM MJIOCKOCTH OIHCHIBAET OJIHOMApaMETPUUYECKOE CeMeii-
CTBO JIMHUM C KacaTelbHBIMHU, MapajuIeIbHBIMU IIEPBOMY
KOOPJIMHATHOMY BEKTOPY.

XapaKkTepuCcTHIeCKOe MHOT000pa3re 00pa3yroIiero Je-
MEHTa COCTOWUT M3 IIECTH TOYEK: BEPIIMHBI permepa, Tpex
KOHIIOB KOOPJMHATHBIX BEKTOPOB M JIBYX KOHIIOB: CYMMBI
MIEPBOTO U BTOPOTO KOOPAMHATHBIX BEKTOPOB, a TAKXKE CyM-
MBI TIEPBOTO U TPETHETO0 KOOPAUHATHBIX BEKTOPOB. DOKab-
HOE MHOT000pa3re dIUIHIICOUA, TPOOETAIOIIEr0 HCCIleaye-
MBI KOMIUJIEKC, COCTOMT TOJIbKO M3 TpeX TOYEK, SIBIISIO-
IIUXCSI KOHIIAMU KOOPIUHATHBIX BEKTOPOB.

Knrouegwie cnosa: KoMIuIeKe, KOHTPY3HIMS, penep, dummicons, ahdus-
HOE MPOCTPAHCTBO, MHANWKATPHCA BEKTOPA, XapaKTEePHUCTHUECKOE MHOTO-
obpasue, hokaTbHOE MHOTOOOpa3ue.

B TpexmepHoMm addUHHOM TpOCTpaHCTBE MPOJOIDKAETCS HC-
ClIeIOBaHNE KOMIUIEKCOB (TpeXImapaMeTPHIeCKIX CEMEWCTB) dJI-
JUTICOUOB, H3yUeHHe KOTOPhIX OBbUIO Hadato B paborax [1—S5], B

penepe r ={4,e;}, i, J k... =13, MOCTPOESHHOM B padore [2].
OGo3Haunm uepe3 A; xoHupl BektopoB €, M, — Texyumme

TOYKH KOOPAMHATHBIX oceil (4,e;), M;,, — Tekyume TOYKHU co-
OTBETCTBEHHO NEPBO, BTOPOH U TpeTheil KOOPAMHATHBIX IIOCKO-
creit (4,e,e,), (4,e,e;) u (4,e,,e,).

Penep 7 B pabote [2] cneruanu3upoBaH CIEAYIOUUM 00pa-
30M: KOHIIBI BEKTOPOB €; COBNAJAIOT ¢ (OKAIbHBIMH TOUKaMu A,
[6], mpu >TOM perniep OyaeT kaHOHHYECKUM. B 31011 sxe padote pac-
CMOTpeH KoMIIeKe dmunconnos K , korna npamas (AA4,) onu-

CbIBACT HUIIMHAPHUYICCKYIO ITIOBEPXHOCTH U HA JJUIMIICOUAC ¢ HME-

I0TCS 110 KpaiiHeil Mepe Tpu (okanbHbie TOukH A, KOTOpBIE He

JiexaT Ha OJHOM HpsIMOM M Ha OJHOW IUIOCKOCTH, MPOXOASILEH
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4epes EHTP, U OMPECIAIOT TPU CONMPSIKSHHBIX Hanpasienus. [Tpu
9TOM ypaBHEHHE JJUTUICOMAa ¢ W cuctema ypaBHeHui lldadda

komIuiekca K _,? COOTBCTCTBCHHO UMCIOT BU/
F=")+(x%) +(x°) -1=0, (1)
i j 2 1 2 3
o =-0, 0 =0, 0,=a0" +po’, & =0, ()
1 2 3 3 2 3 2 2 2 2 3
oy, =Po +yw, 0, =A0 -0, &5 =(165; —1)o” +65;,0°.
0
Jns koMmekcoB K cIipaBeUINBEI YCIOBUS
dA=w'e 2 5. de =-w'e 3
=wetwe, +twe,, de=-we, 3)
de, = (a0’ + fo’)e, - 0’e, + (A(A63; — Do’ +65,0°) — 0°)e;,
— 2 3\= 2 2 2 3\— 3
de, = (fo” +yw’)e, + (A65; —Do” +65;,07)e, —w’e;.
B HaCTOﬂH.[efI pa60Te 6y):[eM HCCICA0BaTh KOMIIJICKCHI JJIIMII-

7 0
connioB K , BeIJIETIEHHBIE U3 MHOrooOpasus K; TNpH yCIOBHHM, YTO

WHANKATPUCHI BTOPOTO U TPETHETO KOOPIUHATHBIX BEKTOPOB OYAYT
OMHCHIBATH MOBEPXHOCTU C KacaTeIbHBIMH IUIOCKOCTSIMU, Hapal-
JeNbHBIMU KOOPAUHATHOHU IutockocTu (4,e,,e;), a KOHel Koop-

JUHAaTHOTO BEKTOpa €, OyIeT ONMChIBAaTh JMHUIO C KacaTeJbHOU
HpsIMOM, MapalIeIbHON BEKTOpY e, . Torma B cucteMe ypaBHEHUH
[dadda (2) xoapdummentsr ¢, f, y U A oOpaTiITCI B HYIIb.
IIpu 3TOM

de, = —0)252 - 0)353 , de; = (ue’ — a)z)éz - a)3é3 , (4)
dA za)lél,rz[e ,u:6323.
Cucrema ypasHernii Ilhadda Kommiekca dILIHICOHIOB K
3aITUIIeTCs B BUJIE
o =-0', o =0, =0 =0, =0, ©) =—", (5)

2 2
0 =—0 + po .
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Teopema 1. Komnnexcer snnuncoudos K cywecmsyiom u on-
Peoensiomcest ¢ NPOU3B0AOM OOHOU YHKYUU 0OHO20 apeyMeHma.

Jloxazamenvcmeo. Yncroe 3aMbikanue [7] cuctemsl (5) IMeeT BUIT

dun® =2 Aw’)=0. (6)

U3 (5) u (6) caenyer, uro s, =1, 5,=0, 5,=0, N=Q0=1.

Cucrema (5, 6) B MHBOJTIOIHH U ONPEAEISICT KOMILICKCHI DJITHIICO-

unoB K ¢ nmpou3BOJIOM OJHOW ()YHKIIMHM OJHOTO apryMmeHTa. Teo-
pema joKka3aHa.

Teopema 2. Komnnexcol snmuncoudos K obraoarom credyio-
WUMU 2eOMEMPULECKUMU CEOUCIMBAMIL:

1) xoney nepeoco KOOPOUHAMHO20 BeKMOPA, MOYKU NepEOll
KOOPOUHAMHOU NPAMOL, a MAKdice nepeoll KOOPOUHAMHOU NIO0CKO-
CMU ONUCHIBAIOM KOHZPYIHYUU NIOCKOCTEl;

2) KoHey mpemveco KOOPOUHAMHO20 BeKMOpd ORUCLIGAEm
KOH2PYIHYUIO YUTUHOPULECKUX NOBEPXHOCTELL,

3) mouxku mpemvell KOOPOUHAMHOU NAOCKOCIU ONUCHLIBAIOM
O0OHONAPAMEMPUYECKOE CeMelCmBE0 TUHUL ¢ KACamenbHblMU Npsi-
MbIMU, NAPATTETLHLIMU NEPEOMY KOOPOUHATNHOMY 8EKIMOPY.

Joxazamenvcmeo. s MccaeqyeMoro KOMILIEKCa SIIIMIICOU-
JIOB HaliJieM ciieayromue TudpepeHnab:

d4, = a)zéz - a)3é3 ,
dd, =w'e,,
dA, = w'e, — uw'e,
dM, = 0)252 + a)3é3 ,
dM, = w'e, + X’ (0" — uw')e, + o’ (1-x")e;, (7)
M, = 0'e, + (0" — X’ + i’ )e, + X’ v'e;,
dM, =x (0" — uw’)e, + o' (1-x7)e,
dM = xl(l — a)l)E1 + (a)2 X"+ ,ua)3x3)52 + x2a)353 ,

dM = w'e,.
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Amnamuzupys u auddepentmpys Gopmynst (7) coriiacHO MeTo-
IIMKE WCCIIeJIOBaHWs, W3IOKEHHOW B KHuUTe [8], yOexmaemcs B
CIIPABEMIINBOCTH TEOPEMBI.

XapakTepucTiuueckoe MHOroodpasue [6] amnunconna g 3ama-

€TCsl CUCTEMOU yPABHEHUI
/=0, F=0,F=0, (®)

1
rae Fj, yAoBIETBOPSIOT YPaBHEHUIO _EdF = Fka)k .

Jnsg uccnenyeMoro KoMIUiekca JIIHIICOUI0B cucteMa (8) mpu-
MET BUJ

X -D=0, ¥+ D=0, X (& +x -’ =1)=0.(9)

W3 cucrems! ypaBHeHui (9) ciaemyer
Teopema 3. Xapaxmepucmuueckoe MHo2000pasue SIAUNCoUdd

q , onucwslearoujeco paccmampu@aeMblﬁ xomnnexc K , cocmoum

U3 KOHYO8 8CeX KOOPOUHAMHBIX BEKMOPO8 U CYMM NEPB8O20 U Mo-
PO20 KOOPOUHAMHBIX 8EKMOPO8, d MAKI’CEe Nepeo2o U Mmpemvbe2o
KOOPOUHAMHbIX 8€KIMOPO8 U U3 BEPULUHbL penepa.

doxanpHOE MHOTOOOpazue [6] smmumnconna ¢ H3y4aeMoro

TpeXMmapaMeTPUUECKOr0 ceMeiicTBa onpenenseTcs ypaBaeHueM (1)
U CHUCTeMOW ypaBHeHHMH (9), OTKyZa clemyeT, 9TO OHO COCTOHUT
TOJILKO M3 TPEX TOYEK, SBISIONIMXCS KOHIAMHU KOOPIUHATHBIX
BEKTOPOB.
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Complexes of ellipsoids with indicatrices of coordinate vectors
in the form of surfaces
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The study continues in a three-dimensional affine space of complexes
of three-parameter families of ellipsoids, considered earlier in a number
of works by the author. A variety of ellipsoids is studied when the ends of
the coordinate vectors coincide with the focal points, and the first coordi-
nate straight line describes a cylindrical surface, while on the generating
element there are at least three focal points that do not lie on one straight
line and on one plane passing through center, and defining three conju-
gate directions. A complex of ellipsoids is distinguished from the indicat-
ed manifold provided that the indicatrices of the second and third coordi-
nate vectors describe surfaces with tangent planes parallel to the third
coordinate plane, and the end of the second coordinate vector describes a
line with a tangent parallel to the first coordinate vector. An existence
theorem for the variety under study is proved. The geometric properties of
the complex under consideration are found. It is proved that the end of the
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first coordinate vector, points of the first coordinate line, and also the first
coordinate plane describe a two-parameter family of planes, the end of the
third coordinate vector describes a two-parameter family of cylindrical
planes, a point of the third coordinate plane describes a one-parameter
family of lines with tangents parallel to the first coordinate vector. The
characteristic manifold of a generating element consists of six points: the
vertex of the frame, three ends of the coordinate vectors, and two ends:
the sum of the first and second coordinate vectors, as well as the sum of
the first and third coordinate vectors. The focal manifold of the ellipsoid,
the complex under study, consists of only three points, which are the ends
of the coordinate vectors.

Keywords: complex, congruence, frame, ellipsoid, affine space, vec-
tor indicatrix, characteristic manifold, focal manifold.
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O TeH30pe Kpy4yeHus adhMHHOI CBA3HOCTH
Ha ABYMEPHOM U TPEXMEPHOM MHOTo06pasmnsax

OcHOBOI1 JaHHOTO HccienoBaHN aQQUHHBIX CBSI3HO-
CTel B PACCIIOEHUHU JIMHEHHBIX PENEepoOB HaJl IIaJKUM MHO-
rooOpasueM SBISFOTCS CTPYKTYpPHBIE YpaBHEHHS 3TOTO pac-
cioenus. B nmanHOM paccinoennu crocobom JlanmTeBa —
Jlymucre 3anana ad¢unHas cBsizHOCTh. Haiinensl mudde-
peHIMaNIbHbBIe YpaBHEHH HAa KOMIIOHEHTHI TeH30pa Aedop-
MalMu OT MPOM3BOJILHON a(UHHON CBS3HOCTH K KaHOHH-
YecKoi CBA3HOCTH. HaiijieHbl BhIpakKeHHS Ha KOMIIOHEHTHI
TEH30pa KPy4YeHHs B Cllydae IBYMEPHOTO M TPEXMEPHOIO
MHOT000pa3uit. (s qTByMepHOTO MHOTO00Opa3us KpydeHHe
MPEJCTABISACT COOOW APOOh, YHCIUTEIEM KOTOPOH SBISCT-
Csl JINHEIHast KOMOMHAINSA JIBYX CJIOEBBIX KOOPIMHAT C KO-
a¢¢unrenTaMu — AByMs QYHKIHSIMH, 3aBUCAIIIMHE OT Oa-
3MCHBIX KOOPJHMHAT, a 3HaMEHATEeJIEM — OIIPEeIIUTEINb, CO-
CTaBJICHHBIN U3 CIIOEBBIX KOOpAWHAT. /{7151 TpeXxMepHOro MHO-
roo0pasusl MPOM3BOIBLHOCT YHCIHTEI OIPENesseTcsl NeBsi-
TBIO (QYHKIMSIMH, 3aBUCSIIMMU OT Oa3UCHBIX KOOPUHAT.

Kniouegvie cnosa: nBymepHOe MHOTrooOpasme, TPEXMEPHOE MHOIO-
oOpasue, paccioeHHne JMHEHHBIX PernepoB, CTPYKTYPHBIE YpaBHEHUs, Oa-
3HCHBIE U CJIOEBBIE KOOPMHATHI, KpyueHne a(pUHHOM CBSI3HOCTH.

Tlocmynuna 6 peoaxyuro 21.05.2021 e.
© Ilomsxosa K. B., 2021
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1. KoBapuantHoe 3aganue agppuHHOI CBA3HOCTH
1-ro nopsinka

PaccMOTpUM OKpeCTHOCTh m-MEPHOTO TJIAJKOTO MHOTroo0pa-
3ust X,,, B KOTOPOW TEKyI[asi TOYKA ONpEIeSIETCS JTOKATbHBIMU
i

koopauHatamu X (i, j, k, ... =1, ..., m). ®opMBI HHBAPHAHTHOTO
Kopenepa { @', ;, W, } OTHOCHTEILHO HATYPAILHOTO KOperepa

{dx', dx}, dx’, } BeIpaxaiorcs mo hopmyam [3]

o' =xidx’
i _ i i

w; =—x"dx; —xy 0, (D

i i 1 ] i / i / s i i /
Oy = dxjk + X0 — Xy @ — X0 + (xjkxs, —xjk,)a) .

i
CroeBbie KOOpAMHATEL 1-r0 MOpsiAKA X; 0OPa3yrOT HEBBIPOXK-

*

oo i
JIEHHYI0 MaTpuly, Ui KOTOpOH (xj] — oOparHas Marpuua, TO

£
S l.
ects x';x{ = J;. CoeBble KOOPAMHATEI 2-T0 I 3-TO TOPSIIKOB X,

i
xjkl CUMMCETPHUYHBI IO HUXKHUM HHACKCAM, B OCTAJIbHOM CJIOCBBIC

KOOPAMHATHI IPOU3BOJIBHBI H PACCMATPUBAIOTCS KaK HE3aBUCHMBIE
nepemMeHHsie [3].
B paccnoennn L(X,,) KacaTeIbHBIX JMHEHHBIX PEIEPOB Hal

mHOrooopasuem X, crocobom JlarmreBa — Jlymucre [2, c. 62; 5; 6;
8] mocpenctBom opm aNJJ‘ :a)} - ji(a)k 3amaauM adUHHYIO CBS3-
HOCTb C KOMIIOHEHTaMH F;k , YAOBIIETBOPSIOIIMMH ypaBHEHHUSIM

AT + oy = Ty 2
rie F;.k,l — 9t0 nihaddHoBel, WM 000OIIEHHBIE YaCTHBIE, TIPOU3-

BoAHbIe. B ypaBHeHHsAx (2) paccMOTpHM JeiiCTBHE TEH30PHOTO
muddepenmansHoro oneparopa A [1]
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=dl), ~ Iy, -},

Tepexons K HaTypaJ'IBHOMy kopenepy 1o dopmynam (1), a Taxxe

!
YUHUTBIBasA, 4TO I} k= /k (x X, xsp) 9T0 (PyHKIMU Oa3HCHBIX

!
X ¥ CIIOEBBIX KOOPJIUHAT x xsp, oTyaum [4]

or; or; or .
Iyt Il v !, = -5] 835 dxl, +
ox ox ox

N sp

(51( k+xk)x (rzk“‘xzk)x (rl""xl)xk]dx + 3)

+ ( . ‘)3/([ dxl .

