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Boipatowmicsa reometp HOpuii UBaHoBMY LLieBYeHKO
(k 75-neTuto co AHA poxaeHUs)

B crarbe, NOCBALIEHHONW U3BECTHOMY
reomeTpy u neparory HOputo ViBaHoBHIYy
IlleBueHkO B CBA3M C €ro 75-metuem,
n3araercs KpaTkas Omorpadus ydeHo-
ro. Onucan Hayuynsiid Bkaaza 0. U. Illes-
YEHKO B TEOPHUIO CBI3HOCTEH, cOoCTaBIIs-
IOIIyI0 €r0 OCHOBHOM HCCIIEAOBATEINb-
CKuil uHTepec. IM MOATOTOBIEHO OKOJIO
140 my6nukanuii (cpeau HUX 3 y4eOHBIX
mocoOwus1), KOTOPBIC BHECIH OTPOMHBIN
BKJIaA B pa3BUTHE Ou(QepeHInanbHON
reomeTpur. MX cnucok NpencTaBieH B
JaHHOM cTaThe. OXapaKTepHU30BaHbI APY-
rue cepbl Hay4HOH AesSTebHOCTH 100u-
Jsipa: yd9acTHe B MHOTOUYHMCICHHBIX MEX-
JIyHapOJHBIX M OOIIEPOCCHICKNX TeOMeT-
pHUYECKUX KOH(pEPEHIHUSIX, PyKOBOJICTBO
HCCIIEIOBAaHUSIMU B paMKaxX I'PaHTOB, Ha-
y4Hast paboTa CO CTyJEHTaMH M acIH-
pantamu. OtTMmedeH OONBIION BKIJIAT
10.1. llleBuenko B pa3ButHe )xypHana «Auddepernnansaas reoMmeTpus
MHOT000pa3uii GUryp» B KauecTBe OTBETCTBEHHOTO CEKpeTaps PeAKOIIIe-
T'HH, a TAaKXKe IUI0JOTBOPHAs paboTa ¢ OAapEHHBIMHU IIKOJIbHUKAMH.

Hocmynuna 6 peoakyuro 01.06.2024 2.
© benora O. 0., [Toaxskosa K. B., 2024
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IOpuii Banoswu IlleBuenko pomuics 29 ceHTsops 1949 r. B
r. Hloctka Cymckoit o0macT B cembe ciykamux. B 1972 r. ¢ o1-
nuareM okoHuMn KamumHuHrpajackuif rocyaapCTBEHHBIH YHUBEp-
cuteT (KI'Y) mo crrenmansHocTH « MaTemaTika», a B 1976 . — ac-
nupanTypy KI'V mo cnenmansHocTH «I'eOMeTpHs U TONOJOTHS.
VYuyeba B aciupaHType IpephiBaiach CIyk00il B apMuUHU.

Eme B ctynenueckue ronpl FOpuit IBaHoBHY 3avHTEpECOBAIICA
Hay4HO# paboroii. Tak, Oyayuun cTyneHTOM 3-T0 Kypca, OH MPUHSII
y4JacThe B HAay4YHOH CTyJCHUYECKON KOH(MEPEHINH, MOCBIIICHHON
100-netuto co nus poxaenus B. U. Jlennna, B kauecTBe npejcena-
TeJsl CEKIIMM MaTEMaTHKHU U AOKIaauuKa o reMaM «KoHrpysHuuu
mapabosl B TpPeXMEpPHOM 3KBHAP(GUHHOM IPOCTPAHCTBE C JBYMS
(hOKaNBHBIMH TIOBEPXHOCTSIMH, OJTHA U3 KOTOPBIX BBIPOXKAAETCS B
IIOCKOCTE» B «O0001eHrEe KOMIUTEKCHBIX YHCEN».

B 1980 r. 0. WM. IlleBueHKO yCIIENTHO 3aIUTHI KaHIUIATCKYIO
micceptanuto «O000IIeHHbIe HopManu3auu» B KazaHckoM rocy-
JIapcTBeHHOM yHHBepcuTere. B 1984 r. eMy ObUTO PHCBOECHO yue-
HOE 3BaHME JOIEeHTa mo Kadenape Bbicmieil maremaTuku. [locme
OKOHYaHMA acnupaHTypsl IOpuii MBanoBWY Tpu Mecsma pabortan
WHXXEHEPOM, 3aTeM Iepelles] Ha JOJKHOCTh MIIJIIEr0 HAYyYHOTO
corpymanka HUC KI'Y. IlpenomaBaTensCkyro AESITENLHOCTh Ha-
yan B 1977 r.:

— 1977—1983 rr. — accucreHT Kadeapsl BbICHICH MaTeMaTu-
ku KanMHUHTPaZCKOrO0 TEXHHYECKOTO WHCTHUTYTa PBIOHON Ipo-
MBIIeHHOCTH | X03sticTBa (KTUPIInX);

— 1983—1984 rr. — nmoueHT Toii xe kadeapet KTUPTIuX;

— 1984—2006 rr. — poueHT Kadeapsl BBICIIEH anreOpsl U
reomerpun’ KI'V;

— 2006—2007 1. — Tmpodeccop Kadeapsl BeICIIEH anreOpbl
U TreoMeTpuu POCCHHCKOTO TOCYJapCTBEHHOTO YHHUBEPCUTETA
mM. U. Kanta (PT'Y um. U. KanTa);

"B 1985 r. xadenpa BhIcIIeH anreGpbl M reOMETPUM 3aHSIA 1- MecTo
cpemu kadenp matematuueckoro dakynstera KI'Y.
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— ¢ ampens 2007 1. 1 m0 npeoOpazoBaHus (akynbTeTa B UH-
CTUTYT BO3IJIABIUI Kadenpy reoMeTpu U GyHAaMEHTaIbHOW Ma-
TEMaTHKH.

Kadenpa Bricieit anre6ps! u reomerpun, 2002

IOpuii MBanosuu llleBUeHKO aKTUBHO M IUIOAOTBOPHO 3aHH-
MaeTcsl Hay4dHO-HCCIIeI0BaTeNbCKOi paboroil. ObmacTs ero Hayd-
HBIX UHTEPECOB COCTABIISIET TEOPHS CBSIZHOCTEH — OCHOBA COBpE-
MeHHOH muddepeHnmansaoi reomeTpun. UM omyO0IMKOBaHO OKO-
7o 140 HayYHBIX U METOAMYECKHX PadOT M 3 y4eOHBIX MOCOOWs.
[Tomyuennsie pe3ynbratel HOpuit MIBaHOBUY peryssipHO MpeacTaB-
JSUL Ha PA3/IMYHBIX MEXAYHAPOJIHBIX KOH(PEPEHUUAX BHYTPHU CTpa-
HBI U 33 PyOEIKOM.

Cpenu 3apy0exxHbIX KoHpepeHmi ocobo otMeTnM X XIIT Mex-
IIyHAPOIHBIA KOHTpecc MaTeMaTHKOB (1998, bepnun, ['epmanus) u
Mexnyrapoaayro koH(pepermmoo «Algebra Geometry Mathemati-
cal Physics. AGMP — 2012» (2012, Bpro, Uexwus).
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VII Beecoro3Has reomeTpuaeckast KoH(QEpeHIIs
(1979, Musck, CCCP)

I1. Pokert ¢ cynpyroii, FO. . Illeruenxo u K. K. JlaBpuHOBHY
nociie XXIII MexayHapoiHOTO KOHrpecca MaTEMaTHKOB
(1998, bepnun, I'epmanmust)
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MexayHnapoanas koH(epermus «I'eomerpus npupoast — 2003
(Kazanb, Poccwst)

MexayHapoaHasi MaTeMaTndeckast KOoH(pepeHIHs,
200-51eTUI0 CO JHS POKICHHUS BEJIHMKOTO HEMEIIKOTO MaTeMaTHKa
K.T. SIxo6u u 750-neturo Kamununrpaga — Kéuurcoepra, 2005

(B®Y um. U. Kanra, Kanunuurpan, Poccust)
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YkpanHckuil MaTeMaTHueckuii Kourpecc — 2009
(Kuesckuii rocygapcTBeHHbIN yHUBepcuTeT M. T. [lleBuenko,
Kues, Ykpaunna)

MexnyHapoaHas KOH(epeHIus
«Petrov 2010 anniversary symposium on general relavity and gravitation»
(Kasanckwuii rocynapcTBeHHbIH yHUBepeutet, Kasans, Poccust)
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MexnyHapoaHbli T€OMETPUYECKUI CEMUHAP
uM. I'. ®@. Jlantea «JlanteBckue utenns — 2011»
(ITensenckuii rocynapcTBeHHBIN yHUBepcuTeT, I1en3a, Poccust)

MexnyHnaponHas koHpepennus «Algebra Geometry Mathematical
Physics. AGMP — 2012» (BpHo, Yexus)
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I Mexnynaponauast koHpepeHus «BrICOKOITPOU3BOANTENbHbIC
BBIUMCIICHUS] — MaTeMaTHYeCKHE MOJICNIN U aJTOPUTMBD,
nocesmniennas K. I'. SIko6u, 2013
(B®Y um. U. Kanra, Kanuaunrpan, Poccust)

MesxayHapoaHasi KOH(epeHIHs
«Kiracciaeckast 1 COBpeMEHHAs! TE€OMETPHUS,
nocesitennas 100-netuto co qus poxnaenus B. T. bassiiesa, 2019
(MIIT'Y, Mockga, Poccus)
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3a nonrue roasl pabotsl B yHuBepcutere 0. M. IlleBuenko 3a-
CIIy>)KEHHO NOOMJICSI YBa)KEHHSI BCETO KOJJIEKTHBA KaK BBICOKOKBA-
TUGUIIPOBAHHBIN CHEIHATUCT, JOOPOCOBECTHBIN U OTBETCTBEH-
HBI mpenogaBarens. FOpuil VMBaHOBHMY 1O TpaBy IOJIB30BAJICS
OO0JIBIION cUMIIaTHEH CTYACHTOB, COTPYAHUKOB U MpenoaBarenei
YHUBEPCUTETA.

3a cBoi memarorudeckuit Tpyn HO.U. IlleBueHko HarpaxieH
HarpyIHeIM 3HaKOM «lloueTHbIif pabOTHHK BhICIIETO TIPOdeEcCHO-
HAJIBHOTO 00pa3oBaHusi PDy.

IOpuem MBanoBuuem ObLH pa3paboTaHbl HOBBIE KYPCHI, CPEAN
KOTOpbIX «BHemHune Gopmel B Ki1accuueckor quddepeHunansHONn
reomeTpun», «l'eomerpus», «Martematuueckuil aHamuz», «l'eo-
MeTpUs MHOT000pasmit», «JluddepeHimanpHas TeoMeTpust U TO-
nonorus», «JuddepennnansHas reoMeTpuss MHOTooOpazuil Qu-
ryp», «Hay4Hble OCHOBBI IIKOJBHBIX KypCOB MaTeMaTukmn», «Oc-
HAaIlIEHUs] TOBEPXHOCTH NIPOEKTUBHOTO NMPOCTPAHCTBay», «Penykunn
LEHTPONPOEKTUBHOMN CBA3HOCTH», «CBA3HOCTH B TIaBHBIX PAacCIO-
enusix», «Teopust cBs3HOCTEN», «lIeHTPONPOSKTUBHBEIE MHOT000-
pasusi», «KommuekcHolit aHanu3», «/luddepeHunansueie ypaBHe-
HUS», HAy4YHBIH ceMuHap «CBI3HOCTH B MHOTOOOpasusix Gurypy.

Honrue ropsl IOpuit MiBanoBuY npoBoani OOMIMPHYIO Hayy-
HYI0 paboTy cO CTyIEHTaMH, pyKOBOIWI TUINIOMHBIMU pabOTaMH,
MarucTepCKUMH U aCIIMPAHTCKUMHU JUCCEPTAIUAMHU.

Opuit MiBaHOBMY — TalaHTIMBBIN HCCIIEOBATENb U OPraHU-
3aTop Hay4HbIX pabot. [lon ero pyKoBOJICTBOM 3alllMIICHBI 4 KaH-
TUIAaTCKUE TUCCEPTALUN:

1. TlonaxoBa K.B. «IlapanienbHbie nMepeHecEeHUs Ha MOBEPX-
HOCTH TPOEKTUBHOTO TIpocTpancTBay (2003, Kazans);

2. benosa O.0. «CBsSI3HOCTH B paccllOeHHAX, aCCOLMHPOBaH-
HBIX ¢ MHOrooOpasuem ['paccMaHa W TPOCTPAHCTBOM LIEHTPUPO-
BaHHBIX MIockoctei» (2004, Mockaa);

3. BsmoBa A.B. «Ilyuku MHAYLUPOBAHHBIX CBSI3HOCTEH Ha
IUIOCKOCTHOM moBepxHOCTH» (2005, Kazans);

4. Kynemos A.B. «Csi3HOCTH Ha ceMeHCTBax LIEHTPUPOBAH-
HBIX TUIOCKOCTEH B MPOEKTUBHOM NpocTpaHcTBe» (2016, KazaHs).

13
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10. 1. llleBuenko, A.B. Kynemos

B 2008—2010 rr. }O.H. llleBueHKO OBLT OTBETCTBEHHBIM HC-
TOJTHUTENIEM HAy4YHO-HCCIIEIOBATENbCKOM padoThl «Ilons reomer-
pHUECKHX OOBEKTOB Ha OCHALIEHHBIX MHOroo0Opasusax ¢urypy,
BBHITIOJIHEHHOW B PaMKaXx JOMOJHUTEIbHOTO (PUHAHCHpOBaHUS Mu-
HUCTepcTBa 00pazoBanus 1 Hayku PO. B 2011—2013 rr. pykoBo-
T HaydHou Temoil «lccnenoBanue u pa3paboTka MOTUPHUITHPO-

14
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BAaHHOI'O METOJa BHEUIHUX (POPM B TEOPUH CBSI3HOCTEH, aCCOLUU-
POBaHHBIX ¢ MHOT0OOpa3usiMH (QUIYp», MOAAEP)KaHHOH T'PaHTOM
Muno6pa3oBanus PO.

Jonrue Toapl 3aHUMANICS M3JATEIbCKOH NEeSITeNbHOCTHIO, BbI-
TOJHSIST O0SI3aHHOCTH OTBETCTBEHHOT'O CEKpeTaps MEXBY30BCKOT'O
TEMaTHYeCKOTO COOpHUKA HAaydHBIX TPyAoB «/luddepennnansuas
reoMeTpusi MHOrooOpa3Heix Guryp» (¢ 2023 r. — xypuan). Um
MOATOTOBIIEHBI K Tleyatn 54 Beimycka (1970—2023 rr.).

Hampasnenuss Hayunbeix ucciemoBanuid lO.U. IlleBueHko B
paMkax B KalMHUHTpaJICKOW reoMeTpUyYecKO MIKOJbI BKIHOYAIN
H3yYeHHE TeOMETPHUUYECKHX OOBEKTOB B MHOTOMEPHOM IIPOEKTHB-
HOM mpocTpaHcTBe. Hanbomnpiee ero BHUMaHue NPUBIIEKAIN CIie-
JYIOLINE BOIIPOCHL:

1) rpynmoBasi IBOMCTBEHHOCTh B MPOEKTUBHOM IIPOCTPAHCTBE;

2) ab¢unnas, koapduHHas u nuHEHHas (GaKTOP-TPYIIBI B
MOATpYIIax MPOEKTUBHOM IPYTIITBI;

3) 0606meHus apdunHOM, KoahPUHHON M TUHEHHON TPyIIT;

4) paccinoeHust U (aKTOP-PACCIOCHHUSI JIMHEHHOW U MPOCKTHB-
HOH rpyni;

5) comocTaBlieHHE PE3yJbTaTOB, TOJYYEHHBIX OJHOPOIHBIM,
CTIEI-OJIHOPOTHBIM U HEOJHOPOHBIM aHATUTUYCCKUMH arapara-
MH, TO €CTh HCCIIe0BaHMS B HEAD(HEKTHBHOM, cIel-3¢(OEKTHBHOM
1 (hakTop-3PHEeKTHBHOM MPOCKTUBHBIX TPOCTPAHCTBAX.

Ocobast poyib OTBOAMIIACH TECOPUHU CBs3HOCTeH. PaccmarpuBa-
JMCh

1) cBs3HOCTH O0IIMe, (QyHAaMEHTANbHO-TPYINOBbIe, adduH-
Hbele (0coOble NHHEHHBIE), KoadHUHHBIE (LEHTPONPOECKTUBHBIC),
nuHeRHbIe, o0mue adduHHbIE;

2) CBSI3HOCTH NMPOEKTHUBHBIX TUIIOB;

3) oboOmeHHble cBA3HOCTU: cBsizHOcTH Kaprana, JlanTeBa n
CromsipoBa;

4) cBsi3HOCTH Ha rpymre JIu 1 mapauieni3yeMoM MHOT000pasuH;

5) xoBapuaHTHOE TU(PPEePEeHINPOBAHNE TEOMETPUIECKUX 00b-
€KTOB OTHOCHUTEJBHO (PyHIaMEHTaIbHO-TPYIIIOBBIX CBA3HOCTEI];

6) TeH30pBI 0TOOpakeHUH MpocTpaHcTB ah(HUHHON CBAZHOCTH;

7) MHOTOMEpHOE IpPHUKIEHBAHUE B TJIABHBIX PACCIOCHUSAX H
000011IEHHBIE CBA3HOCTH;

15
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8) CBSI3HOCTH Ha MOAMHOT000Pa3HsAX TIAIKOT0 M IEHTPONIPO-
€KTHBHOT'O MHOTOO0Opa3Hii.

Psin crareit FO. M. IlleBueHko OBII MOCBSIIEH CBA3HOCTIM, KO-
TOpBIE aCCOIMUPOBAHBI, WHAYIIMPOBAHBI U SBJSIOTCS BHYTPEHHIMH
IUISL CEMEUCTB JTMHEWHBIX (QUTyp (COBOKYIHOCTEH TOUEK M ILIOCKO-
CTell) B POEKTUBHOM TpocTpaHCcTBe. K TakuM pa3genam OTHOCSATCS:

1) cBA3HOCTH, UHAYLIMPOBAaHHBIE OCHAIIEHUAMU Ha MOBEPXHO-
CTSX (B YaCTHOCTH, TAaHTEHIIMAIBHO BBIPOXKIEHHOW M KacaTellbHO
OCHAIIIEHHOH);

2) CBA3HOCTH, HHAYIMPOBAaHHBIE OCHAIICHUSIMHU TMOJIOCH U TH-
TIEPIIOJIOCHL;

3) CBSI3HOCTH, WHAYIIMPOBAHHBIE OCHAIEHUSIMHU CEMEHCTB IIIOC-
KOCTEH ¥ LIEHTPUPOBAHHBIX IJIOCKOCTEM;

4) Teopusi OCHAIIEHUH CEeMENUCTB INHEHHBIX (puryp;

5) 006001ICHHBIE CBSI3HOCTH Ha paclpeAeIeHusX;

6) pemyKIuH CBS3HOCTEH 0OBEMITIOIIETO IMPOCTPAHCTBA K CBSI3-
HOCTSIM IOTPY>KEHHBIX CEMEHCTB JIMHEHHBIX QUTYD;

7) TIpoCTpaHCTBa TUIOCKOCTEH M IIEHTPUPOBAHHBIX TNIOCKOCTEH
B TMPOEKTHBHOM IIPOCTPAHCTBE M COOTBETCTBYIOLIHE ad(PUHHBIC
CBS3HOCTH, B YaCTHOCTH MHOrooOpasme ['paccmana m benoBoi,
csizHOCTH Heldenbna u ux aHanoru.

0. 1. IlleBueHko WHTepecoBalla TaK)Ke I€OMETPHUS BBICIIETO
nopsKa:

1) cBA3HOCTH 2-T0 MOPSIIKA HA TTAAKUX U IEHTPOMPOEKTUBHBIX
MHOT'000pa3usix;

2) 060oCcHOBaHUE KacaTeIbHBIX MPOCTPAHCTB BHICIIUX MOPSIKOB
¢ MoMoIIbio Au(depeHInaIbHBIX ONIEPAaTOPOB BBICIINX MOPSIKOB;

3) compuKkacaruecs MPOCTPAHCTBA TIABHOTO U MPOEKTHBHO-
r0 pPacClOEHUN.