[IpupapauBanne ko3¢ duruenToB npu muddepeHmazax dxép
i

i [ s
B (3) maet paBeHcTBA —— =055 , OTKy/Ia CIIEAyeT passiosKe-

uue (cp. [7])
i i i
T ==X +7 i
C TIOMOIIIBIO CIIOEBBIX KOOPJHMHAT 2-TO TOPsIKa x}k U TeH30pa de-
1 i o
popmayuu (reneparop [7]) ¥ ={r jk} oT aPuHHON CBA3HOCTH
i i
I x xaHOHMYECKOH miocKoi cBszHOCTH [ ) :—x . Tensop
i i I _p

nedopmaruu ;= (X, X;) 3aBUCHT TOJBKO OT GA3MCHBIX KO-

/
OpPIMHAT X U CJOCBBIX KOOPIUHAT 1-ro mopsaka xg .
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[NpupaBauBanue ko3 pumenToB npu AuddepeHmanax dxf, JaeT

a}/i,k . * ) S
6—'Il=5;7ﬁx;—7llkx_sf—7}1xz- 4)
Xs

OO0BekT kpydeHus I’ ;k adhGUHHON CBSI3HOCTH BBIpAXKAECTCS IO
bopmyne T}k :]”[’jk] U YJIOBJIETBOPSIET YPABHCHUSAM ATJlk = lekla)l.

Kpyuenue BbIpaxkaeTcs yepes TeH30p AehopManuu mno Gopmye
T]l' = 7[1 k] Q)

i
1 HC 3aBHCUT OT CJIOCBLIX KOOpAWHAT xjk .

2. Kpyuyenue adp(puHHOIl CBA3HOCTH B paccja0eHUN
JUHEHBIX PenepoB HAl IBYMePHbIM MHOroo0pa3uem X ,

Paccmotpum anddepennmanbabie ypaBHeHus (4) U1t AByMep-
HOro MHOroo0Opasuss X,, To ectb npw i, j, k,...=1,2 . Beimuimem
cuctemy nuddepeHInaTbHEIX YpaBHEHUH Ha (YHKITAN 7/112, 7/5 ;U

2 2.
Yi2-Y21"

Ox;

1 1
oy * 0 *

12 _ /.2 1 s Vo1 _ .2 1 s
—1—(712—711)X2, —1—(7/21—7/11)x 2,
Ox O

67112_ NI 67/é1_ T B

o - TmXiTreX2, o T 7ar T Y,

Ox; ;s
2 2

Oy 2%s 2%g Oy 27s 27 (6)
L= 72X 17X 2 - YuaXr i~ X,
X 0x,

2 2 N
oy e Oy 1 2

12 1 2 K 21 _ N
——5=0n-rn)xi, P =(ra—rn)xy,

X
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Teopema 1. Tenzop kpyuenus T/l'k G, j, k,..=1,2) apdunnoii
CBAZHOCTNU, 3A0AHHOU 8 PACCIOCHUU TUHEUHbIX Penepos HAO 08)-
MepHbIM MHO2000pasuem X 5, 6 o6wem cryuae umeem 6uo
N
A

A b
j ik j 1.2 2.1
20e a’ =a’ (x"), A=det(x})=xx) —x{x;.

i _
Ii,=a

Takum obpazom, 06e KOMNOHEHMbI MEH30PA KPYYEeHUs Y}{k cy-

J

WeCmeeHHO 3a8UCAm Om 08yX QYHKyul a’, 3asucsyux om oasuc-

k
HbIX KOOpOuHam X .

i
3ameuanne. Xots cBA3HOCTh /i 3a/a€TCs B PACCIOCHUH, HO
N
Zr

«CJIOCBOC» BBIPAKCHUC KpyucCHHUA T;k HC 3aBUCHUT OT CBSA3HO-

CTH; OT CBA3HOCTH 3aBHCAT TOJBKO «Oa3vCHBIE» KOIPPUIMEHTHI
ik
a’ (x").
Hoxazamenvcmeo. Victions3yst audbepeHInaibuble ypaBHEHHsI
(6) st HaxoxaeHUs (D (HEpEHIINATBHBIX YPAaBHEHUIA KOMIIOHEHT

Ty =1y =) u Ty =1 (i = 731 (5), momyunm

a]—ilZ 2*5 aTZ 2*s
o =Tyx5, —F=-T)x, 7
aTl l*s 8T2 *s
ax122 :_712)627 axlzz :Tille) (8)

W3 ypaBuenwuii (7,) u (8,) Haiinem

101k 2, 2 2k
;o Foa,x,xt) 5 F(x,x,x")
I = A » I = A 5 ©

' 12 2.1
rae F', F* — nexoropsie GpyHkmmn, A= det(x}) =X1X; —X| X,,
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[MoxcraBiss (91) B (71), a2 (92) B (8,), momrydnm

—A-F'x; | =——2,
axl AN A A
10
aFZ 1 _Fl x22 ( )
ox; AA A
oF" F?
A+ FY i:—-ﬁ,
o AN A A
oF” 1 F' 2 (n
—A-Fx | —=——L.
0ox; AN A A

[MpupaBuuBas pesynsrartsl (10;) u (10,), a Takxe (11;) u (11,),

or! or? oF' oF’
= wiu 6oJiee moapoOHO

HOJIYYHM =
1 2 2
ox;  Ox 8x2 6x2

OF'(x}, x5, x*)  OF*(x], x;,x")
6x11 - 8x12

b

OF (x), x3, x*)  OF*(x], x5, x")
= 2
0ox)

b

T
0Ox,

OTKy 12
F' =a1(xk)-xll+a2(xk)-x;, F? =al(xk)-x1 +a (xk)-xz,

Wi 6oJiee KOMITAKTHO
F' =aj(xk)-xi
Iz
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Torpa cornacuo (9) umeeM BbIpaKeHUs

al(xk)-xl1 +a2(xk)-x;

1
T, = A >
. al(xk)-x12+a2(xk)-x§

I, = A

ik
3ameuanne. Eciu koddduuuentsl a’(x") paBHBI HymO, TO

Kpy4CHHEC HYJICBOC, Tllz =0 , 1 CBA3HOCTb CUMMCTPUYHA.

3. Kpyuyenue adp(punHOii CBA3HOCTH B paccji0eHUN
JUHEHHBIX PenepoB HaJl TPeXMePHBIM MHOr00Gpasnem X 3

PaccmatpuBas muddepeHnuanpaple  ypaBHeHUS (4) 1mpu
i, j,k,..=1,2,3 u pelmas cUCTeMy YpaBHCHUN, AHAIOTUYHYIO CH-

creme (7, 8), MOKHO TIOKa3aTh, YTO CIpPaBEIMBA CIEAYIONIas TEO-
pema.

Teopema 2. Tensop xkpyuenus Y}I-k @i j,k,..=1,2,3) apgun-
HOU CBA3HOCMU, 3A0AHHOU 8 PACCIOCHUU JTUHEUHbIX Penepos HAo
mpexmepHbiM MHO2000pasuem Xz, 6 obujem cryuae umeem euo

Tlizzé(ajx;--b X +clx 3)
7 _l(j ik ;i 2)
31—2(1 xj' xk +c

i_l(ji 11)
T23—Zaxj-b xk+c

2oe A=det(x}), o’ =a’ ("), b =" (), ¢/ =/ ("),
Taxum obpazom, 6ce Oessimb KOMNOHEHM MEH30pA KpYUeHus
J

. ) p .
77,( cywecmeenHo 3asucsm om Oegamu Qynkyuil a’, b, ¢, sa-

k
BUCAUUX O OABUCHBIX KOOPOUHAM X .
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4. ApduHHas CBA3HOCTH B PACCI0€HUM JTUHEHHBIX penepoB

HA/I IByMEPHbIM MHOT000pa3uem X,

VYpaBHeHus (4) 1u1si KOMIIOHEHT 00BeKTa MehOpMaIiH

i

j /
Y jk :7/;1((35 ,xé’)

HMEIOT BU]L
2 2
11 _ 2.5 Oy 1 2 2V .8, .2 s
ey =2y x 1, =5 =0 —ra-72)x 1+ rix o,
xS xS
072 1 s Ot IS N B
N S S
2 =-2ypx3, b =1nXi+(n—rn2—71)¥ 2,
xS xS
57/111_ [ 57111_ | 10 s
T =X itmY o, —5 =~ trdx,
Ox, Ox,
2 2
2 2 s, 1 s OYyn _ 2 2 s
S =IpXatypXy, 1 =—0n+rn)x;,
Ox; Ox;
a7l 1t Lt O 2 10
N N —
T, T T2 X 2 VX 1 =2 —nx 2,
ﬁxs axs
721 1 Lt 9y I
_ S S 21 s
1 =X X, 5 =a )X,
Ox; ox,
2 2
2. s 2_ s OYp .1 2 s
S=ErnXi—mY e, —5 =0 —rn)xi,
X Ox;
2 2
21 2 s 2 s Vo1 _ /1 2 s
1 - 7uX 1 mX 2, 5 =(ra—rn)x1,
Ox Ox;
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Teopema 3. Komnonenmol aghgpunnou ceszHocmu F;k
@, j, k,..=1,2) 6 obwem cryuae umerom 6uo Fk 7/jk xjk, 2oe
1 | O N NN R s I
722 =?F22(xs,x )> 71 :?Gll(xs’x )
12 1 2 1
V2 - P Py x A6 O n
A £ X A4 £ x
1 1 2 2 21
1 ofe fpox o2 G G ox
A £ x A £ X
1 1 2 2 1
At Fpoxm o2 Gn G oxn
A4 £ i A4 £ x
A= det(x )= xlxz x12 xé.
Dynryuu
1 2 gl 1 1,1 i 2,1 i
F={Fy, Fy, Fy, F } = {F(x,x"), Flx,x),
1,1 i 1,1 i 2 1 2 2
Fp(x, X1, Fyy(x, x')} uG={Gyy, Gy, Gy, Gy } =
2,2 i 1,2 i 2,2 i 2,2 i
={G(x5,x"), Gy (x5, X)), G (x5, x), Gy (x5, x') }
VOOBIEMBOPSIOM COOMHOUEHUSIM
oG} oG}, oF, oF,
X gt =36, 2t 3 =3Fy,,  (20)
axl axZ X1 X2
1 1 2
2 8G 1 2 aGl 1 1 anz 1 anz
X 12 2 21 =0, N1 X —Fzza (21)
X ox, ox, x2
OF;" OF;" oF, oF,
N4 =Ry, g2 —l=R,  (22)
X1 axZ 5x1 X2

91



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

2 2 2 2
&, 200 gy 200, 200 g2 (o
ox ox ox; ox
1 2 1 2

1 111, 2.1 2 2 12, 22
FiZ—F21=ax1+a xZ,Glz—GZIZaxl +a Xy . (24)
@ynkyuu a' =a'(x’) 3asucam om 6azucnvix KOOpOUHAM.

Jloxazamenvcmeso. V3 ypasuennii (12,—19,) MOXHO HalTH 00-

o ] j !
UK BUJI KOMIIOHEHT TeH30pa AedopManuu }/}k = V}k (x, x5 ):

> 1 2 0
711:?G11(xs9xl)’
1

! RN,
V0 = ?Fzz(xsy x')>

12 202 iy 1
1 =G11(xsaxl)+G11(xsaxl).x_2

i

A4 A x5

2,1 i 1,1 iy .2

2 _Fzz(xs,x’)+F22(xS,x’)‘x_2
22 — s
A A X

1,1 i 1,1 iy 2

/! _Fp(xg,x)  Fp(x, x) xp
12 — )
A4 A X

1,1 i 1,1 iy .2

1 _F21(xs,x’)_F22(xS,x’).x_2
- >

A A X

2,2 i 2,2 iy

7,2 _Glz(xs’xl)_Gll(xs’xl)‘x_z
12 — s
A A X

2,2 i 2,2 iy

2 Gy, x)  Gh(xy,x) x
217 .
A £ X

Teneps HaiineM BUI HYHKIIHNA, BXOIAIINAX B 3TH BRIPAKCHHUS.
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W3 ypaBuenwii (12,) cnenyer

oG? 2 2.2
11 —(Gu Gy —Gph)xy, 2 2
5x1 2 aGll 2 aGll _ 2
an 3G = x1 _a > +X2 a > —3G11.
2 2,2 X X
—121 = “ (Gll Gy = Gip)xp s ! 2
5x2 x2
2 2
Torma U Gii 3 ,x—22 =0, mpu >TOM
(xl ) X
; 1 9G], 3G4 1 oGt
G - G21 G12 — G11 G21 G12 1; 5 _121
x2 axl xl X2 xl axZ

W3 ypaBuenuii (13,) cnenyer

oF, 1 1.1
822 ~(Fyy — By = Fy))xy, oF! oF!
o o O, O g
F F 1 1.1 o, o
—212 22—(Fzz Fy = Fy1)xy, ! :
axZ x2
1 1
F X
Torna V( 1223 ,—%} =0, npu sTOM
X)X
1
Fzz_Fu_le:_—l 212’
X, Ox

1 1
F 1 oF
322Jr 0Fy,

11 ’
X)Xy xl 8x2

2 1 1
Fzz _Flz _F21 ==

U3 ypasuenwnii (14,—19,) cnemyet (21—23). Kpome Toro,
O(Fy—Fy) _0(Gh-G3) O(Fy—Fy) _ (G -Gy)
lel 6x12 ax; 6x22

b
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O(Fy—Fy) _ (Gl - G3))

i 2 11, 21
ox; ox; Fro—-Fy=ax +tax,,
1 2 2 2 2 _ 12, 202

0(Fy = Fy) _ 0(Giy = Gy) G =Gy =axi +a'xy,

b

axé 6x§

OTKyqa cuenyer (24).
CaencrBue. Pasencmea Glz | (xsz, x)=0, F212 (x;, x)=0 evioe-
adlom  Kkacc  a@unnbix  céazHocmell 1";,( = 75‘k —xj-k

@i, j, k,...=1,2) ¢ menuzopom depopmayuu credyouje2o suoa:

1 2
722=0, 11,=0,

i i i g i
1 a+é 1 1 —a+é 1 2 | 1 &
:—x.’ =X = =+ :—x.’
"2 o 21 24 i» Y22 =012 7721 R
i i i i i
2 a-& 2 2 —a-& 2 2 2 & 2
=X , =X , = + = ——X: ,
712 oq 721 A is V11 =712 7721 PR

_ iN_ 1.2 2.1 i i i,
20e A—det(xj)—xlxz X[ X%, a =a(x’), &=
i
3ameuanme. XoTs Bce CBA3HOCTH / . 5TOrO Kiacca 3a/1alTes
N

B PACCIIOEHHUH, HO UX «CIIOEBOE» BBIPAKEHUE ZJ HE 3aBHCHT OT
CBA3HOCTH; OT CBA3HOCTH 3aBUCAT TOJIBKO «6a3ucHBIE» KOd(PHIIHU-
entsl a'(x’), &'(x’). Takum 0Opa3oM, KOMIIOHEHTHI F}k CymIecT-

N A
BEHHO 3aBUCAT OT QyHKUUN a , & , BRIpaxaromuxcs yepe3 0asuc-

HBIC KOOPpAWHATBI x/ .
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About the torsion tensor of an affine connection
on two-dimensional and three-dimensional manifolds
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The basis for this study of affine connections in linear frame bundle
over a smooth manifold is the structure equations of the bundle. An affine

connection is given in this bundle by the Laptev — Lumiste method. The
differential equations are written for components of the deformation ten-
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sor from an affine connection to the symmetrical canonical one. The ex-
pressions for the components of the torsion tensor for two-dimensional
and three-dimensional manifolds were found.

For a two-dimensional manifold, the affine torsion is a fraction, in the
numerator there is a linear combination of two fiber coordinates which
coefficients are two functions depending on the base coordinates (the co-
ordinates on the base), and in the denominator there is the determinant
composed of the fiber coordinates (the coordinates in a fiber). For a three-
dimensional manifold, the arbitrariness of the numerator is determined by
nine functions depending on the base coordinates.

Keywords: two-dimensional manifold, three-dimensional manifold,
linear frame bundle, structure equations, base and fiber coordinates, affine
torsion.
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KacaTenbHo r-ocHalleHHble rmnepnonocobl
MPOEKTUBHOIO NPOCTPaHCTBA

JaHo 3amaHue B penepe 1-ro mopsizika KacaTenbHO r-0c-
HAIlEHHOM THUMEPIOJOCH IPOEKTHBHOTO IMPOCTPAHCTBA.
JUIsT IpOCTOTHI M3JI0KEHUS afalTHPYEeM perep MO0 HOp-
maneil 1-ro poga. BBoguTcst B paccMOTpeHHE TEH30p HEro-
JIOHOMHOCTH TIOJIST OCHaImatonmx A-turockocteit. OOparme-
HHUE TEH30pa HETOJIOHOMHOCTH B HYJIb IIPUBOJIUT K TPEM pa3-
JIMYHBIM MHTEPIPETAIMAM THIIEPIIOIOCH. PaccMarpuBaroTes
(hokanpHBIe 00pa3bl, aCCONMUPOBAHHBIE C THIIEPIIOIIOCOH, C
TTOMOIIBI0 KOTOPBIX MOCTpOeHa TuiockocTh Hopmena — Tu-
Mo(eeBa yKa3aHHOH T'MIIEPIIOIOCHL.