BepummHoii ero Hay4HBIX pa3paOOTOK SBISIOTCS TOJIOHOMHBIE,
MOJTyTOJIOHOMHBIE W HETOJIOHOMHBIE TJIaJKHUe W IIEHTPOMPOEKTUB-
HBIE MHOT0OOPa3HsL.

Hnsa uccnenoBanuii B quddepeHnanbHoil reOMeTpUr OH 0CO-
00 oTMeYal BaKHOCTb CIEAYIOIINX METO/IOB!

1) ocHOBHBIE: METOMIBI BHEIIHUX (OPM U MOABHKHOTO perepa
Kaprana, cTpykrypHbIx ypaBHeHu# JlanteBa M JepUBaLMOHHBIX
¢dopmyn CaeG0a3UHCKOTO — AKHUBHCA;
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2) KIacCHUYECKUH TeH30PHBIN aHaJIN3;

3) MeTox BEKTOPHBIX MOJIEH;

4) MeToJl KOOpPAMHAT BBICIIETO MOPAAKA, CBEPXBEKTOPHBIX IMO-
JIel ¥ BEKTOPHO3HAYHBIX (JOPM BBICIINX MOPSIIKOB;

5) MeToA cTpy# U rpyNrnoua0B JpecMaHa.

0. 1. [lleByeHKkOo BBICTYyNAl C MHTEPECHBIMHU JOKJIaJaMH Ha
exeroaHo mpopoauBmuxcs ¢ 1970 r. B KanmmHUHATpanckoM rocyHu-
BEpPCUTETE HAay4YHBIX KOH(epeHIusx mpodeccopcKo-mpenoana-
TEJIbCKOT'O COCTaBa, HAY4YHBIX COTPYIHUKOB, ACTIMPAHTOB U CTYICH-
TOB, KoTopsle ¢ 2000 r. MONy4nsIM CTaTyC MOCTOSHHBIX HAYYHBIX
CEMHUHAapOB.

Honrue roas! FOpuii IBaHOBHY SBISUICS PyKOBOIUTENEM HAYY-
HOTO CEeMHMHapa, KOTOPbII MPOBOJIMIICA PETYyJISPHO pa3 B HEIEIIO.
Ha cemunape BbICTynanu u3BecTHbIE yueHble-reomeTpsl: B. C. Ma-
naxoBckuii, B. baman wn3 Pymemum (2013), JILE. EBrymmk u3
Mocksst (2008), 0. E. I'muknux u3 Boponexa (2011), E. M. T'op-
6arenko u3 Tomcka (2011), M. Muxeur u3 Yexun (2012), C.E. Cre-
nanoB u3 Mocksel (2012), W. A. Taiimanos u3 HoBocuOupcka
(2015), I'. Xomn u3 Bemukooputanuu (2018), K. lltpambax wu3
I'epmannu (2013), B. B. llypeirun u3 Kazanu (2012) u mp.

VYyactauku cemunapa 0. U. llleBuenxo, A.B. Kynemios,
B. C. Manaxosckuii, K. B. ITonskosa, O.O. benosa, C. E. Crenanos,
. Muxem, }O. U. TTonos (Kanuaunrpaz, 2012)
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VYyactauku cemunapa K. B. [Tonskosa, B. banan, O. O. benoga,
A.B. Kynemos, FO. U. [llepuenko (Kanmuuuurpan, 2013)

VYyactauku cemunapa 0. U. llesyenko, K. B. bammamuna,
A.B. Kynemos, K. B. [TonskoBa, B. C. Manaxosckuii, 1. A. TaiimaHoB,
A.TI. Marens, A. B. Mapkos (Kanuaunrpan, 2015)
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Yyuactauku cemunapa B. C. Manaxosckuii, 1O. U. [lleBuenko,
K.K. Xa6a3ns, H. A. Psa3anos, O. O. benosa, A. B. Kyznemos, M. B. Kperos
(Kamuaunrpan, 2017)

VYyactauku cemunapa K. B. [Tonskosa, O. O. benosa, 0. U. llleBuenko,
K.B. bamammuna, H. A. Pszanos, A.B. Kynemos (Kamuaunarpan, 2017)
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[Mpodeccop I'. Xomnn (B 1IeHTpe) ¢ yuaCTHUKaMHU CEMHHapa
(Kanununrpag, 2018)

[Mocne BeicTymieHus npodeccopa B. C. Manaxosckoro
(Kamuunrpan, 2019)

Hu npotsxennn muorux et FOpuit iBanoBuu npoBoann ¢a-
KyJbTaTUBHBIEC 3aHATUSA B MAaTEMAaTHYECKUX KJIAcCax IIKOJ M TUM-
Hazuil r. KanuHuHrpaga ¢ ogapeHHbIMU IIKOJIbHUKaMU. Ero yue-
HUK{ PETyJIipHO 3aHUMaJld MPU30Bble MecTa Ha Bcepoccuiickux
Hay4HbIX KoH(pepeHuax. [Ipoxykrusnas padota 0. 1. llleBuenko
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C TMOAPACTAIINM ITOKOJIEHHEeM Oblla OTMeYeHa OarogapcTBeH-
HeiMu TiicbMamu JK. WM. AndepoBa u Apyrux BBIIAIOIIUXCS POC-
CHUICKHX YYEHBIX.

Toctu cemmunapa mpodeccop C. E. Crenmanos u qouent U. U. [pranok
(Kaymmmamarpaz, 2019)

10. 1. llleBuenko Ha ¢oHe 07IaroqapCTBEHHOTO MUChMa
akagemuka XK. 1. Andeposa
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PYKOBOAMTEIb-HACTABHUK, OT3BIBUMBBIM APYr W KOJJIEra — 3TO
JAJIEKO HE BCE €ro JOCTOMHCTBA. IIIMpOKUIl HaydHBII KpPYyrosop,
BCECTOPOHHSS IPYAMLHNA, SPKUI, HCKPOMETHBIM FOMOp, MHTEIUIH-
TeHTHOCTb M yMeHHue cinymath aenatoT KOpus MBaHoBHYa Beeraa sxe-
JIAHHBIM W MHTEPECHBIM COOECeIHUKOM, a OOraTcTBO yBJICUEHHH —
Pa3HOCTOPOHHHUM YETOBEKOM.

Crpactp K 0XOTe, PHIOANKE W TYypPUCTHYECKHM IMOXOJaM He
IIPOCTO 3aIIOJIHSIET €ro AOCYT, HO M BIIOJHE COOTBETCTBYET XapaK-
Tepy ydeHoro. IOpuii VIBaHOBHY U B HayKe, KaK ONBITHBIA OXOT-
HUK, ONpEeNuB 1L1eJb, HACTOMUMUBO ABIKETCS K €€ JOCTHKEHHIO,
MPeoa0IeBast TPYAHOCTH U MPETSTCTBUA. A B TPEIO1aBaTEIbCKON
NeSITENFHOCTH, TIOA00HO yIa4JIMBOMY PHIOOJIOBY, YMEIIO U3BIIEKAET
U3 CTYAEHYECKOro BOJIOEMA CIIOCOOHBIX YUEHHKOB, TOTOBBIX OBITH
€ro NMpeAaHHbIMH MOCIIEN0BATENIMHU.

Oror rox cran mig 0. U. llleBuenko BIBOMHE IOOUIIEHHBIM:
MOYTH 55 JIeT OH TOTOBHT K BBIMTYCKY cOOpHUK «JluddepeHnunans-
Hasi reoMeTpus MHOrooOpasuil Quryp», IHPOKO H3BECTHHIM B
Hay4HbIX Kpyrax. CTOMKHI WHTEpEeC HAyYHBIX KPYTOB K COOPHUKY,
MOJTyYUBIIEMY B MPOIUIOM roJly CTaTyC >KypHajia, U ero Jojiroie-
THe — BO MHOroM 3aciyra KOpus MBanoBuya.

Takue y4eHble, IONHBIE YIOPCTBA U IPEJAHHOCTH HAayKe, U €CTh
T€ ’)KMBbIE KaMHH, U3 KOTOPBIX CTPOUTCS POCCHHCKas HayKa, B TOM
qucie cBOOOHAs OT MPOTUBOPEYUNI HETOJIOHOMHAs TEOMETPHSL.
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B 2023 r. npodeccop KOpuit Banosuu llleByeHko BhImen Ha
MEHCUIO, HO MBI HAaJeeMCs, YTO OH MPOJOJDKUT BHOCUTH CBOW
BKJIaJ] B pa3ButTue nudhepeHinnaibHol reoMmeTpun!
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Outstanding geometer Yuri Ivanovich Shevchenko
(on the occasion of the 75th birthday)

Submitted on June 1, 2024

This paper is dedicated to the famous geometer and talented scientific
supervisor Yuri Ivanovich Shevchenko in honor of his 75th birthday.

Connection theories are the main area of his work. He has written 140
scientific papers and three textbooks on the topics of his research. These
works made a huge contribution to the development of differential ge-
ometry.

Yu.l. Shevchenko made presentations at many international and all-
Russian geometric conferences.

Four candidate dissertations were prepared and successfully defended
under the leadership of Yu.I. Shevchenko.

Yuri Ivanovich made a great contribution to the development of the
journal “Differential Geometry of Manifolds of Figures”, serving as the
executive secretary of the journal’s editorial board.

In addition to teaching at the university, he was fruitfully engaged in
scientific work with schoolchildren in Kaliningrad.

The directions of scientific researches of Yu.I. Shevchenko and Kali-
ningrad geometrical school are the following:

1. Projective spaces (a group duality in projective space; affine,
coaffine and linear factor groups in subgroups of projective group; the
generalizations of affine, coaffine and linear groups; fiberings and factor
fiberings of linear and projective groups; comparison of the results re-
ceived by homogeneous, special homogeneous and non-homogeneous
analytic methods; researches in uneffective, special effective and the fac-
tor effective projective spaces).

2. The theory of connections (connections: general, fundamental-
group, affine (special linear), coaffine (centreprojective), linear, the gen-
eral affine; connections of projective types; generalized connections: Car-
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tan connections, Laptev connections and Stoljarov connections; connec-
tions on Lie group and parallelizable manifold; covariant differentiation
of geometrical objects in fundamental group connections; tensors of map-
pings of affine connection spaces; multidimensional glueing in the princi-
pal bundle and generalized connections; connections on submanifolds of
smooth and centreprojective manifolds).

3. Connections (associated, induced and internal) of the families of
linear figures (i. e. sets of points and planes) in projective space (the con-
nections induced by the clothings on surfaces, in particular, tangential
degenerate and tangential framed; the connections induced by the cloth-
ings of strips and hyperstrips; the connections induced by the clothings of
the families of planes and centred planes; the clothings theory of the fami-
lies of linear figures; generalized connections on distributions; reductions
of connections of comprehensive space to the connections of the embeded
families of linear figures; spaces of planes and centered planes in projec-
tive space and corresponding affine connections; Grassmann manifold
and Belova manifold, Neifeld’s connections and their analogues).

4. Geometry of the higher order (the connections of the 2nd order on
smooth and centreprojective manifolds; a substantiation of tangent spaces
of the higher orders with the help of differential operators of the superior
orders; osculating spaces of the principal bundle and projective fibering).

5. Holonomic, semi-holonomic and non-holonomic smooth and cen-
troprojective manifolds.
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Two kernel vanishing theorems and an estimation theorem
for the smallest eigenvalue of the Hodge — de Rham Laplacian

In this paper, we formulate two theorems on the disap-
pearance of the kernel of the Hodge — de Rham Laplacian
and refine the estimate for its smallest eigenvalue on closed
Riemannian manifolds.

Keywords: Riemannian manifold, exterior differential form, Hodge —
de Rham Laplacian, kernel vanishing theorem, smallest eigenvalue

1. Definitions and notations

In this paper, we will consider the Hodge — de Rham Laplaci-
an Ay: C*(AIM) - C®(A1M), where AYM is the vector bundle of
exterior differential g-forms (1 < g < n — 1) over an n-dimensio-
nal Riemannian manifold (M, g).

Next, let (M, g) be covered by a system of coordinate neigh-
borhoods {U,x!,... x™}, where U denotes a neighborhood and
x1,... x™ denote local coordinates in U. Then we can define the
natural frame {X; = d/0x!, ..., X,, = 8/0x™} in an arbitrary coor-
dinate neighborhood {U,x?, ... x™}. In this case, g;; = g(X;,X;)
are local components of the metric tensor g with the indices
Lj k1 ... € {1,2,..,n}. Next, we denote by Ry and Ry the lo-
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cal components the Ricci tensor Ric and the curvature tensor R,
respectively. Then the Hodge — de Rham Laplacian
Ay: C*¥(AIM) - C*(A1M) with respect to local coordinates
x1, ... x™ has the form

Dywi, i, = Doy i, + Rp(w)iy iy

where A = — trace,V? and (see, e. g., [1])
q
Rq(@)i, i, = Z 97 Rij Wi sk iy ~
a=1
q

jk imp. L . . . .
g9 Rlalb]l a)ll...La_lkla.,.l...Lb_lmlb_l...Lp
a,b=1
a+b

for w € AYM. In particular, R; = Ric. In this case, direct calcula-
tions yield the following formula:

1 2 2
5 Aol = - g0, 0) + IRy (W), ) + [IVwll?,

where A = trace, V2 and (see, e.g., [2])
9(Ro(@), 0) = q (Ryo™af,_ ~ T Ryuo*s-wl ;)
In particular, we have
Allwl? = 2 g(Ry(w), w) (1)

for an arbitrary w € AYM N kerAy. We recall that on a closed
Riemannian manifold, by the Hodge’s theorem the dimension of
the kernel of Ay:C®(AIM) - C®(AYM) equals the g Betti
number b, (M), and so the Laplacians determine the Euler charac-
teristic y(M).

We recall that the curvature tensor induces a self-adjoint opera-
tor R: A2M - A?M, defined by the equations, see [3], R(w);; =
= Rijkla)kl for an arbitrary w € A>M. The map R:A’M — A’M,
called the curvature operator of the first kind, see [3; 4], induces a
bilinear form R: A>M X A’M — R by restriction to A°’M. We say
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that R > 0 if the eigenvalues of R as a bilinear form on A’M are
positive (the bilinear form is positive definite). Moreover, if R is
positive definite at each point x € M, then R is also positive defi-
nite at each point x € M. In addition, if R is positive semi-definite
at each point x € M, then so is ‘R.

2. Two kernel vanishing theorems
for the Hodge — de Rham Laplacian

Based on (1) and the above statements, we can formulate the
classical vanishing theorem on the disappearance of the kernel Ay
(see [5, p. 351; 6, p. 334; 7, p. 336-337)).

Theorem 1. Let Ay be the Hodge — de Rham Laplacian defi-
ned on C%-sections of the fibre bundle of exterior differential q-
forms (1 < q <n—1) over a closed n-dimensional Riemannian
manifold (M, g). If the curvature operator of the first kind
R:N’M - A*M of (M, g) is positive semi-definite, then Vo = 0

n
for an arbitrary ¢ € ker Ay and dimgker Ay=b,(M) < (q) In
particular, if R is positive definite at each point x € M, then
dimgker Ay=b,(M) = 0.

Remark. We recall that Bohm and Wilking showed by Ricci-flow
techniques that positive curvature operator Rimplies that a closed
manifold (M, g) is diffeomorphic (not isometric) to a spherical
space form (see [8]).

For the case of a complete and non-compact Riemannian mani-
fold, we deduce the following statement from our inequality (1),
Theorem 3 and Theorem 7 from [9].

Theorem 2. Let Ay be the Hodge — de Rham Laplacian de-
fined on C®-sections of the fibre bundle of exterior differential
q-forms over a complete and non-compact n-dimensional Rieman-
nian manifold (M, g) for (1 < q < n — 1). If the curvature opera-
tor of the first kind R: N°M — A>M of (M, g) is positive semi-
definite, then L¥(KerAy) is trivial for any number k > 1 .
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Remark. Our statement above generalizes the following now-
classic result from [10] and [11]: If R, is positive semi-define at
every point of a complete Riemannian manifold (M, g), then
L?-harmonic g-form is parallel. In particular, if either exists a point
x € M such that R, is strictly positive at x or the volume of (M, g)
is infinite, then every L?-harmonic g-form is identically zero.

3. An estimation theorem for the smallest eigenvalueof
the Hodge — de Rham Laplacian

Having discussed the kernel of the Hodge Laplacian Ay, we
now turn our attention to its first positive eigenvalue on closed
Riemannian manifold, which we will denote by qu]. Note here that
the superscript [g] refers to the degree of the involved eigenform.
We also recall that the spectrum Spec @Ay of the Hodge Laplaci-
an consists only of non-negative eigenvalues with finite multiplici-
ty. We also denote its positive eigenvalues counted with multiplici-
ty by

_ ,lal _ 5lal _ ,la] lal _ ,lq]
0=2" < <A< <P <Al <

where the multiplicity of the eigenvalue 0 is equal to the g-th Betti
number b, (M) of (M, g), by the Hodge — de Rham theory (see,
for example, [5; 7, p. 339]). The case g = 0 corresponds to the La-
place — Beltrami A = 8V operator acting on C®-functions. At the
same time, we known from [12, p. 78] that if all eigenvalues of R
lie in [fin, finax), then the sectional curvature sec satisfies
1/2fpmin < sec < 1/2fy,45. Therefore, if the inequality R = € > 0
holds and then, from the above, we have sec = 1/2 C. In this
case, Ric > 1/2 (n — 1)C, and, as Lichnerowicz has already pro-

ved, /150] >1/2nC (see, for example, [7, p. 82]). A similar result

can be formulated about the eigenvalues A_Elq] and AEIq] of the Lapla-
cians A and Ay, respectively. But let us first recall the following.
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The variational characterization of the eigenvalues /Tflq] and qu] of
the Laplacians A and Ay will be as follows (see [13, p. 393]):

A > R )

for all a > 1. Here, since (M, g) is closed, we have defined the
number (see [13, p. 379])

Ronin = Inf {Rppin(x): x € M}
for Rmin (x) = Inf {g(R, @)x: ¢x € Ex, g(@, @) = 1}. In addi-
tion, we recall that the rough Laplacian A acting on C*(E) is an
order 2 elliptic operator and that its spectrum on a closed (M, g) is

an unbounded sequence of real numbers Spec(®A= {/Ta}aeN

which can be increasingly ordered (see [14])

0= <2 <. <20 <2 <.

with the following convention: igq] is the zero eigenvalue with
multiplicity dim(KerV). In case where there is no parallel section,
i.e., dim(KerV) = 0, the spectrum starts with the positive eigen-
value ;.

Theorem 3. Let (M, g) be an n-dimensional closed Riemanni-
an manifold. Let A and Ay be the rough and Hodge — de Rham
Laplacians actingdefined on C*-sections of the fibre bundle N1M
of differential q-forms, 1 < q < n — 1. If the curvature operator of
the second kind R: XM — N*M satisfies the inequality R > C > 0
and (M, g) is not isometric to the Euclidean n-sphere S™ with its

standard metric, then /TLq] >1/2 nC and AEIq] >1/2nC+
+q(n—q) C for any eigenvalues A_Elq] and AEIq] of Spec DA and
Spec DAy, respectively.

Proof. Let (M,g) be an n-dimensional closed Riemannian
manifold. We recall that if there exists a positive constant C on
(M, g) such that the inequality g(ﬁw,a)) > C||lwl|? holds for any
2-form  w € A’M, then the inequality g(R,(w) w) =
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> q(n—q) C ||w||? holds for any w € AIM and 1 <qg<n-—1
(see [15]). In addition, equality holds for a Riemannian manifold
isometric to the Euclidean n-sphere S™ with its standard metric. In
other words, C serves here as a lower bound for the eigenvalues of
the curvature operator of the first kind R of (M, g) and, in turn,
Rmin = q(n —q) C serves here as a lower bound for the eigen-
values of the Weitzenbock curvature operator R, of (M, g), re-
spectively. In this case the variational characterization of the ei-
genvalues (2) is as follows

A > A 4 g —g)cC 3)

for any AL"] € Spec@A, and /qu] € Spec@A. In contrast to the
Hodge Laplacian Ay, the kernel of the rough Laplacian A acting on
q-forms consists of parallel g-forms, whose dimension is not a

topological invariant. Therefore, if /TE?] = 0, then the associated
eigenspace consists of parallel g-forms. At the same time, it is
well-known that there are no parallel g-forms (1 < g <n—1) on
a closed Riemannian manifold with a positive curvature operator of
the first kind R (see [5, p. 351]). Therefore, in our case, /qu] * 0,
i.e., for the metric g with R > C > 0, all eigenvalues of the rough
and Hodge Laplacians acting on g-forms, 1 < g < n — 1, are non-
Zero.