B 3aximroueHne paccMaTpHBaIOTCS 7-CTPYKTYPHI ITOJS Ka-
caTeNIbHBIX IUIOCKOCTeH 0a3MCHOW MOBEPXHOCTH THUIEPIIO-
JIOCHI.

Kniouegvle cnosa: xacaTenbHO r-OCHAILEHHAS TUIIEPIIONOCA, TEH30D
HErOJIOHOMHOCTH, TA-BUpTyaibHAsi HOPMaJb, alredOpandeckoe MHOr000-
pasue, doxansHOE MHOTOOOpasme, miockoctb Hoprnena — Tumodeesa,
adbdunop, HETOMOHOMHAs KoMIto3ulus Hopaena.

Tlocmynuna 6 peoaxyuro 11.05.2021 e.
© Ilonos 10.U., 2021
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§ 1. ITonst pyHaaMeHTANBLHBIX H T€OMETPUUECKUX 00BEKTOB
KacaTeJbHO r-0CHAIIeHHOi runepnojocst H,, ,(A)

1. IndpepennnaibHble ypaBHEeHUS peryJasipHOM
F-OCHALICHHOM I'MIIePIOJI0CHI

B pa60Te HCIIOJIB3YCTCH CIICAYIOIIasa CXeMa HHACKCOB!

i k=1Lm; pqt=1r;s=m-r, A= {ma;s};

a,f=m+l,n-m—-Lu=4{en}; e,oc,n=r+1,m.

1. PaccmotpuMm perymsapHyio runepronocy H,, [1], 6a3zucHas

MMOBEPXHOCTH V/,, KOTOPOIi OCHAIIIEHA MOJIEM KaCcaTEeIbHBIX IIOCKO-
def

creit A(A))=11,(4,) (A-mnockocreit, r < m), yZOBICTBOPSIO-

MUX yCJIOBHUAM
Ay € A(4)) < T(4y). (1)

[ToBepxHoCTH V,,, yHoBNETBOpAIONIas ycaoBusaMm (1), Ha3pIBaeT-
Cs KacaTeJIbHO r-OCHAIleHHOH [2; 3].

Onpenenenne. [ unepnonoca H,, Ha3bIBae€TCsl KACAMENbHO F-OC-
HaweHHoll, eciiv ee 0a3uCHasl MOBEPXHOCTH V), SBISIETCS KacaTeib-
HO 7-OCHAILLEHHOU MOBEPXHOCTHIO V,, - [4].

KacarenpHo r-ocHaleHHBIE THIEPIIONOCH OynemM 0003Ha4YaTh
cumBoiniom H,, (A). OTHeceM THIIEPNOIOCY K perepy 1-ro mopsaka

R
AO € Vm H {Al} = Tm(AO) b {Aa} = Xn—m—l(AO) H An & Hn—l >
npuiem o4k {4,} pernepa nomectuM B A-mockocts. Torna ru-

nepnonoca H,,(A) B BeiOpaHHOM peniepe 1-ro mopsiika 3agaeTcs
YpaBHEHUAMU
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@, = a)g’ =w, =0,
n a i gl Jj
Aa)o, : Aa)o, w, = A0,
_ k
VAij + Aija’o = Aijkwo )
a a 0 n_a _ 4a _k
VA; + 400 + Ny, _Aijka)O’
VA, +Aqa)0 ~ 5 i 0 >
n n n n A n !
VA +24, ka)O + A(ya)k) A M5 @, it @ »
npuIeM Aﬁﬂ = A7, =0, AL AL =0, a Takoke ypaBHeHI/IHMI/I

=/, VA, + A0 + Aof —57 0 = L0f. (3)

pi? if

2)

JI71st IPOCTOTHI M3JIOKEHHUSI a[alTHPYEM periep R TOJTF0 HOpMa-
o u 1
nieii mepBoro poaa. Takoii penep HazoBeM periepoM R (N ). B atom
periepe umeemM

=N lka)o > 4)
VN! +N’ka)0 ~8,w) =N o, (5)
a ypaBHeHus (3) IpuMyT BUJ
/1 +A€ AS ka)o , (6)
_A‘;q o é‘; p Agoka)o (7)

IMone xBasuTen3opa 2-ro nopsiuka {A° }, onpejeneHHoe ypaB-

HeHusaMu (6), (7), 3amaeT mose KacaTeabHO OCHAIaomuxX /A-mioc-
KocTeii B penepe R'(N). OTMETHM, 4TO Te reoMETpHYECKUe 00b-
eKTHl ((akThl), KOTOpPEIE OyAyT IOJYYCHBI MPH HCIOJIH30BAHIH
KOMIOHEHT 00bekTa {7, }, XapakTepHbl JTUIIb 111 TEOMETPUH Ka-

CaTeNBHO F-OCHAIIEHHOHN TUIIepIONOCH! H,, ().
2. Cuctema nuddepeHInanbHbIX ypaBHEHIH

&
@y =0, (8)
ACCOIIMMPOBAHHAS C IMOJIEM KacaTelIbHO OCHAIICHHBIX /-TIOCKO-
cTei runepnoiockl H,, (), BIIOJIHE UHTETPUPYEMa TOT/Ia U TOJIBKO

& .
TOT/1a, KOrj1a 00pamaeTcs B HyJlb TEH30p 2-T0 mopsaka {7, } :

929



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

def |
& 3 3 & e 0 _ ¢ k
Vg = E(qu -4, )’ V1 10y @) = 1@y ©)

& 193
TO €CTh KOI/Ia T€H30p {/A,,} cuMMeTpruIecKuii.

&
Tensop {r,,} (9) Ha3bIBaeTCS TEH30POM HETOJIOHOMHOCTH TIO-

ns1 ocHanfaromux A-miockocred. [lone A-mmockocteit (pacnpene-
neHue /-mockoctei) OyneM Has3bIBaTh TOJOHOMHBIM, €CIHM €ro

TEH30p HETOJIOHOMHOCTH {7, } TOXIECTBEHHO paBeH Hyimo. [Ipu
T =
paMeTpuiyeckoe MHOT0OOpasue r~-MepHbIX MOBEepXHOCTEH V. (Tioc-
KocTH / OrubaroTcs r-MEepHBIMH MOBEPXHOCTSIMH (m —r)-mapa-
METPUIECKOTO cemeiicTBa). [Ipy cMemeHnn TOYKd Ay BIOIh QHUK-
CUPOBaHHOMW MOBEpXHOCTU V, ypaBHEeHUs (2, 4, 8) OTHOCHUTEIIEHO

0 OasucHast MOBEepXHOCTH V), , pacciauBaeTcs Ha (m —r)-ma-

penepa R'(N) MOXKHO 3anucaTh B CIEAYIOIIEM BUE (31€Ch MbI HE
BBINKCBHIBAEM 3aMbIKaHUS 3TUX YPaBHEHUH):

Z_ U __ AU P
oy =0, o, =A,0p,

o = St (10)
A4 _ 44 A _ 44
@, _quwg’ qu _qu’
w, =0, w;:A%wg, w, =N, af. (11)

OTcrofa ¢ UCIONB30BaHUEM pe3ynbTaToB padot [4; 5, 1, §3]
CJIeZyeT, 4TO oOpalleHrne B HyJlb TEH30pa HErOJIOHOMHOCTH /-pac-
MIpeIeICHNS:

1) ecTh ycioBue, pu KOTOpOM rumepnoinoca H,, (A) paccran-
BaeTcs Ha (m —r)-TIapaMeTPUIECKOE CEMEHUCTBO OCHAIECHHBIX TI0-
noc V,, (H);

2) mokasbIBaeT, 4ro rurepmonoca H, (A) pacciauBaercs Ha
(m —r)-mapaMeTpuUecKoe CeMEHCTBO KacaTelbHO 7M-OCHAICHHBIX
runepnonoc H,(M);

3) osmawaer, 4uro runepmoinoca H, (A) pacciramBaeTrcs Ha
(m —r)-mapamMeTpudIecKOe MHOTO00pa3ue BBHIPOXKICHHBIX Hepacia-
JAIOIIUXCSI TUTIEPIIONIOC paHra r [6—S].
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2. TA-BupTyanbHble HOpMaJH 1-ro u 2-ro poaa
OCHAIIEHHBIX A-T10ocKoCcTed

Omnpepnenenne. s-veprnaa niockocmo L(A)) T, (A4,), yoos-

JemeopArowiast yCio6usiam
L(A4y) N A(Ay) = Ay, [L(Ay), A(A)] =T, (4y), Ay € L(4,),

HaswBaeTcs 1 A-supmyanvrotl Hopmanvio 1-20 pooa dantol A-nioc-
Kocmu.
ITnockocts N, (4,) < A(4,) , He IpoXoaAIIas Yepe3 TOUKY Ay,

HazpiBaeTcd 1/1-BUPTyaIbHOM HOpPMaJbIo 2-T0 poja -TI0CKOCTH
[9; 10].
TA-BupTyanbHyo HopMaib l-ro poga L(4,) (L-miockocTs)

3ajamum  Toukod Ay m rtoukamm I, =A +Vv/A,, 1o ects

L(4,)=[4,, T.]. Hone L-nnockocreii B penepe R'(N) ompenens-
eTcst cucTeMon mudGepeHITnanbHBIX YpaBHEHUH

Vv +of =vho). (12)

Kaxnas nopmans N, (A4,) 2-ro pona runepnonocst H,,,(A)

noposxaaet 7/A-BUpPTyaabHYIO0 HOpMaNb 2-T0 pofa

N, (4) =N, (4) N A(4) =[N, ]

[4,+vi4,]  (13)
u TL-BUpTyabHYI0 HOpMalb 2-Ir0 poja

N (4) =N, (4) N L(4,) =

(14)
=[M,]=[4,+vIA4,+v 4],

rae VO =v) +vov?

50 p, 0 0 _ 50k
WVer YV +V 0, +0; =V, .
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IMnockoctu N, (4,) (12) u N, ,(4,) (13) 3anarorcsa coorBer-
CTBEHHO CJICAYIOLIMMHU KOHEUHBIMH yPABHEHUAMU:

0 0. ¢
x —v,x" =0,

i_
NARORTE N (4): 13" —vPx® =0
r— 0 0.p _q. 5= & 4
X —V,X =0; vV g
X =U.

r
B obmem ciryuae mpu m—r < 13 KOMITOHEHT 00BEKTa

(r+1)
2

{A;q} MOXET OBITh MOCTPOCH OTHOCUTEIIbHBIM WHBapuaHT.J # ()

[11], a 3aTeM OOpAaIlCHHBIH TEH30D

o OInJ
oA,

i rensopa A (6), e

£ 1 & &
qu = E(qu + qu) >

*

X, M =(m=r)8,, A AV =ré) .

Crnenys pabore [12], paccMoTpum Ouekuuio mexay 1./A-Bup-
TYaJIbHBIMH HOpMaJIsIMU 1-T0 U 2-T0 poja, onpeaenseMylo 1o ¢op-
MyJie

vl = (A5 + v ) AL T (15)

rae 7, — obpaTHBIil TEH30p I TEH30pa
*
T =A% A
P~ pg o
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Ilyuok HOpMateit 2-ro poxa V! (7)= TEO —(r- 1)VKO TUIIEPIIO-
nocel H, ,(A) uHaynupyer (BbICEKaeT) My4doK 7/-BUPTyanbHBIX
HopMaJeii 2-ro poa (f, w):

0\ _ g0 0
v,(0)=, —(z-DW,. (16)

OtHocuTenbHO R'(V) ypaBHeHus ero (7 —2)-MepHOi BEpIIHbI

C,_, UMerT BuA
0 10 0 0
x"=0, x*=0, x —F,x"=0, x’ -W,x"=0.

TA-BupTyansHbIM HOpMaisiM 2-ro poxa F._ {F, ’? yua W, {W[? }s
MOPOXKIAIOIIMM 1y40K (f, w) (16), B Ouekuuu (15) COOTBETCTBYIOT
T'A-Bupryansuble HopManu 1-ro poxa F, u W, onpenensemble KBa-

SUTCH30paMHU

. _ o o 0 t
Es' Fiyp_—(Aqn—'_é‘r]Fq)Ag'Ttpa

. P _ _( AC o170 qt T p
W W ==(A, +6,; WHATTS .
Taxum o6paszom, B kax10i Touke A, € V, mnockoctn F,(A,)

n W.(A,) 3ama0T OZHONAPAMETPUYECKUH ITydoK I /A-BUpPTyanb-
HBIX HOpMaselt 1-ro pona

@L(o)=F+oW}!-F7), (17)

rze ¢ — abCOJIIOTHBIM HHBapUAHT.
def

Benuunust WP — F! — @} sBasiorcs koMIoHEHTaMu TEH30-
pa 3-ro nopsaxa.

Kpome toro, ormMerum, uto B Kaxnod 7/-BUpTyallbHOH HOp-
Maiu 1-To pona MydoK HOpMallel 2-To poja THIePIIoNock H,, (A)
WHAYLHPYET (BBICEKAaeT) My4oK 7L-BUPTYyalbHBIX HOpMased 2-ro
pona, (s —2)-MepHast 0Cb KOTOPOT'0 ONpeeIeTCs ypaBHEHUSIMH
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=0, x° ﬁf(v)x” =0,
. R (18)
Xl —vixt =0, W) ()~ F (Vx* =
e F'(v)=F' +Fpovf W) =W + Wpovf.
B pesynbrare NpuxoIuM K CIIeAyIONeMy BbIBOAY:
Teopema 1. B ougpghepenyuanvrou oxpecmnocmu 3-20 nopso-
Ka ny4wok Hopmaieu 2-2o poda eunepnonocwi H,, (A) noposcoaem
oononapamempuyueckue nyuxu (16, 17) TA-eupmyanvHvix Hopma-
aeu 1-eo u 2-20 pooa, coomeemcmeyiowux opye opyay 6 duexyuu
(15), a 6 kascooti TA-eupmyanvholi Hopmaiu — 0OHORApPaAMempu-
yeckuti nywok TL-eupmyanvuvix Hopmanei 2-eo pooa c ocwio (18).

§ 2. ®oxanabHbIe 00pa3bl, ACCOIUMPOBAHHDbIE
¢ runepnoJiocoii H,, (A). Ilaockocts Hopaena — Tumodeena

1. Ilone mopmaseit 1-ro poxa N,., U TOJIe KacaTeIbHO OCHAIIA-
FOIMAX /-TTOCKOCTEH ONpeAeNaoT Ha 0a3uCHON MOBEPXHOCTH V),
runepnonocsl H,,,(A) none (n—s)-mnockocredd 7, =[N,_,,A]

(mone s-tumockoctelt, S =m—7r). OTHOCUTEIBHO JOKAIBHOTO pe-
nepa R'(N) ypaBHEHUS, ONPEENSIONINE TIOCKOCTh 7(A4,) Mot
Z-TNIOCKOCTEM, UMCIOT BH/I
“=0.
IIpu cmemennn ToUKku 4 BAOJIb TPOU3BOJIBHOM KpHUBOI

o) =0, w,=p'0, d0=010,,

nexaieii Ha 6a3ucHOU OBEPXHOCTH V,, runieprnionockl H,,,(A), xo-
OpAWHATHl TOYEK (POKATBLHOTO MHOr000pasusi 7-INIOCKOCTH YIOB-
JIETBOPSAIOT YPABHEHUSAM

(Six" + A x? + Ay x® + Nix")p* =0, x° =0 (p" =0). (19)
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ITycts kBasutenzop {V/} 3amaer mpoW3BOJBbHYIO HHBapHAHT-

Hy10 TA-BUpTyalbHYyI0 HOpManb 1-r0 poaa V; (V-1tockocTs). [pu
CMEIIEHUH TOUKH A BIOJIb KPUBBIX

wy =0, p"=v p®=0,

TIPUHAIICKAIINX IO V4-TUIOCKOCTEH, cucteMa ypaBHeHHH (19)
MPUMET BUJT

x* =0 (p" =0),

e 0 & & & & a
[0,x" +(A, + A vIxP + (A, + A,v))x" + (20)
+(N,, + N, v/)x"]p" =0.