At the same time, for the metric g with R > € > 0 and every q,
1 < q < 1/2n, inequality (3) can be rewritten as the first Gallot —
Meyer inequality (see [16] and inequality (3.4) from [17])

AElq] >qC+q(n—q)C.

In turn, for the metric g with R > C > 0 and every q, 1/2n <
< g < n — 1, inequality (3) can be rewritten as the second Gallot —
Meyer inequality (see, for example, inequality (3.3) from [16])

A > (n—q)C+qn—q)C,

because 1 < (n—q) < 1/2n. Moreover, two lower bounds of

AElq] are optimal because they can be achieved for a Riemannian
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manifold (M, g) isometric to the Euclidean n-sphere S™ with its
standard metric; in other words, for this variety the equalities are
valid in both cases (see also [7, p. 342]). Therefore, if a Riemanni-
an manifold (M, g) isometric to the Euclidean n-sphere S™, then
the first Gallot — Meyer inequality can be rewritten as the equality

qu] =qC+qn—q)C forevery q, 1 < q < 1/2n. In this case,

from (3) we deduce /qu] <1/2 nC for all a > 1. A similar con-
clusion can be drawn for the case when 1/2n<qg<n-1.

Therefore, /TLq] > 1/2 n C for an n-dimensional closed Riemanni-
an manifold with R > C > 0 and not isometric to the Euclidean

n-sphere S™. Then from (3) we deduce that Ag’] >1/2nC+
+ q(n — q) C. Then our theorem holds.

Remark. 1f /Tglq] > 1/2 n C, then both strictly Gallot — Meyer
inequalities will automatically follow from (3) for an n-dimen-
sional closed Riemannian manifold with R > € > 0 and not iso-
metric to the Euclidean n-sphere S$™.
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[Be TeopeMbl NCHE3HOBEHUA N TEOPEMA OLEHKN
HanmeHbLUEro cobCTBEHHOTO 3HaYeHns nannacnaHa Xomxa — ae Pama

[octynuna B pemakmuio 16.02.2024 r.

B mannoit paboTe paccMmaTpuBaeTcs jamiacuaH Xomka — jae Pawma.
DopMyIHUPYIOTCS IBE TEOPEMBI 00 MICUE3HOBEHHUH sI/Ipa JariaciaHa Xo1-
)ka — ge Pama. YTouHseTcs olleHKa HaMMEHBIIET0 COOCTBEHHOI'O 3Ha-
YCHUA J1aIilaChuaHa Ha 3aMKHyTBIX pI/IMaHOBBIX MHOFOO6pa3I/I$IX.

Knrouegvie crosa: puMaHOBO MHOTOOOpasue, BHEIIHsI AuddepeHiu-
anpHas QopMa, JamiacuaH Xo/ka — e Pama, Teopema mcue3HOBEHUS
spa, HauMeHblIee cCOOCTBEHHOE 3HAUECHHE
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O HeKoTOpbIX TEH30paX
6-MepHbIX yNNowWawWwmxca 3pMMTOBbIX NOAMHOr006pa3unii
anre6pbl Kanu

B naHHOI 3aMeTKe pacCMOTpPEHBI O-MEpHBIE YIUIOIA0-
IIFECsS SPMHUTOBHI IMOAMHOT000pa3us anreOpsl okTaB. BbI-
YHUCIIEHbl KOMIIOHEHTHl TEH30pa PUMaHOBOH KPHBH3HHBI,
TeH30pa Puyun u TeH3opa Beiinsg koH(DOPMHOI KPUBU3HEL.

Kniouegvie cnosa: modt 3pMHUTOBA CTPYKTypa, TEH30pP PUMAaHOBOU
KPHBH3HBI, TeH30p Puuym, TeH3op Beitnist KoHPOPMHO# KpUBHU3HEL, 6-Mep-
HOE yIIIoIIarIeecs NogMHOToo0pasne anreopsr Kamm

1. [eoMeTpust 6-MEpHBIX TOYTH IPMHUTOBBIX ITOJIMHOT000pa3nuit
anredps! Kanm passuBaetcs ¢ 60-x rogos mpouuroro Beka. Cpenn
MHOTHX M3BECTHBIX MAaTEMATHKOB, KOTOPBIE MOIYYMIN PE3YTbTATHI
B 3TOM 00macT, 0c000 BBIAEISAIOTCS aMEPUKAHCKUN CIIELHATIHCT
Anpdpen I'peit u oredecTBeHHblii reomerp Bamum dénopoBuu
Kupnuenko. Umenno B. ®. KuprueHnko mosydnn NogHyo Kilaccu-
¢uKanmo 6-MEpHBIX KEIEPOBBIX MOIMHOro00pa3uii anreOpbl Ok-
taB [1]. OTmMeTnM, 9T0 B 0030pe [2] COAEp)KUTCS 3HAYUTEIHHAS
9acTh JOCTIDKEHUI B 007aCTH T€OMETPHH 6-MEPHBIX MOYTH IPMHU-
TOBBIX OAMHOTO000pasmii anredpbl Kamu (ecTecTBEeHHO, KpoMe pe-
3yJIBTaTOB, NOJYUYECHHBIX B MOCIEIHEE NECITUIICTHE).

2. HanomuumMm [3], 4TO noumu spmumogou cmpyKmypoiu Ha
MHO2006pasuu  M?™  deTHOH pa3sMEpPHOCTH Ha3bIBaeTCs Iapa

Hocmynuna 6 peoakyuro 26.03.2024 2.
© Banapy I'. A., 2024
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{J,g = (-")}, tne J — mourtn KOMIUIEKCHAs CTPYKTYypa, a g = () —
pumanoBa metpuka. [Ipu stom J u g = (,") TOIDKHBI OBITH COTJIA-
COBaHbI TAKUM yCIIOBHEM:

JX,JYy =(X,Y), X, Y € R(M?™),

rae X(M?™) — mofyJib MIaJKuX BEKTOPHBIX MoJNell Ha paccMaTpu-
BaeMOM MHOroo6pasuu M2™. Muoroo6pasue ¢ 3aJaHHON Ha HeM
MOYTH PMUTOBOM CTPYKTYpPOH HA3BIBACTCS MOUMU 3PMUMOGHIM.
C KaXI0ii MOYTH SPMHUTOBOM CTPYKTYpoii {J, g = (-, )} Ha MHOTrO-
obpasun M2™ ces3aHa Tak HaszbiBaeMas (GpyHIaMeHTanbHas (GpopMma,
KOTOpasi ONPEe/IeNIIeTCsl pABEHCTBOM

FX,Y)=(X,JY), XY €RM).

[Toutn 3pMHUTOBa CTPYKTYpa Ha3BIBAETCS SPMUMOBOLL, ECITH ee
ten3op Heilenxetica

1
NX,Y) =702 XY] + UXJY] = JUX, Y] = JIX.JY]D)

oOpaiaetcs B HyIb, B KelepoBoit, ecmu VF = 0.
UzsectHo [3], uto B anredpe Komu O = R8 ONpEACIICHbl ABa
HEU30MOPQHBIX 3-BEKTOPHBIX MPOU3BEICHUS:

P,(X, Y, Z) = —-X(Y2) + (X, V)Z + (Y, Z)X — (Z,X)Y;
P,(X, Y, Z) = —(XD)Z + (X, Y)Z + (Y, Z)X —(Z, X)Y.

Bmecy X, Y, Z €0; (-,-) — ckamaproe mpousBerenune B 0,
X - X — oneparop conpsikenus B 0. Eciu M® ¢ O — 6-mepHOoe
OpPHEHTHpYEMOe MOIMHOroo0pasue anredpbl OKTaB, TO HA HEM HH-
JyLIEpYyeTCsl OYTH PMHUTOBA CTPYKTYpa {J4, g = (-, )}, ompene-
nsieMas B Kax/I0ii Touke p € M® cooTHomeHunem
]a(X) ZPQ(X' €1, 62), a = 1r21

rae {e;, e,} — NPOM3BOJIBHBIN OPTOHOPMUPOBAHHBIN 0a3UC HOP-
MaibHOro Kk M® moxmnpocrpasctsa B touke p, X € T,(M®). Touka
p € M® naswiBaeTcs obwLeH, ecnu e, & T,(M 6), rae ey — enuHU-
1a anreOps! okTaB (cMm.: [1]). [TogMHOTOOOpA3Hs, COCTOSIINE TOb-
KO W3 OOIUX TOYEK, HA3BIBAIOTCS NOOMHO2000pa3usimu obue2o
muna. Bce paccmaTpuBaeMmble Jajiee MoaMHoroobpasus M® c O
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OyZeM cYuTaTh MOJMHOT000pa3usIMu OO0IIIero THITa. 6-MEpHOE MOJ-
MHoroo6pasue M® c O mHasbiBaercss yniowarowumcs (dame pla-
nar, pexe flattening), ecimm 0HO COIEPKUTCS B THIIEPILIOCKOCTH all-
re6pbl Kamu. OTMeTuM, 94TO MOHATHE YIUIOUIAIOLIETOCs TOJMHOTO-
o0pazus anreOprl OKTaB BBeNU B paccMoTpenue B. ®. Kupudyenko
u M. b. banapy [4]. Oka3anocs, 4TO K YHCITy YIDIOMIAIOLIUXCS OT-
HOCSITCS BCE 6-MEpHBIE KeJepPOBbI ITOJMHOT000pa3ust aareOphl OK-
TaB (KOTOpbIE, KaK Mbl YIIOMHHAIN BHIIIE, OJHOCTHIO KiIacCu(pu-
nupoBansl B. @. Kupudenko). [lpn 3ToM Hy»XHO HENpEeMEHHO OT-
METHUTbh, YTO M3BECTHHI MIPUMEPHI 6-MEPHBIX YILIOMIAOIIAXCS MO~
MHOroo0pasuii anre6psl Kanu ¢ moutu spMUTOBOH CTPYKTYpOH,
OTIUYHON OT KeJIepoBoit [5—7].