Tak kak p” He Bce paBHBI HyIHO, TO U3 (20) crieayer

x=0,

et x” + (A5, + A5 VX + (A, + A v x“+  21)

+(N,, + Ny vP)x"|=0.

nn np

VYpaBuenus (21) B o0mieM ciay4ae ONpeneisiioT aireOpanye-
CKOe MHOT0O0Opa3ne pasMepHoCcTH (n —s —1) Topsimka s =m —r, KO-
Topoe 000o3HauuM @, . ,(7,v) . DT0O MHOTOOOpa3ue JIEKHUT B 7-ILIOC-
koctu. COOTBEeTCTBYIOMIAs /-TIOCKOCTh MEpeceKaeT MHOrooodpa-
sue @, . (7,v) no anredpandeckoMy MHOrooopasuto @, (A,v)

nopsiaka u pazmepHocta (r —1):
xf=0,x"=0,

det‘ 05x" + (A, +viA )x”” =0.

o rq

(22)

JluneitHass monspa TOYKM A, OTHOCHTEIBHO MHOT000pasus
(22) ectb mnockocth &, ,(4,) < A(A4,), KoTopas 3agaercsl ypas-
HECHUAMU

A
x* =0, xo—ggxp =0,
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rae
o__1 A +vif 23
gp__;( po TVo pq)’ (23)
Ved +a) = epaf. (24)

Takum 00pa3oM, ToJIe KBa3UTEH30pa {6‘2} (23), onpenensemoe
ypaBHeHMsSIMH (24), 3a7aeT moie 1/4-BUpTyaIbHBIX HOpMaJIei 2-ro po-
J1a, COOTBETCTBYIOLLUX MO0 7/-BUPTyanbHBIX HOpMaJied 1-ro po-
na v {vl} B npoexruBurere bommbsau — [lantasu (23).

2. C mpyroii CTOpoHbl, N0JI€ BHYTPEHHUX WHBapUaHTHBIX HOP-

maneit 1-ro pona N U I0JIE V -IUIOCKOCTEH NOPOXkKIal0T Ha Oa-

n—m
3UCHOM NOBEPXHOCTH V;, TMIIEPIONOCK! OJIE BHYTPEHHHX MHBapH-
aHTHBIX (1 —7)-TIIOCKOCTEH (2, (mone (2-miockocTel), TO eCThb-

2, (4,)=I[N,_,(4), v,(4,)], YA, €V, . Koneunslc ypaBHCHHUS
IocKkocTH 2, (A,) (HopMmaib 1-ro pona cooTBeTCTBYIOIIEH A-TII0C-

KOCTH) UMEIOT BH/T

p

_PyE _
x'—=vix®=0.

Ananorugso (cM. 1. 1) HaxoIuM, 9TO CUCTEMa YpaBHEHUI
x? =vlx®,
p,.0 p Dt AT\ LE P P AC a
det”5q X (VA VeV AT + (A, —vi AL )X + (25)

+(NL -vENS)x"|[=0

ompenenser (oxanbHOe MHoOroodpasue ¥, ,(£2,4), coOTBeT-

CTBYIOHICC CMCUIICHUAM TOYKHU Ag 0 KPHUBBIM, MMPpUHAMJICIKAIIUM
noJito A-mockocteid. B ob1mieM citydae 310 anredpandyeckoe MHO-
roo0paszue pasmepHocTH (n—r—1) mopsaka r. MuorooOpasue
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¥ . (02,4) (25) nexur B (2-NJIOCKOCTH U NEPECEKACTCS C COOT-
BETCTBYIOIIEH V, -INIOCKOCTBIO 10 alredpandeckoMy MHOrooodpa-

sur0 Y., (v,,/) nopsnka 7 1 pa3MEpHOCTH s —1:

x"=0,x" =vlx®,

?..0 P Pyt AC &
det“é'q X+ (vh —viv. AL )x

o, (26)

Taxum o0pazoM, B KaxJ0H vV, -IIIOCKOCTH HEKOTOPOTO ITy4Ka
TA-BupTyanbHbBIX HOpMaslel 1-ro poja, onmpenenseMoil KBa3uTeH-
3opom {v’}, ypaBHeHus (26) 3amaroT (hokalbHOE MHOTooOpasue
¥ _,(v,,A), COOTBETCTBYIOLIECE CMEILEHUAM TOYKH Ay IO KPUBBIM,

HOpUHAIIEKAIMM o0 /-1m1ockoctell. JInHeiHas nonspa TOUYKH
Ay otHOcuTeNnbHO MHoOroobpasus ¥,  (v,,A) ectb (s—1)-mioc-

KOCTb ¢, | € V,(4,), KOTopas 3a1aeTcsi KOHEYHBIMU YPaBHEHHAMU

0 0
x —px? =0, x¥ —vPx®=0, x" =0,

1
Pl == (v = VIVLA).

[1710CKOCTh, HATSAHYTast HA JIMHEHHBIE TIOJISIPBI TOUKH A ) OTHOCH-
TenbHO (hokanmbHBIX MHOTOOOpasuit ¥, (A,v) 27) u ¥ _,(v,,A)

(26), 10 ecth wIOCKOCTE ,,,(A)) = [£,1(A), &, (4y)] (pmmoc-

KOCTh), sIBJIgeTCs IIockocThio Hopnena — Tumodeesa [13] Hero-
JIOHOMHOM komno3zutuu (A, v,) [14]. OTHOCUTENBHO JTOKAIBHOTO

penepa R'(N) ypaBHenus miockoctn Hopmena — Tumodeesa

P (Ay) AMEIOT BUA

V' -ply' =0, y'=0, (27)

0

0_ 0 __0.p 0_
TAC P, =P, —EVis Pp =&,

ple>
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['eomerpuyeckass MHTEpHpeTanys oO0bekra {p, ,} ObuIa Haii-

nena P.®. JlomOpoBckuM [15] mnst kKacaTeNbHO 7-OCHAICHHBIX
MIOBEPXHOCTEH MPOEKTUBHOT'O MIPOCTPAHCTBA.
Teopema 2. [lone TA-eupmyanvhvix nopmaneu 1-20 pooa

v {v?} unoyyupyem none nnockocmeiit Hopoena — Tumogheesa p

(27) — noae nopmarneii 2-20 pooa peeynaphoi eunepnonocst H,, .(A).
THopsook ouppepenyuanvroii okpecmHocmu, 8 KOMOPOU GHYm-
peHHum obpazom onpedenero noae niockocmeti Hopoena — Tumo-
heesa, na eounuyy evliue NOPOKa OUphepenyuarbHol OKpPecmHo-
cmu keasumensopa{vry (12).

Hopmans 1-ro poma N, , mepecekaeT MHOroobpasue

@, . (7,v) (21) no anredpanyeckoMy MHOrooopasuto @, (7,v)

pasMmepHoOCTH (1 —m —1) mopsiaKa s:
x'=0,

det‘ %)

Oix + (A, + vIA X" +(N;, +VIN: )x"

=0,

a mHOroobpasue ¥, , ,(£2,4) (25) — no anrebpanyeckoMy MHO-

roobpasuto ¥, (N, A) pasmepHocTH (n —m —1) nopsaixa r:
x'=0,

det”é'q”xo +(AL, —vEAT )X +(NF —VIN] )x"

o aq

o, (29)

YpaBHEHUS THHEWHBIX TIOJSIP Ay OTHOCUTEIEHO MHOT000pa3uit
(28), (29) npencraBuM COOTBETCTBEHHO B BH/IE

x'=0, x'-&’x" =0, (30)
x'=0, x*—p’x“ =0. (31)

VYpasuenus (30), (31) 3agaroT COOTBETCTBEHHO (12 —m —1)-Mep-
HBIE MIOCKOCTH &,_,_(4)) u &,_,_(4,), IpMHaAIEKAIIUE HOP-

manu 1-ro poma N, , (4,) runepnonocst H, (A) u HE IpOXOas-

n—m
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IIME Yepe3 TOUKY A,, TO €CTh ABISAIOMINECA OCHAILAIOMIUMH IIOC-
koctamu Kaprana runepmnonocst H,, . (A) [5]. B obumem ciyuae
om1(4y) B0)u &, (4,) (31) pa3nuuHbl U IO3TO-

My 00pa3yroT Imy4ok miockocteit Kaprana runepnonocel H,, . (A),

IINIOCKOCTHU &

OCBIO KOTOPOT'O SBIISIETCS INIOCKOCTD &, _,, ,(A4):
0_ 0 0_ 0
x=0,x —¢g,x" =0, x’ —p,x"=0. (32)
CreoBaTebHO, IMEET MECTO

Teopema 3. C kaocooti TA-supmyanvrou Hopmaneto 1-20 pooa
v {vl'} unoyyupyemca 6 nopmanu 1-2o pooa N

n—m

(A,) eunepno-
nocel H,, (A) nyuox nrockocmen Kapmana, ocelo Komopoz2o 56-

nsemcs naockocmo &, _, ,(A4,) (32).

§ 3. 7/CTPYKTYPBI MOJIfl KacaTeJAbHbIX MJI0CKOCTEMH T,
0asucHoii nosepxunoctu V,, runepnonocst H,, (A)

1. ITycts Ha 6a3UCHON MOBEPXHOCTH V, THIIEPIIONOCH H,, ()
3aJ]aH0 BHYTPCHHUM HWHBApHAaHTHBIM 00pa3oMm mone T/A-BupTy-
anbHBIX HOpManel 1-ro poxa v, (B § 1, Hampumep, HalIEHO OJHO-
napameTpuueckoe cemeiictBo Takux noseit (19)). Iome ocHarmaio-
mwx A-mockocteit (7-ctpykrypa [16]) u mone TA-BUPTyalbHBIX
HopMasel v, (BTopas T-CTpyKTypa) HOpOKIAIOT 7-CTPYKTypy B pac-
CJIOEHHMH KacaTeNbHBIX TuTocKocTelt 7, 6a3ucHOW MOBEpXHOCTH V),
runepnonocs! H,, (A). JleficTBuTENpHO, B K10l Touke A, €V

NMECM
[vi(4y), A(4)]=T,(4y); v (4)NA(4y)=4,. (33)

N3BectHO [17], 4TO BCsiKas 7-CTPYKTypa BIOJHE OMPEIENIeTCs

noseM adpuHOpa { /‘4;} , YIIOBJIETBOPSIOIIETO COOTHOIIICHUSIM
Al af =67 (34)
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Hatinem koMmoneHTs addhuHOpa ﬁl; , YIOBJICTBOPSIIOIIETO yC-

nosusam (34) u (33). B cuny BbIGopa penepa R'(N) MoxkeM Haru-
CcaTh CIEAYIONIHE PA3I0KCHNUS:

0

T, = A 4, tae H/Lk H - 5°
n

57
q
. (35)

o k
Tak kak TOYKH Tz JIMHEWHO HC3aBHCUMBI, TO MaTpulia /1, HC-

BBIPpOXKACHA U, CJICAOBATCIIBHO, I HEC CYIICCTBYCT O6paTHa$I
Marpuna

O A
Fll=1 36
X1 o I (36)
TaKasi, 4TO BBIMIOJHSIIOTCS paBEHCTBA
Mo A =8, A =5]
Beenem B paccmorpenue Tenszop tuna (1.1) (adpdunop)
Ay =8 =24, A0, VA = A0, (37)
riue
ﬂ;‘k = _2(/1; A=A Ajnk) > (38)

KOMITOHEHTBI KoToporo B cuiy (35), (36) UMEIOT CIeIyOIIyIo
CTPYKTYpPY

Al ==61, A7 =0, A2 =2vl, AL =5;. (39)

Takum obpazom, adduHOp jflj. (37), (39) oxBarbIBaeTcs 00b-

eKTaMu T-CTPYKTYp, WHAYIUPYIOINIMX JAaHHYIO /-CTPYKTYpYy, H
yaoBieTBopsieT yciaoBusMm (34). CrenctBuem Teopemsbl 1 U mpuBe-
JEHHBIX UccienoBanuii (§ 3, m. 1) aBiasercs
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Teopema 4. [lone kacamenvuvix niockocmei T, 6azuchol no-
eepxnocmu V,, eunepnonocvl H, (A) Hecem oononapamempuue-
CKOe CeMelCcmeo m-CMpPYKMyp, 6HYMPEHHe CEA3AHHbIX ¢ OAHHOU

2UNEepnonoCcol U ONPedeieHHbIX NYUKOM ApduHopos }lj. (o), 20e

0
[ = MG) ol (40)

2. YCTaHOBUM KpUTEPHH MHTEIPUPYEMOCTH 7T-CTPYKTYpHI (4,

v), onpeneneHHon adduHOpOM }l: (37). UzBectHO [16], uTO MH-

TErPUPYEMOCTb 7-CTPYKTYPBl XapaKTepu3yeTcsi OOpalieHueM B
HyJIb TEH30pa KpY4YeHHsI NAaHHOW 7m-CTPYKTYphl. B cBoro ouepensp,
Tak Kak TEH30p KPY4EeHHS M-CTPYKTYpPHI TOJBKO MOCTOSITHHBIM MHO-

JKUTEJIEM OTIHYAETCS OT Ten3opa Helienxeiica {J7 ,ij} , Tne
Ty = A (= Ay )= A Ly = 7, +
+ A (Ay = A )+ A (A — A5,

TO HUHTETPUPYEMOCTh ZT-CTPYKTYPHI (A, V) CBOIUTCS K 0OpaIieHuto
B HyJIb KOMIIOHEHT TeH3opa Heitenxeiica B penepe R'(N,v), anan-

(41)

THPOBAHHOM IIOJIO V_ -IUIOCKOCTEH (Vv -paccioenuto). B atom pe-

nepe @’ =vhwl u v’ (c)=0 ((0) — PuKcHpoBaHHOE 3HAYCHHE
napamerpa o). llpenBapurensHo, mpoauddepeHIpoBaB paBeH-
ctBa (34), HOIY4YHUM CIIEAYIOIINE CBSI3M HAa KOMIIOHEHTHI aprHOpa

A; (37

ﬂklﬂ + ﬂk ﬂ;l = 42)

Teneps, yuutsiBast cooTHomeHus (34, 38, 39, 42), BeaucIsieM
KOMITOHEHTHI TeH30pa Helienxeiica 7-CTpyKTypHI (4, v):

g1l =0, g% =0, 1%, =0,
e, = AN + ) =8, (43)
grh, =-4wk (o) +v) (o)) =-8r, (o).
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U3 (43) cnexyer, uTo oOpaieHue B HyJIb BCEX KOMIIOHEHT TEH-
30pa Hellienxeiica paBHOCHUJIIBHO PaBEHCTBY HYJIIO TEH30POB HETOJIO-

& &
HOMHOCTH ', W 1, (C) COOTBETCTBEHHO A-PACIpeNENeHus U v-pac-

mpenieNieHns Ha 0a3ucHO# moBepxHOCTH V), runieprionocsl H,, (A).
Takum o0pasom, z-cTpykTypa (A4, v(o)), onpeneneHHas appuHo-

pom A;(0), uHTerpupyema TOr/ia ¥ TONBKO TOT/Ia, KOT/ia 06paia-
IOTCSI B HYJIb TCH30PHI HETOJIOHOMHOCTH r;q u rlfq (o) cootBercT-

BEHHO 0a30BBIX pacipenelcHuid (/4-pacrpeiesieHus U v -pacnpe-

JeNIeHUs) TaHHON 7-CTPYKTYphl. C APYTOi CTOPOHBI, MHTETPUPYE-
MOCTb -CTPYKTYPHI O3HAYaeT paccioeHrne 0a3ucHON MOBEPXHOCTH
V,, runepmonocs! H,, () Ha 1Ba ceMelcTBa TOAMHOT000pa3Hil:

a) Ha S-TIapaMETPUICCKOE CEMEMCTBO 7~-MEPHBIX TOBEPXHOCTEH,
orrbaronMx IeMeHTHI (TUIoCKOCTH A) A-pactpenencHus;

0) Ha r-mapaMeTPUYECKOE CEMEHMCTBO S-MEPHBIX IMOBEPXHO-
cTell, orudaroIux eMeHTHl (m1ockoctd v (o)) v,(o)-pacmpe-

neneHus. Jlpyrumu cnoBamu, depes Kaxayro Touky A, € V, mpo-

XOJIUT TI0 OJJHOW TTOBEPXHOCTH KaKJOT0 U3 ceMeicTB. MHOroo0Opa-
3H€ AIEMEHTOB 7-CTPYKTYPBI, KACATEIbHBIX K 3TUM HOBEPXHOCTAM
V., V,), oOpa3yeT roJlOHOMHYIO0 KOMIIO3ULIUIO, a WHTErPajbHbIE
MHOT000pa3wst TOJIOHOMHON KOMITO3UIH — Komrtozuiwiro A.I1. Hop-
neHa [19]. YuutsiBas 3ty cBs3b, P. @. JlomOpoBckwmii [15] BBOgUT
JUIS HEUHTETPUPYEMBIX (MHTETPUPYEMBIX) 7Z-CTPYKTYp Ha3BaHUS
HETOJIOHOMHOM (TooHoMHO#) komno3uniuu A. I1. Hopaena.
Onpenenenne. Hezononomuou xomnosuyueti A.I1. Hopoena
Ha auddepeHIMpPyeMOM MHOTrooOpasuu X, HaszbiBaeTcs audde-
PEHIMATILHO-TEOMETPUIECKas CTPYKTYpa, HHAYIIUPOBAHHAS MTapon
MOJIeH TEOMETPUIECKUX OOBEKTOB, TIOPOXKIAIONIUX J[BA pacIpeie-
JIEHMS INIOCKOCTHBIX 3JIEMEHTOB A, ¥ Vv (B 00IIEM Cily4ae HE HH-

BOJIIOTUBHBIX) TaKUX, YTO B KaxKHOW Touke xe€ X, : [A,,v,]=T,,
A, Nv, =x . Pacnpenenenus A, u v, Ha3bIBaIOTCA 6A306bIMU paC-

npeoenenusmMu He20l0HOMHOU Komnoszuyuu (A, V).

112



}0.1. Monos

U3 pesynbraroB nccnenoBanunii (§ 3, m. 2) u Teopemsl 4 criemayer

Teopema 5. Pecynapras eunepnoaoca H,, (A) eHympennum
UHBAPUAHMHBIM 00PA30M NOPONHCOAem 8 NoJie KACAMeNbHbIX NL0C-
xocmeti T, 6aszucuoii nosepxnocmu V, oOHOnapamempuuecxkut
nyyox He2oaronomuwix komnosuyuil A. Il. Hopdena (A, Vo)), b6azo-
8bIMU PACHPEOCTCHUAMU KANCOOU U3 KOMOPBIX AGIAIOMCS pacnpe-
oenenusi A-nnockocmeii u v (o )-niockocmeii. Obpawenue men-

& &
30p06 He20NOHOMHOCIU ¥, U T\, (o) coomeemcmeyrowux 6aszo-

8bIX pacnpedenenuti OaHHoU m-cmpykmypul (A, V(o)) 6 Hyib ecmb
Heobxooumoe u 00CmamouHoe yciogue, 4ymodwvl OA3UCHASL NOBEPX-
Hocmw V,, eunepnonocer H,, (/) npedocmaensna cobotl 2010HOMHYIO
komnozuyuro A.I1. Hopoena (V.,V (o)), a coomeemcmeyowas

m-cmpykmypa (A, V(o)) 6viia 2010HOMHOU.
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In the first-order frame a tangentially r-framed hyperband is given in
the projective space. For simplicity of presentation, we adapt the frame by
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the field of the 1* kind normals. The tensor of nonholonomicity of cloth-
ing A-planes field is introduced. The vanishing the nonholonomic tensor
leads to three different interpretations of the hyperband. With the help of
TA-virtual normals of the 1% and 2™ kind of framed A-planes, we come to
the following conclusion: in a third order differential neighborhood the
bundle of the hyperband second kind normals generates a one-parameter
bundle of T'A-virtual first and second kind normals, which correspond to
each other in bijection. We consider focal images associated with the hy-
perband, with the help of which the Norden — Timofeev plane of the
indicated hyperband is constructed. The geometric interpretation of the
object defining the Norden — Timofeev surface was found by R.F. Dom-
brovsky for tangentially r-framed surfaces in the projective space. We
note that the field of 7A-virtual first kind normals induces the field of the
Norden — Timofeev planes, this is the field of the 2™ kind regular hyper-
band normals. It is proved that with each the 1* kind 7A-virtual normal is
induced a bundle of Cartan planes in the 1* kind normal at a fixed point
of the hyperband.

In conclusion, we consider the 7zstructures of the tangent planes field
at the base surface of the hyperband.

Keywords: tangentially r-framed hyperband, nonholonomic tensor,
TA-virtual normal, algebraic variety, focal manifold, Norden — Timofeev
plane, affinor, nonholonomic Norden composition.
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On conformal transformations of metrics
of Riemannian paracomplex manifolds

A 2n-dimensional differentiable manifold M with
O(n,R) X O(n,R) -structure is a Riemannian almost para-

complex manifold. In the present paper, we consider con-
formal transformations of metrics of Riemannian para-
complex manifolds. In particular, a number of vanishing
theorems for such transformations are proved using the
Bochner technique.

Keywords: almost paracomplex manifold, conformal transformations,
Bochner technique, mixed scalar curvature.

§ 1. Introduction and results

A Riemannian almost product structure on an m-dimensional
Riemannian manifold (M ,g) is a (1, 1)-tensor field J on M such
that J* =id and g(J,J)zg. The triplet (M,J,g) is called a
Riemannian almost product manifold (see [1]). As a result, at every
point x € M, the horizontal subspace /  and the vertical sub-
space V, of the tangent space 7' M that correspond to the eigen-
values —1 and + 1 of the tensor J must be orthogonal. A Riemanni-

Tlocmynuna 6 peoaxyuro 09.03.2021 e.
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an almost paracomplex manifold is a Riemannian almost product
manifold (M ,J ,g) such that traceJ =0 (see [2]). In this case, the
two eigenbundles H and V' of the tangent bundle 7M have the
same rank, i.e., dim/ =dim/V at any point x € M. Note that the
dimension of an almost paracomplex manifold (M WA g) is neces-

sarily even, i.e., m =2n.
A Riemannian almost paracomplex structure on 2n-dimensio-
nal differentiable manifold M may alternatively be defined as a

O(Zn,R) -structure on M with structural orthogonal group
O(Zn,R) = O(n,R) xO(n,R). This structure is the antipode of an

almost complex structure (see [3]).
There are three kinds of sectional curvature for a Riemannian
almost product manifold (M WA g): horizontal, vertical, and

mixed. The mixed plane is spanned by two vectors such that the
first vector is horizontal and the second vector is vertical at an arbi-
trary x € M. Mixed curvatures stand for the sectional curvatures
of mixed planes. This concept has a long history and many applica-
tions (see, e. g., [4] and [5]).

Let { €. ,ep} be an adapted local orthonormal frame of A and
{ep+l,...,em} be an adapted local orthonormal frame of V. Then
mixed scalar curvature of a Riemannian almost product manifold
(M ,J, g) is an averaged mixed sectional curvature, i.e., the fol-
lowing function on M:

Z Zg (e:re.)ene),
..p a=p+l,..

where R is the curvature tensor of the metric g.
We will assume below that there is a conformal transformation
f: (M »J, g) - (M ,J ,§) of a Riemannian almost paracomplex

manifold (M,J,g) such that the metrics g and g are conformal-
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ly equivalent, that is, the following ordinary condition
f*g=e" g for some smooth scalar function o is satisfied (see
[6, p. 269]). This transformation preserves the angles between any
pair of curves (see [6, p. 267]). Therefore, the almost paracomplex
structure of (M ,J, g) is also preserved. In particular, if o is con-
stant then f'is called homothetic transformation. In this case, the
following theorem holds.

Theorem 1. Let (M,J,g) be a 2n-dimensional parabolic Rie-
mannian almost paracomplex manifold with the mixed scalar cur-
vature s_,<0. Then there are no non-homothetic conformal trans-

formations of the metric g such that s, > 0.

A complete Riemannian manifold of finite volume is an exam-
ple of parabolic manifolds (see [7]). Using this fact, we can formu-
late a corollary of Theorem 1.

Corollary 1. Let (M,J,g) be a 2n-dimensional complete non-
compact Riemannian almost paracomplex manifold of finite volu-
me. If the mixed scalar curvature s_, <0, then there are no non-
homothetic conformal transformations of the metric g such that
S, 20.

In particular, if M is a compact manifold, then the following
statements hold.

Theorem 2. Let (M,J,g) be a 2n-dimensional compact Rie-
mannian almost paracomplex manifold with the mixed scalar cur-
vature s, <0 (resp. s, 20). Then there are no non-homothetic
conformal transformations of the metric g such that 5., >0 (resp.
5. <0).

Theorem 3. Let (M J, g) and (M ,J ,g) be two 2n-dimensio-

nal compact almost paracomplex manifolds with conformally equi-
valent metrics g and g. If their mixed scalar curvatures s_, and
s are not equal to zero everywhere on M, then these curvatures

mix

have the same sing.
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§ 2. Proofs of Theorems

Let (M ,J, g) be a 2n-dimensional Riemannian almost para-
complex manifold. We will assume that f'is a conformal transfor-
mation such that §:u4/('”’2)g, 1.e., O'Z(Z/(m72)) Inu, for some
smooth function u >0 and f~adjusted common coordinates on M
(see [5, p. 269]). In this case, we get (see [8])

m+2

Auz'"T_2 us,. —u"’s (1)

mix |°

where Au :div(grad u) is the Beltrami Laplacian. Therefore, if
S <0 and 5, >0 then Au<O0, i.e., uis a superharmonic func-
tion. We recall here that a complete Riemannian manifold is pa-
rabolic if it does not admit non-constant positive superharmonic
functions (see e. g., [9, p. 313]). Using this fact, we prove our Theo-
rem 1.

If a manifold M is compact, then integrating (1) over (M, g)

and using Green theorem J.MAudvg =0 gives

m+2

J‘Musmix dv, = IMum*ZE dv, . 2)

mix g

Using (2), we prove our Theorems 2 and 3.
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O KoHOPMHbIX Npeobpa3oBaHMsX METPUK
PUMaHOBbIX NapakoMMIIEKCHbIX MHOr006pa3uil

[Moctynuna B pepakmuro 09.03.2021 r.

2n-MepHOE nuddepenunpyemoe MHOT000pasue M c
O(n,R) x O(n,R) -CTPYKTYpO# HAa3bIBACTCS PHUMAHOBBIM IaPAKOMII-

JIEKCHBIM MHOTOOOpa3ueM. B cTatbe m3ydarorcs KoH(pOpMHBIE TIpeodpa-
30BaHUSI METPHK MapaKOMIUIEKCHBIX MHOTooOpa3uid. B wacTHOCTH, MOKa-
3bIBa€TCS C ITOMOLIbI0O TEXHUKU BoxHepa psm TeopeM HMCYE3HOBEHUS IS
TaKHX MMpeoOpa3oBaHuil.

Knrouesvle crosa: moutH MapakOMILIEKCHOE MHOT0O0OpasueM, KOH-
(dbopMHBIE TIpeoOpa3oBaHus, TEXHHKAa bBOXHepa, CMellaHHas CKalspHas
KpPHBH3HA.

121


https://orcid.org/0000-0003-1734-8874
https://orcid.org/0000-0001-9186-3992
https://orcid.org/0000-0003-0591-8307

IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

Cnucox numepanypul

1. Stepanov S. E. Riemannian almost product manifolds and submer-
sions // J. Math. Sci. 2000. Vol. 99, Ne6. P. 1788—1810.

2. Cruceanu V., Fortuny P., Gadea P.M. A survey on paracomplex
geometry // Rocky Mountain J. Math. 1996. Vol. 26, Ne 1, 83—115.

3. Hsiung C.C. Almost complex and complex structures. Singapore,
1995.

4. Rovenski V. Foliations on Riemannian Manifolds and Submani-
folds. Birkhauser, 1998.

5. Stepanov S.E., Tsyganok I.I. A remark on the mixed scalar curva-
ture of a manifold with two orthogonal totally umbilical distributions //
Advance in Geom. 2019. Vol. 19, Ne3. P. 291—296.

6. Mikes J., Stepanova E., Vanzurova A. et al. Differential geometry
of special mappings. Olomouc, 2019.

7. Adams S. R. Superharmonic functions on foliations // Trans. Amer.
Math. Soc. 1992. Vol. 330, Ne2. P. 625—635.

8. Rovenski V. On solutions to equations with partial Ricci curvature //
J. Geom. and Physics. 2014. Vol. 86. P. 370—382.

9. Grigor’yan A. Heat kernel and analysis on manifolds. Boston, 2009.

mnPEﬂCTABﬂEHD ANA BOSMOXHOW NYBNUKALIMW B OTKPLITOM AOCTYMNE B COOTBETCTBUM C YCNOBUAMM
NULEH3WW CREATIVE COMMONS ATTRIBUTION (CC BY) (HTTP://CREATIVECOMMONS ORG/LICENSES/BY/4.0/)

122



VJIK 514.76

A.fA. Cynmanoe’, M. B. Fne6osa? ™, 0. B. bonomHukoea®
1.2.3 [TeH3eHcKul 20cy0apcmeeHHb Il yHugepcumem, Poccus
1. 2. 3mvmorgun@mail.ru
doi: 10.5922/0321-4796-2021-52-12

Anre6pbi Jln audpchepeHuupoBanum
NUHeNHbIX anrebp Hag nonem

B pabote nccnenyercs cucteMa JIMHEHHBIX YpaBHEHNUH,
3amaromux anreopy Jlu nuddepenuupoanuii Derd npous-
BOJIFHOI KOHEYHOMEpHOH NHMHEitHOH anreOpbl 4 Hax mo-
neM. Ilomyuena cuctema ypaBHEHU, KOTOPOH yAOBIETBO-
PSIOT KOMIIOHEHTHI NPOM3BONBHOTO muddepeHnrpoBanns
OTHOCHUTENIbHO (PUKCHUpOBaHHOTO Oasmca anredpbl 4. OTa
cucTeMa SIBISIETCS CHCTEMOW JIMHEHHBIX OJHOPOIHBIX
ypaBHeHHH. JlokazaH 3aKOH NpeoOpa3oBaHUS MAaTPHUIIBI
9TOH cucTeMsl. Jloka3aHa MHBAPHAHTHOCTh pPaHTa MaTPHUIIBI
CHCTEMBI IIPH Iepexojie K HoBoMy 0a3ucy B anredpe 4. [a-
Jjee paccMaTpHBaeTCs BO3MOXKHOCTH NPHUMEHEHUS IIOJy-
YEHHBIX pPE3ylbTaTOB B UG (EpeHIHaIbHON TeOMeTpUn
IIPY OLICHKU CBEPXY pa3MepHocTed rpynmn apduHHBIX mpe-
oOpa3zoBanmii. B kagecTBe mprMepa IpuBeIeH pa3padoTaH-
Heiii W.11. EropoBeiM MeTO/ HMCCIEIOBaHUS pa3MepHOCTE
anre6p JIn ahpUHHBIX BEKTOPHBIX MOJICH Ha TJIAJAKHX MHO-
rooOpasusix, CHaOXXEHHBIX JIMHEHHBIMH  CBS3HOCTSIMH,
AMEIOMIAMHI HEHYJIEBBIE TEH30pHBIC TIOJS KPYUCHHS.

Knroueesie cnoea: nuneitHas anreOpa Hax mojieM, TudepeHnnpoBa-
HUE JTUHEeWHOU anreOpbl, anredpa Jlu, anredpa JIu nuddepeHiupoBanuii.

BBenenue

IIyctb P — mone, W — BEKTOpHOE MPOCTPAHCTBO HAJl STUM
OJIEM.

Tlocmynuna 6 peoaxyuro 29.06.2021 e.
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Onpeneaenue 1. bununetinoii onepayueti, 3aJaHHON Ha BEKTOP-
HOM IIpOCTpaHCTBE W , Ha3bIBAETCsl OTOOpaKECHHE

Qo WxW —>W,
YIOBJIETBOPSIIOIIEE YCIOBHUSIM
(1) p(ax + fy,z) = ap(x,z) + fo(y,z),
() p(z,0x+ fy) = ap(z,x) + po(z,y)
JUIs TF00BIX &, B € P v moObIX X, y,zeW.

VYcnosue (1) BblpaxaeT TUHEHHOCTH ONepalyy ¢ 1O MEPBOMY

apryMeHTy, a ycioBue (2) — TUHEHHOCTH IO BTOPOMY apryMEHTY.
buwinHeliHas onepanus ¢ HA3BIBACTCS MHAYE ONEpaLuedl YMHOXKe-

HUS, a BeIpaKeHHe ¢(x,)) 0003HAYAETCS] CHMBOJIOM X) ¥ Ha3bl-
BaeTCs MPOU3BEICHUEM BEKTOPOB X H ) .
VYenorust (1) u (2) B IpUHATEIX 0003HAYCHUSX IPUMYT BUT

(ax+ py)z =a(xy)+ B(yz),
z(ax + py) = a(zx) + B(zy) .

Onpenenenne 2. BektopHoe npocTpancTBO W , Ha KOTOpOM
3aJlaHa OWJIMHEHHAs Omepalys, Ha3bIBACTCS JUHEUHOU aneeOpoll
Hao nonem P.

O6o3nauum 31y napy uepe3 A: A=(W,p). BekropHoe mpo-
CTPaHCTBO W Ha3bIBaeTCsl HOCHTENIEM anreOpbl A, a BEKTOPHI U3
W — snementamu anreOpsl A . O0buHO anredpy A OTOXKIECTB-
nat0T ¢ W . Ecnu BEKTOpHOE MPOCTPAHCTBO W ABJISIETCS KOHEY-
HOMEPHBIM, TO anredpa A HasbIBaeTCs anreOpoil KOHEYHOTO paH-
ra, IpUYeM PaHrom aiareOpbl 4 Ha3bIBaeTCS pa3MEPHOCTH BEKTOP-
HOTO TIpocTpancTBa W Hax nonem P . Panr anreOpbl 4 9acTo Ha-
3BIBAIOT PA3MEPHOCTHIO JIMHEHHOW areOphl.