3. bonee 40 ner nazax B.®. KupuueHKo MOIyYMII CTPYKTYp-
HBbIC YPaBHEHUS MOYTH 3PMHUTOBOM CTPYKTYpPHI Ha 6-MEPHOM OpH-
€HTHPYEMOM MOIMHOT000pa3nu aireOpsl OKTaB (B perepe, amaim-
THPOBAHHOM ITOYTH SPMHUTOBOU CTPYKTYpe) [1]:

1
dow® = w¢ A w? + —e®'Dy ¢ A wp, +
V2
1 ah[bp cl
+ﬁs Dy  wy N wg;

dwg = —wb A wp + = egpn D" w, A w? + (D

5

+—=¢eqnp D"’ A wE;

V2

dwd = w¢ Awf — 6bgDh[kD 9+ > ToTR, |0k nwl,
4

e yepes {w*} 0603HaUEHBI KOMITOHEHTHI (JOPM CMEIEHHS, Yepes
{w?} — KOMITOHEHTHI ()OPM PUMaHOBOW CBS3HOCTH. 3/1€Ch U Jajiee

©=178,abcdgh=1,23;
d=a+3;kj=1,2,3,4,5,6.
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Kak B [1]u [2], w, = w?. [Ipu aTOM

Eape = €223, £9P€ = £9B¢ _ xommonenTs Ten3opa Kponexke-

pa nopsiaxa Tpu;
) g;‘ = 56" — 596} — KpoHeKepOBCKast IeNbTa BTOPOIO I10-
psizka;
D" =Dgs Dp =Dys D" =Dy
hér c hc’
Dej = FT%; +iT;, Dej = FTE; —iT};

cj’ c]l

rae {Tfj} — KOMIIOHEHTHl KOH(HTYpamnoHHOTO TeH30pa (B Tep-

MUHOJIOTHH ['pes), Wi BTOpPOW OCHOBHOW (DOPMBI TOTPYKEHUS
noaMHoroo6pasus M® c 0 (cm.: [1]).

Ecnu moutH spMuTOBa CTPYKTypa SIBISETCS DPMUTOBOM, TO
ypaBaenus (1) mpuHIMarOT cinexyromuii Bua (cm.: [5; 6]):

1
dow® = 0¢ A w? + — "Dy ¢ A wy;

V2

dw, = —wb Awy +

\/_sath we A wP 2)

dwf = 0% Awj, — 5bgthDgC + z T? we A w?

DpmuToBo M® C O sBsSeTCs YIUIOMAONIUMCS B TOM U TOJIBKO
TOM Clly4ae, eCiu

T8, = uTl,; Tg =T’ u€C; u =const. 3)

ab’

DTO JIeTKO MOXXHO OOBSCHHUTH ciefyromuM obpasom. llycts
6-MepHOe ToMHOT000pasue anredpsl Komm sBisercs moaMHOTO-
obpazuem runepruiockoctd B 0. Torma, eciiv UCIIONB30BaTh S3BIK
nuHelHoM anre6psl, T ju T}, j SIBISIFOTCSI JINHEHHO 3aBHCHMBIMH B
KaXKI0H Touke MoAMHOroo6pasus M®. O6paTHas Lemoyka pac-
CY>KACHUH TakKe JOCTaTOYHO OYEBUIHA. 3aMETHUM JIHUIb, YTO CIIY-
Yaid, Koraa XoTsi Obl OJHO W3 3HaueHuil T ;fj oOparaercs B HYJIb,
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MBI U3 paccMOTpeHus uckirodaeM. Kak ObUIO yke OTMEueHO BBI-
e, K YUCIy YIUTOIMIAIOIIUXCS OTHOCATCS U 6-MEpHBIC KEIEPOBHI
nmoaMHoroo6pasus anredpel Kamm (3T0 COOTBETCTBYET Ciydaro
u =i=+-1[5]).

BaxxHeilmyro posib B TEOMETPUH IMOYTH SPMHTOBBIX MHOT000-
pasuil urpaet TeH30p PUMaHOBOM KpWBU3HBI (TeH30p Pumana —
Kpuctoddens). Bo MHOTHX cTaThsiX IUTHPYETCS YTBEPKICHUE
Anwsdpena ['pes, BpICKa3aHHOE UM IIOYTH TOJIBEKA HA3aJ, O TOM,
YTO «KIOYOM K TEOMETPUHU IOYTH 3PMHUTOBBIX MHOTr000pa3uit
CITyaT TOXKJECTBA, KOTOPBIM YAOBJIETBOPSIET WX TEH30pP pUMaHO-
BOU KPUBU3HBD» [8].

Comnocraniisis CTPYKTYpHBIE ypaBHeHUs: Kaprana o0mero Buia

dw® = a);-‘ A 0/

1
da)f = wk A o +5Rkjmla)m A wt

CO CTPYKTYPHBIMH ypaBHEHUSIMH (2) W NMpPHHUMAas BO BHUMAaHHE
cooTHOIIeHUs (3), MBI MOJIy4aeM TaKHe 3HA4Y€HHUS Ul YeThIpex
KOMIIOHEHT, OINpPENEISIOIINX TeH30p PUMaHOBOW KPHUBU3HBI (OC-
TanbHble 12 KOMIIOHEHT MOTYT OBITh BBIBEJICHBI U3 HUX C HCIIOJb-
30BaHUEM CBOMCTB CHMMETPHHU ITOTO TEH30Da):

Rapca = 05 Rapca = 05 Rzp0q = 0
Rapea = — 21%T%eThq.

Hanomuum [9], uro meuszopom Puuuu pumanosa muocoobpa-
3151 Ha3bIBAETCSI TEH30p C KOMIIOHEHTaMU

: — m
T'lckj =R kjm-

BBuny BEIIECTBEHHOCTH 3TOr0 TEH30pa JOCTATOYHO HAWTH
TOJLKO KOMIIOHEHTHI TiCyp U TiCqp -
[Tonydyaem Takoi pe3yibTar:

; — 0 i _ 2m7 m7
ricgpy = 0; ricgy = —2u°Tz:T¢p.
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Haxkownern, npuBeneM 3Ha4Y€HHUS CIEKTpa TeH3opa Beins koH-
(hOpMHO¥ KPUBHU3HBI. DTOT TEH30p, KaK U3BECTHO [9], onpenenserT-
Csl CIEAYIOUINM 00pa3oMm:

1
Wijki = Riju + — (ricie gji + Ticj 9ik — Ticu Gjk —

' K
— i gu) + m=Dm=2) Gjk 9u — 91 ir)-

3mech yepe3 n 0003HAUCHA Pa3MEPHOCTH MHOTO00pa3Hs, depes
K — ero cxansipHast KpUBU3HA.

Kak u B ciydae ¢ TeH30pOM pUMaHOBOM KPUBU3HBI, UCXOJS U3
CBOHCTB 3TOr'0 TEH30pa JOCTATOYHO HAMTH TONBKO KOMIIOHEHTHI
Wabcar» Wabcar Wapea» Wabea » KOTOPBIE TIOIHOCTBIO €TO OIpE-
NS0T,

[Tomy4eHs! Takue 3HAUCHUS:

Wabca = 0;
Wabca = 0;
2
u
Wabca = == (TaaThe0a + ThaTha 8¢ = TinTha 82 =

K
—T35 The 88) + 55 824
12
7 7
Wapea == 21° Tl Tha + 7(Taﬁ 85+ Tl 65)Tha +

K
+ 2—062 53

CobepeM pe3ybTaThl BOSAWHO B TAOJIHILY KIACCHYECKHX TEH-
30pOB 6-MEPHBIX VIUIOMIAIONINXCS dPMHUTOBBIX MTOAMHOT000pa3mit
anreopst Kamu.

Tenzop CriexTp TeH30pa (KOMIIOHEHTBI, OIPEAEIISIONIE TEH30D)

Tenzop puMaHOBOI

R =0, Ry =0, R;; =90
KPUBHU3HBI abcd » Rabed y Rapea §

Rapea = —21° TZ&E Tl7)d

Tenzop Puuun , ,
P ricg, = 0, ricg, = 2T} T,

52




I".A. baHapy

Ten3zop Beiins
(TeH30p KOHPOPMHOM
KPHUBH3HBI)

Wabca = 0, Wapea = 0,

Wapea = — Mz—z (TiaThe 84 + T Tha 8¢
~T3rTha 62 —TgpThe %) +
+ % 8k,
Wapea == 2% TheTha +

2
+M7(T(7zﬁ 85+ Tis 63)Tha +

K
+%5g5g

OOparuM BHHMaHHE Ha TO, YTO BBIYMCICHHBIC KOMITOHEHTHI
TeH3opa Boiis Mo3BoNAT HcclenoBaTh TaK Has3blBaeMble KOH-
(dhopmHBIe aHaIOru TokaecTB I'pest u3 [8]. BhIUMCIEHHBIH CIEKTP
TeH30pa Pu4um, €CTECTBEHHO, MOKET MOCIY>KUTh OCHOBOW st
M3Y4YEHUS] YCIOBHM, TPH KOTOPBIX Pa3IUIHBIC BUABI O-MEPHBIX
VIDIOMAIOMTUXCSI SPMHUTOBBIX TTOAMHOT000pa3uii anreOpsl OKTaB
SIBJISTFOTCSI MHOTOOOpa3usaMu DHHINTeHHA.
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On some tensors
of six-dimensional Hermitian planar submanifolds
of Cayley algebra
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In the present note, we consider six-dimensional Hermitian planar
submanifolds of Cayley algebra. The almost Hermitian structure on such
a six-dimensional submanifold is induced by means of so-called Brown —
Gray three-fold vector cross products in Cayley algebra. The six-dimen-
sional Hermitian planar submanifolds of the octave algebra contain all
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six-dimensional Kéhlerian submanifolds of Cayley algebra. However,
there exist non-Kahlerian six-dimensional Hermitian planar submanifolds
in the octave algebra.

The components of the tensor of the Riemannian curvature for a six-
dimensional almost Hermitian planar submanifold of Cayley algebra are
computed. Remark that the tensor of Riemannian curvature plays a fun-
damental role in geometry of almost Hermitian manifolds. Knowing all
components of the tensor of the Riemannian curvature for a six-dimensio-
nal almost Hermitian planar submanifold of the octave algebra, it is pos-
sible to study so-called Gray’s identities for this submanifold.