Onpenenenne 3. Otobpaxenue f: W — W Ha3biBaeTCs Jiu-

Hetinbim (MHAYE — 9HOOMOPPUIMOM), €CITU TS TI0ObIX o, ff € P
U JIIOOBIX X,y € W BBIMOIHIETCS YCIIOBHE

flox+ fy) = of (X)+ fif (x).
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MHOXECTBO BCeX JTHMHEWHBIX OTOOpaKEHWH BEKTOPHOTO IIPO-
cTpanctBa W B cebs obo3Hauaercs uepe3d End W . Jlnsa mo0bIx
f,gcEnd W cymma f +g wu npousBeneHue j ,y € P, onpene-
JSIIOTCS yCIOBUSIMH

(f +8)(x) = f(x)+g(x),
()(x) =y (f (x)).
MHuoxectBo End W ¢ BBEICHHBIMH OIEPALMSIMH CIIOKESHUS

JMHEHHBIX 0TOOPAKEHUH 1 YMHOXKEHHSI UX Ha CKaJsIpbl U3 mojst P
CTaHOBUTCSI BEKTOPHBIM IIPOCTPAHCTBOM. B IOIy4yeHHOM BEKTOp-
HOM TIPOCTPAHCTBE MOYKHO ONPEACIUTh ONEPALUI0 KOMIIO3HLIUU ©
IO CJIEAYIOIIEMY MIPAaBUILY:

foglx)=f(g(x)
Uit BceX x €W w nnsa Beex f,ge€ End W.
Orta omeparus SBJISETCS OWIMHEWHOMW, 3HAUnT, apa (End W o)

SIBIISICTCST IMHEWHOM anreOpoi, Ha3pIBaeMOW JIMHEWHOW anreOpoii SH-
JOMOP(H3MOB BEKTOPHOTO TIpocTpancTBa W . B cuiy Toro uro ore-
pauust © SBJISETCS acCOLMAaTHUBHOW omepanmeii, anredpa (End W o)
Ha3bIBACTCS ACCOIMATUBHOW. Y CIIOBHEM [X, )] = X0y —yoXx ompe-
nenum B anreope (EndW o) HOBYyIO omepanuio [,]. B pesynprare
MoJy4uM HOBYI0 anredpy gl/(W), seistouryrocs anredpoit Jlu. Jra
anreOpa Ha3bIBACTCS ITOJIHOM JTMHEHHOM aareopoii.

Onpenenenne 4. Jluneitnplii onepatop D HazbIBaeTcs Oug-
epenyuposanuem anceopvr A= (W ,p), eciu BBIIOIHICTCS Clie-
JyIOlIee YCIOBHE:

D(xy) = D(x)y +xD(y).

CoBOKymHOCTH Bcex auddepeHInpOBaHU THHEHHON anreOphl
A obo3Hauaercs cumBosioM Der A. Ha mHoxectBe Der A ecrect-
BEHHBIM 00pa30M BBOJMWTCS OIEpanisi KOMMYTHPOBAaHHS TI0 Ipa-
BUITY
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[Dy,D,]=D, oD, —-D, D,

s Beex D,,D, € Der4.

Oneparyss KOMIO3UIUK HaJl TUPPepeHIIUPOBAHUIMHE, BOOOIIIE
roBOps, He MPOBOAUT K auddepeHImpoBannto aareopsl 4, a ore-
parust kommytuposauus (D,,D,) —[D,,D,] npusomur k nudde-
pennupoBanunio anredpel A . bonee Toro, mapa (Der, [,]) sBuser-

cs1 anreOpoii, u 3Ta anredpa Ha3wiBaeTcs anredpoit Jlu auddepen-
UPOBaHUT THHEHHON anreOpsl 4 .

1. O pa3mepHocTu anareops Jiu DerA

Teopema 1. [Iycmo ancebpa A umeem KoHeuHwill pane, pas-
Hotti m, moeoa dim, (DerA) < m*.

Jlns  moka3aTeNbCTBa 3TOTO YTBEPXKJICHUS BHIOEPEM KaKOW-
HUOY b Oasuc anredper 4: (&, &, ..., €,,) 1 Wi Kaxaoro audoe-
permupoBanust D € DerA o0passl D(&;) Ga3suCHBIX 3JIEMEHTOB

pasnoXkuM 10 3IeMeHTaMm Oasuca (&, &, ..., &,,) . Torna nomydnm

D(g)=x]¢;, x| eP.

Martpuna
XX Xy
MD)=|x{ x X,
SR

Ha3plBaeTCd MaTpuled auddepenuupoBanuss D B 0Oasuce
(&, &5 .. E,,) - 3aMETUM, YTO BEPXHHIl HHIEKC JIEMEHTOB ITON
MAaTPHIIBI SBIISIETCS HOMEPOM CTPOKH, a HIDKHHM WHIEKC — HOMeE-

pom cTonbia.
CoBokynHOCTh gl(m,P) BCEX KBaApaTHBIX MaTPHUIl IOPsAKA M

06p33y6T BCKTOPHOC INPOCTPAHCTBO HAJ IOJIEM P oTHOCHUTEIBHO
€CTCCTBCHHBIX onepaunﬁ CJIOKCHUS MAaTpUull 1 YMHOXKCHHUA UX Ha
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CKaysipbl U3 monst P. Pa3MepHOCTh 3TOT0 BEKTOPHOTO MPOCTpPaH-
cTBa paBHa m° Omeparmio KOMMyTHpoBaHus B gl(m,P) ompene-
M ycioBueM [A,B]= AB— BA s nwobeix A,B € gl(m,P).
Breipaxenuss AB u BA BbIpaxalOT NPOU3BEACHUS MAaTpULI.
Anrebpa g/(m,P) c omnepauueil [,] Ha3bIBaCTC HOIHOU MAMPUY-

Hou anecebpou Jlu nao nonem P. Pazmepnocth anredpsr gl(m,P)

paBHa m” .
Orobpaxenue h: DerA— gl(m,P), onpelneneHHoe yCIOBUEM

h(D)=M(D), sBusercs wuzomMoppusmom. CreroBarenbHO,
dim, Derd=m" .
Teopema 2. dim, Derd=m’mozda u moavko mozda, kozda

YMHOMCeHue 6 ancebpe A — myneeoe, mo ecmov xy =0, 0na ecex
X,y €A

- 2

Hokazamenvcmeo. Ilycts dim, DerA=m” u D(gl.)le.kgk.

Torpa, aeiictBys Ha mpousseseHne &,&; anpdepeHLrpoBaHeM

D, monyunm D(g¢;)=D(¢g;)e; +¢D(g;). VautbBas, 4910

&€ —C i €k> THE C € P ¥ Ha3bIBAIOTCS CTPYKTYPHBIMHU MOCTOSH-
HBIMH anreOpbl A , HAX0aUM

CiD(g,)=D(¢); +&D(¢)).

Ortcrona
h hos k
Cgx] +Cyx; = Cj xk =0. (1.1)
OTU COOTHOIICHUS MOXHO TNPEICTABHUTh, UCIOJNbL3YS CHMBOJI
L i=,
Kponekepa 5} = _ cIenyrmuM o0pa3om:
0, i/,
h ok h ok k ohy s
(C 0, +C”5j Cijés )x;, =0. (1.2)
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OHM TIPeCcTaBISIOT co00H CHUCTEMY JIMHEWHBIX OJHOPOTHBIX
ypaBHCHHiT OTHOCHTEIIBHO [EPEMEHHBIX X, . I10 MpearnoIoxkeHuro,

o k o
KaXJbIHu Ha6op xi ABIACTCA PCIICHUCM IIOJTYYCHHOU CUCTCMbI

(1.1). 3HauuT, Bce 3IEMEHTHI MaTpUIbl CUCTeMBbI (1.2) JOKHBI
OBITH PaBHBI HYJIIO:

h ok hok ok oh _
C 0, +C6; —C;6; =0.
CBepHYB 3TH COOTHOIIIEHUS 110 MHIEKCAM k H §, TIOTYINUM

h h h
G +C; =Gy =0.

h

Orciona C;; =0, 4TO NPUBOIMT K PAaBEHCTBAM £¢;=0

Bcex i, j=1, 2, ..., m. 3HauuTt, xy =0 mug Bcex x,y € 4. OOparHOE
YTBEPIKJICHUE OYCBUIHO.

2. 3axoH npeodpa3oBaHus 3JIeMEHTOB MATPUIIbI cucTembl (1.2)

Marpuna C cucrems (1.2) uMeeT 31€MeHTBI

hlk
e
ijls ; .
k
MyAbTHUHIIEKC COOTBETCTBYET CTPOKE, a MYJIbTHHHICKC
s
h
| — cronbuam matpunsl C . IIpn nepexone k HOBoMy 6aszucy
Y

(&',¢€5,....&',) Bamredpe A snementsl MaTpuribl C OyIyT M0/~

BEprarbecsl MpeoOpa3oBaHUsIM IO TEH30pHOMY 3akoHy. llokaxem
3T0.

[lycts &, =a;&',, roe martpuua Haf” — HEBBIPOXKJICHHA,
&'y =bie,. U3 otux paBeHCTB cnenyer & =a;ble,. Orcriona

a'ble, = S5/¢,. Cnenosarensro, a'b. =3, .
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Awnanornuno &', =bja’e',, nosromy a’b, =35;. O603HAUMM
&
gepe3 Cj; CTPYKTYPHBIE MOCTOSIHHBIE anreOpbl 4 OTHOCHTEILHO
k
6asuca (&'y,¢&',...,€',). 3naunr, &' ¢';,=C" &', 3amenun -

MEHTBI HOBOT'O 0a3uca Ha WX Pa3JIOKEHHsI IO IJIEMEHTaM CTaporo
0asuca, IoydInM

1k
s =C:h?
bbiee, =Cibie,.

[Mockonbky &,&, =CPe | To npenpiyiye paBeHCTBA Jal0T

p?°

s

Vk
PHULS — (5 hP
C b.bj =C;bf.
O k _rp kptyrs
tciona Cj =Cla,b;b;.
J
Ananornuno C¥ =C'"? b a'a®.
y u, " potTJ
Ha ocHoBaHMM IPHUBEICHHBIX PABESHCTB MOJIYYUM
i, i S h, |h
1|k 1|
cl LT blbibtatal = C . (1.3)
J1J2|J3 kiky |k

Taxum obpazom, snemenTsl Matpull C u C' cB3aHBI TEH30P-
HBIM 3aKOHOM.

3. UHBapHMAHTHOCTHh Pa3MEPHOCTH MPOCTPAHCTBA
pemiennii cucremsl (1.2)

Cucrema JIMHEHHBIX OAHOPOAHBIX ypaBHeHHH (1.2) oTHOCH-
TeJIbHO HOBOTO Gasuca (&', &', ...,€',,) IpUMeT Buj

, hy |, ko
C vk =0. (1.4)
bk Jhey )
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JlokaxeM, 4TO pa3sMEpPHOCTb MPOCTPAHCTBA PEILICHUN CHCTEMBI
OJHOPOJAHBIX JHMHEHHBIX ypaBHeHu# (1.2) He 3aBHCHT OT BBIOOpA
0asuca B anredpe A4, 4TO PaBHOCUIILHO YCIOBUIO HHBAPHAHTHOCTH
panra Matpuilsl C TIpu mepexoze K HOBoMy 0a3ucy.

[Ipeanonoxum, uro cucrema (1.4) UMeeT HEHyJIEBOE PEIICHHE.
Torma mpoctpancTBO Beex pemieHuit cucreMsl (1.4) umeer Gasuc.
[TycTs yropsimodeHHBIC HAOOPHI DJIEMEHTOB OIS P

ul, (@=1,2,...,m* - p),

rac O — paHr MaTpulbl ' , COCTaBJIAIOT 0asmc IMpOCTpaHCTBA pe-

mennii cuctemsl (1.4). Torna umeem BepHbIE paBEHCTBA

o)
C' =0,

Kk, ls |

IJIC 110 MHJCKCAM S U ¢ BEIETCSl CyMMHUpPOBaHUE OT 1 10 m. 3aMeHUB
B 3TUX COOTHOIIEHUSIX ko3 uiuerTs no Gopmynam (1.3) ¢ mo-
CJICYIOIIUMH CBEPTHIBAHUSAMHU, [TOJTYIUM

t|i .
C : Uy =
L\,

2 J3 o pJ3 b8
st Becex @ €{l,2,....m™ —p}, npudem Uy —bjaizum. Crnenosa-
TEJBHO, HAOOPHI U(f;z SIBJISIIOTCS PEIICHUSIMA CUCTEMBbI JINHEHHBIX

OJIHOPOJHBIX YPaBHEHUM

x5 =0 (1.5)

1%
Liy i

2
st kakoro @ € {1,2,...,m" — p}.
OTa cucTteMa pelieHui JUHEHHO He3aBucuMa. J[elicTBUTEIRHO,

nycts 270y =0. Torna A%bjaju}, =0. Ceepuys 5T cooTHOIIE-
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HUS C af},bfz , momyunm A°u’, =0. Otcioya B cuily JIMHEHHO# He-

3aBUCHUMOCTHU CUCTEMbI PELICHUN u; crenyer A7 =0. Yr1BEepxe-
HHUE TO0Ka3aHo.

[TycTb ynopsiioueHHbIH HAOOp JJIEMEHTOB U; — IIPOHU3BOJIb-
Hoe pemeHue cuctemsl (1.5). Tormga
ht) |
C v, =0
Lils
MIPEJICTaBIISICT COOOW BEPHOE PABEHCTRO.
o t
Paccmotpum ynopsinodenusii nabop U, , rae (4,9 =1,2,...,m),
OTIPEIICIICHHBIN (hopMyIaMHu
P _ PLt,.S
uy =albu,.

S _ 1S ,4,,P
Torma v; =b,a/u;. llostomy nomyunm

h |t
C' b’alu? =0.
11l pTtTq
128
CBepHEM 9TH PaBeHCTBA MmoclenoBaTebho ¢ b, b2 . a' . Torna
2Pk, A
MOJIYYHMM CIIEYIOIINE PABEHCTRA:
h |t .
C b,i‘lb,g Lagaiul =0.
L, s
y‘-II/ITbIBaSI ABCHCTBA 13 9TH COOTHOILUCHUA IIPUMYT BU
> Yy
I |q
kik, |p

CV

p _
uq—O.

3HAYUT, YIOPSAAOUYCHHBIH HA0Op U j; SJIEMEHTOB HoJst P sBis-
eTcst perienreM cuctemsl (1.1). DTo pelieHue MOXKHO Pa3ioXKHTh
110 Ga3HCHBIM PEIICHUSIM U, :

Uy =H Ugy
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S [
Iockomsky u) = albv;, ub =alby;,, nveem
PRt s _ 0 _ppt, s
a’b, =p’albv,.
CnenoBarensHo, v, = u’v;,.

2 o
Takum o6paszom, peutenust v, (o=1,2,...,m" — p) nuHEHHO

HE3aBHCUMBI W TOPOXKIAIOT TPOCTPAHCTBO PEIIEHUH CHUCTEMBI
(1.2). IlosToMy pa3MEpHOCTH MPOCTPAHCTBA PEHICHUH CHCTEMBI
(1.2) paBHa m”—p, TO €CTh TaKas *e, KaK Pa3sMEpPHOCTh MPOCTPAH-
cTBa pemeHuit cuctemsi (1.4).

Eciu cucrema (1.4) uMeeT TOJIBKO HYJIEBOE PEIICHUE, TO CHUC-
teMa (1.2) Oyzer UMeTh Takke OJHO HyJeBoe perienue. [leiicTBu-
TEILHO, €CIIN TPEIIONI0KNTh, 9TO cucTema (1.2) mmeeT HEeHyJIeBoe
pelieHne, TO aHaJIOTHIHBIME PACCYKICHUSMH TOIYYHM, YTO CHC-
TeMa (1.4) Toxke nMeeT HeHyJIeBOE pellieHHeE.

Taxum 00pazom, JoKa3zaHa CIeAyIoas

Teopema 3. Pane cucmemst (1.2) aunetinbix 00OHOPOOHBIX Ypas-
HeHull He 3a8ucum om 8vlbopa bazuca npocmparncmea W.

HccnenoBanusi pa3mepHocTed anredp nudgepeHurpoBaHui
JIMHEWHBIX anreOp TECHO CBS3aHBI C M3Y4YeHHEM rpymn a(uHHBIX
npeoOpa3oBaHuii MHOTOOOpa3nii, CHAOKCHHBIX JTHHEHHOHN CBSI3HO-
cThi0. OIUIIIEM 3Ty CBSA3b BKpATIIE.