The components of the Ricci tensor and of the tensor of conformal
curvature (known also as Weyl tensor) for a six-dimensional almost Her-
mitian planar submanifold of Cayley algebra are also computed.

Keywords: almost Hermitian structure, tensor of Riemannian curva-
ture, Ricci tensor, tensor of conformal curvature, six-dimensional Hermit-
ian planar submanifold of Cayley algebra
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MapannenbHble nepeHeceHns B CBA3HOCTAX TPeX TUMNOB
ANS KOKOHTPYIHUUU K (1)

Kommieke Ky, _m)m M-TUIOCKOCTEN B CITyYae, KOTa ero
Pa3MEpHOCTh IPEBBIMAET 1 — M, SIBISETCS HOAMHOr000pa-
3ueM MHoroo0Opaswus I'paccmana u no knaccudukanmu biams-
HUKaca Ha3bIBAaeTCs KOKOHTPYAHIMEH 7-MEpHBIX IUIOCKO-
CTEH.

B n-MepHOM MPOEKTHBHOM MPOCTPAHCTBE IMPOJOJIKACT-
Csl HCCIIEI0BaHNE KOKOHIPYIHIIUH /-MEPHBIX IIOCKOCTEH.

Panee 6bL10 MOKa3aHO, YTO PaCIIMPEHHOE KOMITO3HIIH-
OHHOE OCHAICHWE JaHHOM KOKOHIPYIHLIUH TIOJISMH
(n —m — 1)-MepHBIX TUIOCKOCTEH U Toukamu C Ha m-Mep-
HBIX IJIOCKOCTSIX MO3BOJISIET 3a/1aTh CBA3HOCTU TPEX THUIIOB
B aCCOLIMMPOBAHHOM PACCIOCHHU.

B nmanHO# paboTe M3ydeHB! MapaiieiabHbBIE IepeHece-
HUS aHajora Iockoctd KapraHa B CBA3HOCTAX TpeX TH-
noB. /loka3aHbl T€OpeMBl O BHIAaX MEpaUICIbHBIX MepeHe-
CeHuil aHayora miockocTH Kaprana B CBSI3HOCTSIX IIEPBOTO,
BTOPOTO U TPETHETO THUIIOB.

Bce uccnenoBaHus OCyIECTBISAIOTCS C HCIIOIB30BaHU-
eM mertona Kaprana — Jlanresa.

Knrouesvie cnosa: mpoeKTHBHOE TIPOCTPAHCTBO, KOKOHTPYIHITHS m-Mep-
HBIX TUIOCKOCTEH, CBSI3HOCTB, MApalIENbHOE IepEeHECEHHE

Hocmynuna 6 peoakyuro 05.10.2023 2.
© Bbenosa 0.0., 2024
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Pa3BuTue NoHATHS NapajulebHOTO NEPEHOCAa HAYalIOCh C U3Y-
yeHus: Munauarom B 1837 r. 0OBIYHOTO MapajieTn3Ma Ha €BKIIU-
JIOBOM IJIOCKOCTH. DTO HUCCIENOBAHUE MOCIYXHIO OTIPAaBHBIM
NyHKTOM 1yt JIeBU-UMBUTEL IpU €0 UCCIEN0BAHUY MapaJJIEIbHO-
r'0 IIepeHoca BEKTOpa Ha MMOBEPXHOCTH.

JlanbHele 0000IEHUs MOHATHS MAPAJICILHOTO TIepeHece-
HUS CBSI3aHBI C Pa3BUTHEM O0IIEH TEOpHH CBSI3HOCTEH, KOTOpas 3a-
HAMaeT BaXKHOE MECTO B COBpeMEHHOW uddepeHIInaIbHON Te0-
MEeTpUU. A TapaiselbHble NepeHeceHus, sBIdomuecs Hanbonee
HaIJSIIHOM TeOMEeTPUYECKON MHTEepIpeTaluei MOHITUS CBI3HOCTH
[11; 15], miMpoKO IMPUMEHSAIOTCS COBPEMEHHBIMH reomeTpamu [9;
12; 13].

B pabote m3ywarorcsi mapaisenbHble epeHeCeHHsT OCHAIAI0-
el TIOCKOCTH B CBA3HOCTSIX TPEX THIIOB JJII KOKOHTPYIHIIUH
m-MepHbIX MockocTedt [2]. Ilpu 3TOM uccienoBaHUs OCYIIECTB-
JAI0TCA ¢ puMeHeHueM Mmertona Kaprana — Jlanresa [1; 8; 10;
14; 16; 17].

PaccMOTpUM NPOEKTUBHOE MPOCTPAHCTBO P, IIpHU HCIONb30Ba-
HUM TOABWXHOTO penepa {4,4;} (i,..=1,..,n) ¢ uHpuHUTE3H-
MaJbHBIMH IEpEMELICHUSIMU

dA = 0A + w'd;, dA; = 04; + w4 + w4,

rae dopmbl dadda w', w;, (u} YAOBJIETBOPSIIOT CTPYKTYPHBIM
ypaBHeHussM Kaprana npoektuBHO# rpynmnsl GP (1)

Dw' = w’ A a)}, Dw; = a)i] A wj,
i_  k i i k , i
Dwj = wj ANwy + §jwp A 0" + w; A w'.
bynem nccnenoBatb KOMIUIEKC K(p—pmym MUIOCKOCTEH pa3mep-

HocTH M (1 < m < n), TO €CTh KOKOHTPYIHIUIO /7-MEPHBIX IIJIOC-
kocreii [4; 5]. Kommieke K_mym 3a0aeTcst ypaBHEHUSIMHU (CM.:

[2; 3]
w® = Aféawg,

reea,..=1,...m a,..=m+1,..,n
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KomnoneHTsl (dyHIaMEHTanbHOTO OOBEKTa 1-ro mopsaka
A ={A%a} YAOBIETBOPSIIOT nU((hepeHInanbHBIM CpaBHEHUSIM TI0

MOJTYJTI0 6a3uCHBIX HOpM wT
AAG® + AP AR @, — 8F w® = 0,

npuuyeM anpdepeHInaIbHbli TeH30pHBIA onepaTop A neicTByer
10 3aKOHY

AAG® = dAG® + AR wf +AG" wf — A wp.

B rnaBHOM paccnoenuu Gg(K), roe
s=nn+1)-m(n—m-—1),

3aJ1aeTcs CBA3HOCTH criocobom JlanreBa — Jlymucre [2; 6; 7]:

~a _ ,.a ac,.«a ~a — ,.\a ab,.a
w0y = wp —IMpapwd, &% =w*—-T wy,

~a _ ,.a ab , B ~a _ aa Y
Wg = wg —Tgpwy,, g = “)B Igywq
Dy = wg —T20%, @y = wy — Faﬁa)[g

KOMHOHGHTLI O6T>6KTa CBA3HOCTH
b ab paa pa
r= {rba,raﬁ,raa,ra,rﬁy,raﬂ}

yIOBIETBOPAIOT AU hepeHIIHaTbHBIM CPABHEHUSIM 110 MOAYIIO Oa-
3UCHBIX (hOpM

ATSS + (88TSq + 88T5)w® + (TEgAL — 69T — 65T4°) w, +
+épws — SZ‘,‘AﬁCa)B =0,
AT — T3 e + F‘Bchﬁbwc + Aﬁba)ﬁ =
AT + 18 A (5ar”’ - ayrcﬂ) W — T8 wg +
+Th g0 = 0,
G+ (TgnAs" — 85T2 ) wy, + 85T, P
— (spnge + 681" w, — Spwf =
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b b Bb b _
ATG, + (rga + BA )wc + 6w, =0,
b pYa
Argy + (T2, AL +T28) wp, — Tl + Tgw, = 0.
Ocy1iecTBUM pacUIMPEHHOE KOMIIO3ULUOHHOE OCHAILIEHUE KO-
KOHIPYIHIUH Ky _pn)m, TPUCOCANHNUB K KAKIOW /m-MEPHOH MIIOC-
koctu L, anamor mnockoctu Kaprana — minockocts Cp,_pp—q, HE

MMEIOTIYIO OOIIHX TOYEK C IIOCKOCTHIO L,y,, ¥ TOUKy C Ha MIOCKO-
ctu Ly, (puc. 1).

Crom-1

e

Lo

Puc. 1. PacimupenHoe KOMIIO3UITMOHHOE OCHAIIEHHE KOKOHIPY3HITHH
AHaTUTUYECKH TOYKY M aHalor Iuockoctu Kaprana mMoxxHO
3a/1aTh CIeAYIOMUM 00pa3oM:
C=A+21%4,,C, = Ay + %A, + 1,A.
JlaHHOE OCHaIIeHHe MO3BOJISIET OXBATHTh KOMIIOHEHTHI 00BEK-
Ta CBSI3HOCTHU TPEMsI CIOCOOAMH:
0b b
Faa = 6da;
ac _ a a pBc
Fba - 6 ){ (SbAa AB,
aa _ pqaa _ sapaMla
Tgy = Mgy — Sy Ay
01
ab _ ABbja
rev = Abag,
01
r g AaM

Ola
Ofﬁ _2. M

aB’

aﬁ’
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02 .
I'ap

rae

Ozab ab Bb a b, a
s’ =13 + A, /13/1 —Aug,

b
= Aap — A’ — 24520 — AR A (A5 + 4,A%) + A A2ug,

02

Tap = Aop +2Mpghy;

03ab ab Bb(4a a b,a
Fa = —Aa +Aa (/1[3 +.Llﬁ) +1 Ug,
03
b
[55 = —2ap + 225" — AR Aauty — A A%uf,
03

ap = ~Aap:

UG = 2% — 2%, MES = —(882% + A% 2g).