ITycte M, — rmaakoe cBsizHOe MHOT00Opasue kimacca CV —

JMWHEHHAs CBA3HOCTD, 3a/laHHas B HeM. CBA3HOCTh V TOpOXKIaeT
JIBa TEH30pHBIX IOJA: R — TEH30pHOE IOJIE€ KPUBU3HBL U I —
TEH30pPHOE TOJIE KPYYCHHs. DTH TEH30PHBIC IOJIS OMPEICISIIOTCS
TOXKICCTBAMU

RX,Y)Z=VyVyZ -V V. Z -V iy Z,
T(X,Y)=V,Y-V,X-[X,Y]

COOTBETCTBEHHO.
B atux paBencrBax X,Y,Z mnpencraBisiroT co0Ooil Tpous-

BOJIbHBIC BEKTOPHBIC I10JIA.
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BekropHoe nosne X HazpiBaeTcs MHPUHUTE3UMATBHBIM aduH-
HbIM TipeoOpasoBanuem mpocrpanctea (M,,V), ecnim L,V =0,

rae L, — cuMBoI mpou3BoaHON JIM BOIH BEKTOpHOTO mois X
[2; 6].

W3BecTHO, YTO COBOKYIMHOCTH BCEX WH(WHUTECIUMAIBHBIX ad-
(uHHBIX mpeobpazoBaHU 00pa3yeT OTHOCHUTEIHHO OIepariu
KOMMYTHUPOBaHHUSI BEKTOPHBIX mouiel anreopy Jlu, koropyro 06o-
sHaunM aff (V). Ussectno taxxke, uto LyR=0 u L, T =0 nusa

moboro X € aff (V). 3adukcupyem HeKkoTopyt TOuKy g €M, u
BeIOepeM kapty (U,x') Takum obpasom, utoGsl ¢ € U. Torma iu-

HeWHas CBS3HOCTHh OyJIeT 3a1aBaThCs KOMITOHEHTaMHU Fj’k, ompe-
in_
neneHHbIMU ycnoBuamu 1 ,0,;=V, 0. TensopHoe noine kpyueHus

T OGyner uMeTh cocrasistonie 1 ;k = ;k - kj Ha xacarensHOM
npocrpanctse 7, (M) BO3HMKAaeT CTPYKTypa JMHeiHOH anreGpbl

A=(T,(M),) ¢ onepauueii yMHOKCHHUs KacaTeIbHbIX BEKTOPOB

i
a=a'e;,

; 0
— 1 p—
b=b'e, tHe e = P ompeneneHsl 1o  Qopmyne
q

ab=( j’k (9))e;. Tonoxum T ;k (q):C;k. Ora anreOpa aHTUKOM-

MyTaTtuBHA: ab=—ba. Wzyunm anrebpy JIu muddepenmpoBanuii
BBEJICHHOM anreopsl A ¢ anrebpoii Jlu aff (V). Jns atoro cHavana

sanmmeM ypasHeHust L,V =0 B koopauHatax. [Tycts X = X'0, —
JIOKaJIbHOE TpeAcTaBleHHE BeKTopHOoro monst X. Torzma ms jro-
ObIx 0, O, Oynem umeTh

LV(3,,0,)=0. (1.6)

OTH COOTHOIICHUS] PABHOCHIIBHBI CIEAYIOLIEH CHUCTEME ypaB-
HEHUH:

0y X' + 1,0 X" +T,0,X"-I}o,X"+X"0, I, =0.(1.7)
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ITomensieMm MecTaMu WMHIEKCHI j M k, 3aT€M W3 COOTHOLICHUS
(1.7) BeIuTEM mMONMy4YEHHBIE COOTHOLICHUsS. B pesynbrate nMmeem
CJIeAYIOIIUE PAaBEHCTBA:

X"0, Ty +T,.0,X"+T;,0, X" -T30,X" =0.

m* jk
BLIpa3I/IB YaCTHBIC IMMPOU3BOAHLIC UCPE3 KOBAPHUAHTHBIC IIPOU3-

BOAHBIC, ITOJIYUYUM

X", T, +T, VX" +T, V, X" -TyV, X" =0.

m* jk
B Ttouke g € U 3tH cooTHOmEHUs OyAyT 3a7aBaTh HAM CHCTE-
My JIMHEHHBIX OJHOPOJHBIX YPaBHEHHI OTHOCHTEIHHO IEpEeMEH-

weix X" =X"(q), x}'=0,X"(q) c xoobduumenTamu
Clin =V, T (@), Cy = (Tj(9)):

} i|s
x"C", +C x" =0, 1.8
Jkm jk m K ( )

i|s o o o
re C il | 0;C +06,C}, =0, C};. UNCIo HEM3BECTHBIX B CHC-
Jkim

teme (1.8) paBHo n° + 7.
i|s .
Marpua C c¢ snementamu C| MpeaCcTaBIsieT co0oit
Jjkim
MaTpHULly CUCTEMBl JIMHEMHBIX OAHOPOAHBIX YpaBHEHUH, oIpene-
i
msnowmx auddepenumposanne D, ¢ ycnosusivu D(e;) = x;e;.
OHa sBiseTcss nogMmarpuiieit Matpuiibl cuctemsl (1.8). [loaTo-
My eciu rank C > p, TO pa3MEpPHOCTh 7 TPOCTPAHCTBA PEIICHHUN

cucreMsl (1.8) OyneT yaoBIeTBOPATh HEPABEHCTBY 7 < n’+n-p.

[Tpu uccnenoBanuu pasmepHocTH anreops! JIu adpUHHBIX Bek-
TOPHBIX IOJIEH BaKHO 3HATh OLICHKY Pa3MEPHOCTH anreOpsl aud-
¢depenumpoBanuii auHeiHON anredpsr 4. W.I1. EropoB mpemsno-
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XKHUJI CIEIYIOIIUH MPUeM OLEHKH PasMEpPHOCTH aireOpbl audde-
pEHIMPOBaHMUN JIMHEHHOW anreOpbl A (HMCIONb3ysh HHBAapHAHT-
HOCTbh paHra MaTpHUIbl OTHOCUTEIBHO BbIOOpaA 0a3zuca BEKTOPHOIO
IIPOCTPAHCTBA).

Beinenum ciayvan:

a) cymectayer kapra (U,x'), g €U, Takas, uto T)5(¢q)#0, T0
ectb C); #0;

6) B kaxuoii kapre (U,x'), geU, xommounents! sumga T ﬂo;
(a, f, y nomapHO pa3IM4HbI) B TOUKEe ¢ paBHBI 0, HO CyIeCTBYET

o 1 1
KapTa, OTHOCUTEeNbHO KoTopoit 11,(g) #0, To ects C), #0.

B cnyuae a) on mokazan, uro rank C >3n—6. CiemoBaTelns-

HO, pazMepHocTh anredpsl JIu aff (V) < n*—2n+6.

B cmyuae 6) rank A>n, mosToMy pasmepHOCTh anredpsr Jlu

aff (V) <n®.
Wnen U.T1. Eroposa ucnonb3oBaiuchk B padorax K. Ano, 1. Ko-
6asicu u yuennkoB U. I1. Eropoga.
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In this paper, we study a system of linear equations that define the Lie
algebra of differentiations DerA of an arbitrary finite-dimensional linear
algebra over a field. A system of equations is obtained, which is satisfied
by the components of an arbitrary differentiation with respect to a fixed
basis of algebra A. This system is a system of linear homogeneous equa-
tions. The law of transformation of the matrix of this system is proved.
The invariance of the rank of the matrix of this system in the transition to
a new basis in algebra is proved. Next, we consider the possibility of ap-
plying the obtained results in differential geometry when estimating the
dimensions of groups of affine transformations from above. As an exam-
ple, the method of 1. P. Egorov is given for studying the dimensions of Lie
algebras of affine vector fields on smooth manifolds equipped with linear
connections having non-zero torsion tensor fields.

Keywords: linear algebra over a field, differentiations of linear alge-
bra, Lie algebra, Lie algebra of differentiations.
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O makcumanbHoOM pasmepHocTU anrebp Jln
MH(DMHMTE3MMANbHBbIX ahMHHBbIX Npeobpa3oBaHuUM
KacaTenbHbIX PACCNOEHUIA C CUHEKTUYECKON CBA3HOCTLIO
A.1. Wupokosa

B nacrosmieii pabote moiydeHa TOUHas OIEHKA CBEPXY
pasmepHocTeit anre6p Jlu mHOWHUTE3MMAaNBHBIX adUH-
HBIX TIpe0Opa30BaHMil B KacaTeIbHBIX PACCIOCHHAX MEPBO-
ro HOpsAJKa, CHAOKEHHBIX CHHEKTHYECKUMH CBSIZHOCTAMHU
A.TI. llInpoxoga.

Knioueswte cnoga: nuddepeHuupyemMoe MHOrooopasue, KacaTellbHOE
pacciioeHue, CHHEKTHUECKask CBI3HOCTh, MHPUHUTE3UMaIbHOE ad(hUHHOE
npeobOpasoBanue, anredpa Jlu.

Teopust kacaTenbHBIX paccioeHuid Han AuddepeHIpyeMbiM
MHOT0o00OpazueM M MpUHAAIECKHUT 0OJACTH T€OMETPHU U TOIOJIO-
MM MHOTOOOpa3uil M SIBISETCS WHTEHCUBHO Pa3BHBAIOLIMMCS Ha-
IIPaBJICHUEM TE€OPHH PACCIOCHHBIX MPOCTPaHCTB. OCHOBBI TEOPUU
PaccIOeHHBIX IPOCTPAHCTB ObLIN 3a0KeHbI B padoTax C. Dpecma-
Ha, A. Beitns, A. Mopumoro, I11. Cacaku, K. fno, C. Mmuxapa. Cpe-
J1 OTEYECTBEHHBIX YYEHBIX KaCaTEIbHBIE PACCIOCHUS HUCCIIEA0BAIN
A.TI. Hupokos, B. B. Bumnesckuii, B. B. [lypsirun, b. H. [lamykos
U UX YYEHUKHU.

Tlocmynuna 6 peoaxyuto 28.06.2021 e.
© Cyntanos A. f., Cynranosa I'. A., CagoBnukos H. B., 2021
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IIpn wuccnenoBanun aBTOMOP(H3MOB OOOOILICHHBIX HPOCT-
PaAHCTB Ba)KHOE 3HAYEHHE UMEET BONPOC 00 MHPUHUTEIUMATIBHBIX
peoOpa3oBaHMsIX CBA3HOCTEH B STHUX MPOCTpaHCTBax. JlBrike-
HUSMH B pa3IMYHBIX OpocTpaHcTBax 3anuManuck K. fno, I'. Bpan-
yany, I1. A. Illupoxos, U.II. Eropos, A. 3. [letpos, A.B. AMuHoBa
u ap. [BixeHHsM U aBTOMOp(H3MaM KacaTelbHBIX pacciIoeHHN
nocsimeHsr paboTsl K. Caro u 1. Tanno. MHpuHUTE3NMATBHBIE
appuHHBIC KOJUIMHEANH B KacaTeJIbHBIX PACCIOCHUSX C CHHEKTHU-
YeCKOH CBS3HOCTBIO ObUIM TIpeaMeToM ucciemnoBanmii X. Illa-
IbICBA.

B HacTosiiee Bpemst BOIPOC O IBHKEHUSIX PACCIOEHHBIX MPO-
CTPaHCTB paccMmaTpuBaeTcs B padorax A.Sl. CynraHoBa, uccieny-
OUIero MHQUHUTE3UMAaNIbHBIE PeoOpa3oBaHMs PACCIOCHUS JIH-
HEHHBIX PENepoB CO CBA3HOCTHIO MONTHOTO I Ta, anredpst Jlu ro-
JoMOp(hHBIX aphUHHBIX BEKTOPHBIX IOJIEH B MPOHU3BOJIBHBIX pac-
cnoeHusx Beins.

1. OcHoBHbIe onpeeseHnss U PaKkTb

KacarenbHoe paccioeHne mepBoro mopsiaka MpeacTaBlIsIeT Co-
0ol paccrnoenue A. Beinst Han ritagkum kitacca C* MHOrooopasu-

eM M, BO3HUKAIOIIAM NPU MOMOIIH anreopsl A = R(s) Ty abHBIX

0 .
YKceN €O CTaHAapTHbIM GasucoM (& ,& ). U3 onpenenenus Oa-

SUCHBIX 3JIEMCHTOB CJICAYCT, YTO OHH ICPEMHOKAIOTCA 110 CICOY-

foueMy npasuny: €% -&’ = P , npuueM &’ =0 npu y > 2. Obo-

* ~
3HaYUM 4yepe3 A BEKTOPHOE MPOCTPAHCTBO JUHEWHBIX (OPM HAJ
MOJIEM JCHCTBUTENBHBIX ducen R, 3aJaHHBIX Ha A U MPUHUMAIO-
X 3HAYEHUS B R.

Ilycte C*(M) — BeluecTBeHHas anredpa TJIaIKHX Kiacca

C” (¢yHKIWMA, 331aHHBIX HA M W NPUHUMAIOIIUX 3HA4YeHHS B R.
O6o3nauum yepes 7, M MHOKECTBO BCEBO3MOXKHBIX TOMOMOP(U3-
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MoB £, :C*(M)— A, rne q€M , ynoBIETBOPSIONIKMX YCIOBHIO
t,(f)=f(g)mod[), rne I — wunean anre6pbl A, NOPOXKICHHbIH

aneMeHToM &' . MHO)ectBo TM = U TqM MOYKHO €CTECTBEHHBIM
qeM

00pa3oM HaaeNuTh CTPYKTYpOH IIAAKOrOo MHOrooOpasus Haj al-
redpoit A u rnaakoil crpykrypoir Hag R [1]. Otobpaxkenue

7:TM — M , onpejenenHoe ycinosueM 7(f,)=¢q, Ha3blBacTCA

KaHOHHWYECKOH IpoeK1ueil, a tpoiika (TM ,7,M) — paccioeHueM

A. Beiins, B HaleM ciydae — KacaTelbHBIM PacCIOCHHUEM TEePBO-
ro nopsiika.

Jns xaxmoit pyskmmu [ € C* (M) moxHO mocTpouth ee
ecTecTBEHHBIN MUGBT f,), Ha3bIBACMBIH e TIOTHBIM JUBTOM, C a-
361 M B €ro kacareibHOE pacciioeHue TM crienyroomuMm oopa-
som: [y = (0, )X/ - @ynkuun f, u fi,) mO3BONSIOT OMpeie-
mate Ha TM  dysxkmmo f* co 3Hauenmamu B A dopmysioit
f'=fe“ (@=0,1). Oynkuus f* Ha3BIBACTCH ECTECTBEHHBIM
nponomkenreM Gyukuun f u3 M B TM. Komnosuumo a o f*

*
0003HaYNM uepes3 f( .- Ecma a =a“¢_, 10

a (@)
oM i = oy Sy = oy
[lyctb @ € A — npou3BOIBHBIN (UKCHPOBAHHBINA AIIEMEHT all-
re0pbl A, X — mpou3BOJILHOE TIIaJKoe BeKTOpHOe Tnoine Ha M. Ha
KacaTelbHOM pacciloeHuu M CylecTBYeT eqUHCTBEHHOE BEKTOP-

a
=a J., npu-

Hoe none X “) | yoBneTBOpsIoIee yCI0BHIO

@
Xy = D

nns mo6oit pynximu f € C*(M). B stom paBencte a -he A"
onpesensiercs mo npasuny a -b(c)=a’(bc). Jins BEeKTOPHOTO M0-

111 X MOXHO HNOCTPOUTH €ro €CTCCTBCHHOC MPOJOJLKCHUC XA Ha
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TM. Ono 3anaercs ycnosuem X £ =(Xf)* nna mo6Goit GpyHKImHI
f €C”(M). Bexropuoe mone X Ha A Ha3pIBaeTCA TOIOMOPHHBIM
TOr'Ia U TOJIbKO TOrAa, Koraa X=¢"X ; (x=0,1).

JluHeiiHast cBI3HOCTb V , 3amaHHast Ha TM, HAa3bIBACTCS TOJIO-

MOpQHOH, eciu BekTopHOEe nojie V.Y sBiserca roaoMophHeIM

JUISL JIIOOBIX TONOMOP(HBIX BEKTOPHBIX Mojied X u Y , 3amaHHBIX
Ha TM. A.Il UlupokoBbIM JI0Ka3aHO, 4YTO Jk00as TosioMopgHas
CBSA3HOCTh V Ha KacaTeIbHOM PaCCIIOSHHUM IEPBOr0 MOPsAKA MO-
JKET OBITh MpejicTaBicHa B Bujae V =v +5-FIA , tne V=TI,
JMHEHHas CBA3HOCTD, a I'| — TeH3opHoe none tuna (1,2) va M [1].
Sh v -
BemectBennyo peanmzaiiuio V™' TogoMopdHON CBSI3HOCTH V
OyJieM Ha3bIBaTh CHHEKTUYEeCKOM CBs3HOCTHIO A. 1. Illupokosa.
Nmeer MecTo TOXKAECTBO

VI Y =T, (X,Y))" ),

x(@
. Sh
W3BecTHO, 4TO NHMHEHHas CBA3HOCTH V'~ 0e€3 KpydeHus, 3a-
nanHas Ha TM npu ycnoBud dimA>2 u dimM > 2 ¢ OTVIMYHBIM
OT HyJI1 TEH30PHBIM IIOJIEM KPHUBU3HBI R®", uMeer orTimumHOe OT

HyJ1s1 TeH3opHoe nosie 1. Beitns npoextusHoil kpusususr W [3].
Ha ocnoBanuu teopemsl U.I1. EropoBa o MmakcuManbHOH pa3mep-
HocTH anreOps! JIn adPUHHBIX BEKTOPHBIX MOJIEH 3aKII0YaeM, YTO
pasMepHOCTh anreOps! JIn adhUHHBIX BEKTOPHBIX IOJICH CBSA3HO-

cru V¥ ma kacarenbHOM paccioenun TM, tne dimM >2, He
Gonbie, yem (2n)’ —2(2n)+5=(2n-1)> +4 [2]. ITokaxeM TOuU-
HOCTh 3TOH OLEHKH. J[JIs1 3TOr0 PacCMOTPUM KacaTeIbHOE PACCIIo-
enne R* (n>2), cHabxennoe cszHOCTHIO A.TI. Illupokosa V™"

I = 56(,9“5”‘5[’5”)(Fijk )( > TIpHIeM [, =0 mms Beex v=0,1,
y7i

r _ 2 iy _
a Iy=Iy=x,17,=0 B ocrameneix ciaydasx. Torna
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1 2 1 2 i
I =x, T =x;, a ocTanpHble KOIQOHUIMEHTHI F?f; =0. BmI-

YHUCJIIMB KOMIIOHCHTBI TCH3OPHOI'O I10JId KPHUBHU3HLI R;;ggl, nojy-
0001 0001
uuM, 410 R,y5 =1, R,5,) =—1, Bce pyrue KOMIOHEHTBI TEH30p-

woro nonss R*" pasmer 0. Tak kak R* #0, To W™ #0. Bo MHo-
I .
KECTBE MYJIbTHUHICKCOB , tne ie{l,2,...,n},axe{0,1},
a
BBE/IEM OTHOILICHHE JTMHEIHOTO MOPSAKA CISAYIOLINMH YCIOBHAMU:
o i) (7
(a)ecmm i < j, TO < 1 mobsix «, ff€{0,1};
o
o i i
(6) ecu i = j, 1O < IUIsl BCeX o, 3, yAOBIETBOPSI-
a
IOIUX YCIOBUIO & < [3 .

Torma paccmaTpuBaeMblil ciiydail OyAeT MpeicTaBisiTh MPH-
mep, npuBeneHHbld . I1. EropoBeIM 11 J0Ka3aTenbCTBA TOYHO-

2
ctu d” —2d +5 anre6psl JIu nHuHUTE3UMATBHBIX a(dUHHBIX
npeoGpasoBanuii mpocTpancTBa R ¢ MHHEiHO#H CBA3HOCTBIO V ¢
1 1 2 i _
komnoHenramu I, =173, =x°, npyrue ij =0 [2].

Takum 00pa3zomM, TokazaHa

Teopema. Maxcumanvhas pasmeprocms aneedpul Jlu appun-
HbIX 6EKMOPHBIX NOJEl KACAMETbHbIX PACCIOEHUL ReP8o2o Nopsio-
Ka 21a0K020 MHO2000pa3usi, CHAOICEHHO20 CUHEKMUYECKOU C6A3-

nocmoio A. I1. Illupoxosa, pasna mouno (2n—1)> +4 .
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Affine transformations of the tangent bundle
with a complete lift connection over a manifold
with a linear connection of special type

Submitted on Juny 28, 2021

The theory of tangent bundles over a differentiable manifold M be-
longs to the geometry and topology of manifolds and is an intensively
developing area of the theory of fiber spaces. The foundations of the theory
of fibered spaces were laid in the works of S. Eresman, A. Weil, A. Mori-
moto, S. Sasaki, K. Yano, S. Ishihara. Among Russian scientists, tangent
bundles were investigated by A.P. Shirokov, V.V. Vishnevsky, V.V. Shu-
rygin, B.N. Shapukov and their students.

In the study of automorphisms of generalized spaces, the question of
infinitesimal transformations of connections in these spaces is of great
importance. K. Yano, G. Vrancianu, P. A. Shirokov, I.P. Egorov, A.Z. Pet-
rov, A.V. Aminova and others have studied movements in different spac-
es. The works of K. Sato and S. Tanno are devoted to the motions and au-
tomorphisms of tangent bundles. Infinitesimal affine collineations in tan-
gent bundles with a synectic connection were considered by H. Shadyev.

At present, the question of the motions of fibered spaces is considered
in the works of A. Ya. Sultanov, in which infinitesimal transformations of
a bundle of linear frames with a complete lift connection, the Lie algebra
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of holomorphic affine vector fields in arbitrary Weyl bundles are investi-
gated. In this paper we obtain exact upper bounds for the dimensions of
Lie algebras of infinitesimal affine transformations in tangent bundles
with a synectic connection A.P. Shyrokov.

Keywords: differentiable manifold, tangent bundle, synectic connec-
tion, infinitesimal affine transformation, Lie algebra.
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[echopmanmns 04HOCTOPOHHMX MOBEPXHOCTEN

Pabota mocBsmieHa u3y4eHUIo AedopManuu OJHOCTO-
POHHHUX MOBEPXHOCTEH, K KOTOPBHIM OTHOCSITCSI CKPELLIEHHBIN
KOJINaK, pUMCKasi TIOBEpXHOCTh, OyThlIKa KieiiHa. [lepBbie
JIBE SIBJISTIOTCST MOJIEIISIMHU TIPOEKTHBHOM TJIOCKOCTH.

JlokazaHo, YTO €CJIM TIOBEPXHOCTh MPEACTABISIET COOO0M
MoJienb 6o ucta Mébnyca, oo Oyteuku Kieitna, am-
00 TIPOEKTHUBHOM TTOCKOCTH, TO Ie(opManys MOBEPXHOCTH
Oyner mopmensio jmcta Mébuyca, Oyreuikn KieitHa wimm
MIPOEKTHBHOI INIOCKOCTH COOTBETCTBEHHO.

C uCTonb30BaHNEM MaTEMaTHYECKOT0 MaKeTa IMoCcTpoe-
HBI rpaUKH paccMaTPUBAaEMbIX ITOBEPXHOCTEH.

Kniouesvle cnoea: CKpelICHHBIA KONMAK, PUMCKas MOBEPXHOCTb,
nmuct Mébuyca, Oythutka Kietina.

3
B eBxiMI0BOM IIpoCTpaHCTBE E” paccMOTPUM INIAJKYHO 3aMK-
HYTYI0 HEIUIOCKYIO KpUBYIO) 0e€3 caMoIllepecedeHusi, 3aJlaHHyIo

47 -nepuoandeckoil Bektop-pyHkuuei p = p(u), KOTOpas He sB-

JsieTcst 277 -MepUOANYECKOM U 277 -aHTHIIEPUOIHIECKOM.
Tak kak p(u) = p(u + 47), TO PyHKIHS

s(w) =%<p(u)+p(u +21))

Ilocmynuna 6 peoaxyuro 26.12.2020 e.
© YemkoBa M. A., 2021
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€CTh 27 -TIepUOUYEcKasi He paBHas HYJIIO, 8 BEKTOP-(YHKIUS

)= %(p(u) — plu+27))

€CTh 27 -aHTUIEPUOJUYECKASL.

[TycTh BmONB 3aMKHYTOH KpWBOW Ha TIOBEPXHOCTH OOHOCHTCS
HOPMAJIBHBII BEKTOP.

Ecnu npu Bo3BpalieHu# B HICXOHYIO TOUKY HalpaBiIeHHUE HOp-
Majii COBHAJAET C MCXOJHBIM HAIPABICHUEM HOPMAaIH HE3aBUCHU-
MO OT BbIOOpa KPHWBOHM, TO TOBEPXHOCTh HA3bIBAETCS JBYCTOPOH-
HEl. B IPOTHBHOM Cilyyae UMEEM OJJHOCTOPOHHIOIO ITOBEPXHOCT.

C noMombto 3TuX (HyHKIUH TOCTPOUM MTPUMEPHI OAHOCTOPOH-
HUX MTOBEPXHOCTEH.

Mogeas Jucta Méouyca

OmnpenenuM MOBEPXHOCT M ypaBHEHHEM
r(u,v)=s)+vi(u), ue[-r, 7], ve[-11]. (D)
Teopema 1. [losepxnocme M ecmv modens aucma Mébuyca,
01 Komopozo kpugasi p = p(u) ecmuv Kpail.
Hoxazamenvcmeo. Paccmorpum noBepxHocTh M kak ¢akrop-
MpocTpaHcTBoO [1, . 75]
M :[_”, 7Z']><[—7Z', ﬂ-]/[_ﬂ-’ —V] z[”’ V]'
Tak kax
r(-z,~v)=s(-n)-vi(-x), s(-z)=s(x), [(-7)=-I(-7),
nMmeeM r(—z,—v)=r(m,v).
Cnemosarenbho [1, ¢. 25], moBepxHocTh M ecTh MOZIENH JIHC-

Ta MéOuyca.
Cneocmsue. Kpusas dk: r(u,0)=s(u) — Ie30puEHTHPYIO-

Mt KOHTYp moBepxuoct M .
Hoxasamenvcmeo. Onpenenum BEKTOp HOpMainu n(u,v) BIOJb

kpuBoil 7(u, 0) = s(u) . Umeem r,(u, 0) =s'(u), r,(u, 0)=1(u).
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IMockonbky s'(u+27)=s"'(u), I(u+27)=-I(u), HOIYyIUM

n(u, 0)=[s'(u), [(u)]=-n(u+2x,0).

Mogpean 0yThliku Kieiina

PaccMmoTpuM 3aMKHYTYH0 IOBEpXHOCTh KL
r(u,v) =(p+cos(v))s(u)+sin(v)/(u), p==l,
uel-z,x], vel[-n,x].

2)

Teopema 2. [logepxnocms KL onpedensiem mooenv OymuiiKu

Knetina.
Loxazamenvcmeo. Paccmorpum OyThuiky Kneiina kak ¢axrop-
npocTtpancTBo [1, c. 25, 75]

KL =[-rm,x]x[-x,x)/[-m,~Vv]=[x,v], [u,—7]=[u,7].
JleicTBUTENBHO,
r(u—m)=(p-Dsu)=r(u,r),

r(—m,—v) =(p +cos(—v))s(—x) +sin(—v)I(-x) = r(x,v).
[ToBepxHocTh KL wmMeeT 1Ba 1€30pUEHTHUPYIOIINX KOHTYpa
r(,0)=(p+Ds(u), r(u,7)=(p—-1su).

Paspexxem KL Bnmonbs kpuBodt r=r(u,v,), uel[-2x2rx],
v, =const # 0,# 7. Tlomyuum nsa aucta MéEGuyca (KpuBOIH-
HEHHBIX) CO CPEAHUMH JTHHUSMH
r(u,0)=(p+Ds(u), r(u,z)=(p-s(u).
Ecmu p+1=0 (p—-1=0), TO cCpeHsd TUHUA
r(,0) = (p+Ds(u) (r(u,7)=(p—-1s(u))

BEIpOXkAaeTca B TOUKy. OanH u3 nuctoB Méduyca BEIpOKIAETCS B
KOHYC, roMmeoMop¢HbIH cdhepe ¢ apipoit. [IoBepXHOCTH B 3TOM CITy-
gae romeoMopdHa chepe ¢ ABIPOIA, 3aKiIeeHHON arucToM MEbmyca.
Nmeem Moaenb NpOoeKTUBHOM mitockocTH [1, c. 25].
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Mogaesi NIpOEeKTUBHOI IVIOCKOCTH

OnpenenauM MOBEPXHOCTh P ypaBHEHHEM
r(u,v) =(1+cos(v))s(u) +sin(v)I(u),

uel-r,x), vel-r,x].

(4)

Teopema 3. [losepxrnocmv P ecmb modenb npoexmusHol nioc-
Kocmu.

Jlokasamenvcmeo. PaccMOTPUM TIPOEKTHUBHYIO TUIOCKOCTH Kak
(akropmpocTpancTso [1, c. 75]

P =[-z,zlx[-7, ] /[(-7,—V) = (7,v),(~u,—7) = (u,7)] .
ITockonbky
r(z,v) =1+ cos(v))s(x)+sin(v){(r7),
r(=7,=v) = ((1+cos(v))s(=7) +sin(-v)I(-7) ,
s(=m)=s(x), I(-7)=~l(7),
r(—u,—m) = (1+cos(x))s(—u)+sin(-x)/(-u) =0,
r(u,m) = (1+cos(x))s(u)+sin(z)l(u)=0,

nmeeM r(z,v)=r(-z,—v), r(u,z)=r(-u,—rx).
CrnenoBaTenbHo, ToBepxHOCTh P [1, ¢. 25] ecTh Momens mpo-
€KTUBHOU IJIOCKOCTH.

Jdedopmanusa 0JHOCTOPOHHHX ITOBEPXHOCTEH

Paccmotpum nedopmanuio noBepxHocTH ¥ =1(4,V) B IO-

BEPXHOCTb ¥ =71,(U,V):

r=ar,(u,v)+(1-a)r(u,v), acl0,1]. (5)
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[Tycts manbl aBe 47 -nepuoxuueckue QyHKIMU p = p,(u),
p = p,(u). Torna pynkuns

p=ap,(u)+(-a)p,(u), a=const,
Oyzaet takxke 47 -nepuoauueckoil. Takum oOpa3oM, UMEET MECTO
CJIeyIoMIas TeopeMa.

Teopema 4. Eciu nogepxnocmu v =1,(u,v) u r =r(u,v) ecmo
Mmolenu aubo aucma Mébuyca, mubo bymulaku Knetina, aubo npo-
EeKMUBHOU NIOCKOCMU, MO NOBEPXHOCHb (5) ecmb MOOdenb aucma
Mébuyca, 6ymoinku Knetina unu npoexmusnol niocKocmu coom-
6EMCMBEHHO.

B [2—5] n3yuarorcst 0THOCTOPOHHHUE TTOBEPXHOCTH.

[TocTpouM mpuMep MOBEPXHOCTH (5).

PaccmoTpum Top

r(u,v) =(5+cos(v))e(u)+sin(v)k,
e(u) = (cos(u), sin(u), 0), k=(0,0,1),
u uHu p(u) = r(u,u/2) = (5 +cos(u/2))e (u) + sin(u/2)k .

HazoBem ee 00MOTKOI TOpa MIEPBOTO THIIA.
PaccmoTpumM Takke 0OMOTKY TOopa

) =(5+cos(u))e(u/2) +sin(u)k .

HaszoBeMm ee 00MOTKO# TOpa Broporo Tuma. ITocTpouM moBepx-
woctu P (4) (puc. 1, 2).

Puc. 1. O6MoTKa TOpa BTOPOTO TUMA U PUMCKasl TOBEPXHOCTh
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Puc. 2. O6MoTKa TOpa IEPBOTO THMA U CKPEIICHHBIN KOJITaK

Ecmm xpuBas p = p(u) ectb 0OMOTKa TOpa MEPBOTO THUIA, TO
MOBEPXHOCTh P ecTh cKpeleHHbld konmnak [4, ¢. 304]. Ecnu kpu-
Basg p = p(u) €cTh 0OMOTKaA TOpa BTOPOTO THIIA, TO MMOBEPXHOCTh
P ectb pumckas moBepxHocTh [4, c. 305; 5, c. 302].

[Toctpoum oBepxHOCTH (5) (puc. 3).

\\wew SESE3
s

X5
S5

Puc. 3. leopmariust puMCKO# IOBEPXHOCTH
B IIOBEPXHOCTH CKPELIEHHOTO KOJITaKa
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Deformation of one-sided surfaces
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The work is devoted to the study of the deformation of one-sided sur-
faces. Let a normal vector be drawn along a closed curve on the surface.
If, when returning to the original point, the direction of the normal coin-
cides with the original direction of the normal, then the surface is called
two-sided. Otherwise, we have a one-sided surface. Unilateral surfaces
include: crossed cap, Roman surface, Boya surface, Klein bottle. Roman
surface, Boya surface and crossed hood are a model of the projective
plane.

It is proved that if the surface is a model of a Moebius strip, of a Klein
bottle, of projective plane, then the surface deformation is a Moebius strip
model, a Klein bottle model, projective plane model respectively.

Using a mathematical package, graphs are built the surfaces under
consideration.

Keywords: crossed cap, Roman surface, Moebius strip, Klein bottle.
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