Hamo ormernts, uTo muddepeHnnanbable ypaBHEHUS KOMIIO-

HEHT OCHAILAoIIero KBasutensopa A = {14, 1%, 1,} umeror Bux

A2 — 292wy + 0® = 2% W,
A2% + Ag0® + 0l = 2%l (1)

My + 2w, + w, = Agﬁwg,

a 1dadQoBEl MPOU3BOIHBIE, CTOSIINE B MPABBIX YaCTAX ypaBHe-
Huii (1), ynosnerBopsior auddepeHnraaIbHbIM CpaBHEHUSIM

M + PP wf — 2°F P wg +
+ (A8 Ag — %2 — 222w, = 0,
MGp + Agwd + (A’é“/lgy + /12‘;;) wp +
+(—MLG + LN ) w, = 0,

2% + (—08 MYy + 82812 ) wf + N Aw, +
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+A};b/1%,wc+)lzﬂwa =0,
rae Ffb = Aib + 551b.
Haxomum nuddepennnans: Touek C u Cy,:
dC = 0 + 2%w, — 5F g | € + [Fiowl] Co +
+H[A2% + 0% — 2922w, — uEFE" WA, ©)
dCq =[50 + wf} — MEF )| Cp + (MG + A,0% + 0F —
—1%AAg — A% wp — Aw, + (AGML — 2%, MY wh A+
+| Mg + A + 0 + A, MLG0l | C. 3)

BBozas ¢opmsl cBs3HOCTH B paBeHCTBAX (2) u (3) M y4HuTHIBas
BBIpa)KE€HMs KOBapHaHTHBIX Auddepeninanon

VA% = dA% + P38 — 2920, + 9,
VAL = dA + 5@ — A3 + 2,07 + @58,
Vg = dlg — Ag@h + 288, + @y,
MoJIy4yum
dC = [9 + 293, + (rgaab - AﬁFﬁa) w:i‘] C+ [F;%‘“wf ] Co +

+[V2% + (% + ATE — A°2T8,—FL i wf | A (@)

dCo =[50 + @l + (Thy —ME ) wl| 5 +
+[VAL — A9V, + (Tay + ASTER — 2STHE + A, TR + 194, T —
b b
—2%2GTp — A°Tgp — 2%A, M5 + AﬁMZ,;)wf] Ag +

+[V2q + (T8 — 4,108 + 2578, + A, MLG ) E | €. (5)
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Jlanee B paBeHCTBaX (4, 5) y4TeM OXBaThl TPEX THIIOB:
0 Ba
dC = [9 + 20, + (— g5 )wg] C+

01
+ (837 + 5529 wf | Co + V294, (6)
0
dC = [9 + %5, + (—25057) wg] C+

+ [(Ag“ + 5gla)wf] C, + [Ovzla + agbwg‘] A (D

0
dC = [9 + 25, + (—25057) wg] C+

03
+ [(Aga + 5;;)1“)wf] Co + [v/’la - ogbw‘g]Aa; (8)
B OB B a 01
dc, = [6a9 +af + (—882,M8%) wl| Cp + VA C +
01 01

+ [vag —A“VAa]Aa, )

Boy . 1B By rHa v B
dc, = [%9 +af + (—88 2,0 )wg] Cs+ [vaa + agﬁwa] C+

02 02
+[VA5 — 19V 2, + (085 + 2acf® ~ 2902)0f | A0 (10)

0 03
dcC, = [559 +af + (-682,08%) wg] Cs+ [vaa - agﬁwf] C+
Oza_a02 _ab _ ab a.b B
+| V2 — 2%V 2, + (=058 — A405" + 1% )wy, | Ag. (11)
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B Beipakenns (7, 8, 10, 11) BXoAsIT KOMITOHEHTHI 00BEKTA Je-
dopmamuu o = {g2?, agfg’,agﬁ} (em.: [3; 15)):

gab = pab _ ABb e — Abpa
08h = %5 — 23 2 — A3AG — A”’A Ay A% + A AP,
08 = A% + MUgA,,.

Teopema 1. [lapannenvroe nepenecenue ananoea nioOCKOCMu
Kapmana Cy_y,_1 8 NPOU36016HOIU CEAZHOCIIU ABIAEMC C80O0OHO
BbIPONCOCHHBIM, MO €CMb CHeYUATbHbIX CMeWeHUl OAHHOU OCHA-
warwell I0CKOCmu, 8000ue 20680psi, He GblOeNemcsl.

Jlokazamenbcmeo cnenyer U3 paBeHCTB (5).

Teopema 2. B epynnogoii ceazHocmu nepgo2o muna napai-
JlefibHoe nepeHeceHue ananoza niockocmu Kapmawna sensiemcs
CBA3AHHO BbIPONCOCHHBIM, MO ecmb Niockocmb Cp_pm_q Oydem
HEeNnoOBUNCHOU NPU NAPATIETbHOM NEPeHeCeHUlU 8 YKA3AHHOU C8:3-
HOCmU.

Jloxazamenvcmeo ciieyeT u3 paBeHcTB (9).

Teopema 3. B 2pynnosvix C8A3HOCMAX 8MOPO20 U MPEMbE2O
Munoe napaiieibHoe nepeHecerue anaioza niockocmu Kapmana
26715emcsl C80O0OHO BbIPOIHCOCHHBIM.

Jokasamenvcmeo. llpu ycinoBun oOpaieHus KOBapHaHTHBIX
TuQdEpeHITNAIOB OCHAINAIONIET0 KBAa3UTEH30pa B HYJIb B PaBEH-
ctBax (10) u (11) BuaHO, YTO cHeUMaNbHBIX CMEIIEHUH aHajora
mnockoctu Kaprana He BbIaensieTCA.

3ameuanue. AHANOTUYHBIE YTBEPKACHUS CIPABEJIUBHI U TI0
noBoay cmeuienuii Touku C = A + A*A,, TOCKOJIbKY MMEIOT Me-
CTO paBeHCTBA (6—38).

Teopema 4. Aunanoe nnockocmu Kapmana nepenocumcs na-
PATNENbHO 8 TUHEUHOU KOMOUHAYUY CEAZHOCMU Nep8o2o Muna mo-
204 U MOIbKO mo20a, K020a OH cmewaemcs 8 niockocmu Py_, =

= [Cp—m-1,C] (puc. 2).
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.P” —

Puc. 2. UnmocTtpanys nmiaockocTen

ﬂoxasameﬂbcmeo.

[Mpu OVl/lg - /I“OVl/la = 0 B dpopmye (9) umeem
dc, = [55 0+al + (~6£2,0) X 65 + V,C,
CIIeZIOBAaTEIbHO, TEOPEMa BEpHA.
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Parallel transports in the connections of three types
for cocongruence K (5 —mym

Submitted on October 5, 2023

We continue to study the cocongruence of m-dimensional planes us-
ing the Cartan — Laptev method. In an n-dimensional projective space
P,, the cocongruence of m-dimensional planes can be given by the fol-
lowing equations w® = Af‘;awf .

Compositional clothing of a given cocongruence by fields of

(n—m—1)-planes C,,_;,_1: Ly @ Cepe1 = B,
and points C = A + 1?4,

allows one to define connections of three types in the associated bundle.

In the present paper, parallel transports of an analogue of Cartan
plane are studied in the connections of three types. It is proved 4 theo-
rems:

1. Parallel transport of the analogue of the Cartan plane C,,_,,_; in an
arbitrary connection is freely degenerate, i.e., in general, there are no spe-
cial transports of this clothing plane.

2. In the group connection of the first type, the parallel transport of an
analog of the Cartan plane is connected degenerate, i.e¢., the plane C,,_,,—1
will be fixed under parallel transport in this connection.

3. In the group connections of the second and third types, the parallel
transport of the analogue of the Cartan plane is freely degenerate.

4. The analogue of the Cartan plane is transferred in parallel in a line-
ar combination of the first type connection if and only if it is displaced in
the plane B,_, = [Chem-1,C].

Keywords: projective space, cocongruence of m-dimensional planes,
connection, parallel transport
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O pa3mepHocTtu anre6p Jlu MHpUHUTE3UMANBHBIX ad(PUHHBIX
npeobpa3oBaHuii NpAMbIX NPON3BeAEHNIA Bonee ABYX NPOCTPAHCTB
acdrHHON CBA3HOCTU NEpBOro TUna

Teopust nBrKEeHUI B 0000OIIEHHBIX MPOCTPAHCTBAX SIB-
JIsieTcsl ONHMM M3 HaIlpaBJIeHHH B COBPEMEHHOW nudde-
peHuuanbHON reoMeTpud. Bompocamu JOBMXKEHHH B pas-
JWYHBIX TPOCTPAHCTBAaX ap(UHHBIX CBSI3HOCTEH 3aHUMa-
much Takhe ydensle, kak O. Kapran, I1.K. Pamesckuii,
I1. A. upoxos, MN.I1. Eropos, A. f. Cyntanos. JIpmxeHus
B INPAMBIX NPOMU3BEICHUAX IBYX IMPOCTPAHCTB ahPUHHOMN
CBSI3HOCTHU paccMaTpuBajich B pabore M. B. MopryHs.

B cnyudae mpsMoro mpousBeleHHs Oonee IBYX Ipo-
cTpaHcTB a(HUHHON CBI3HOCTH BOIIPOC O Pa3MEPHOCTH all-
reop Jlu uHuHUTE3UMAaNbHBIX apdUHHBIX MpeodpazoBa-
HUI JaHHOTO MPOCTPAHCTBA OCTABAJICS OTKPHITHIM.

B naHHO# cTaThe MoydeHa OIEHKa BepXHEW TpaHUIIbI
pasmepHoctd anreOpsl Jlu mHOUHNTE3MMATBHBIX addUH-
HBIX IIpeoOpa3zoBaHuil mpocTpaHcTB adGUHHON CBA3HOCTH,
MIPEACTABIAIOMIX CO00l MpsiMOe MpOM3BEICHNE HE MEHEE
TPeX HENPOEKTUBHO-EBKIMIOBBIX IPOCTPAHCTB OIpEIe-
JICHHOTO BHJA.

s pemenus 3Toi 3agadu MOJydYeHa CUCTEMA JIMHEH-
HBIX OJHOPOJHBIX YpPaBHEHHH, KOTOPOH YZOBIIETBOPSIOT
KOMITOHEHTBI TMPOM3BOJILHOIO HH(MHHUTE3UMAIBLHOTO ad-
¢uHHOrO TIpeoOpa3oBaHusl. JTa cHUCTeMa HaiilleHa C HC-

Hocmynuna 6 peoakyuro 28.04.2024 2.
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M0JIb30BAHUEM CBOMCTB MPOU3BOAHOM JIM, MpUMEHEHHON K
TEH30PHOMY ITIOJI0 KPHUBH3HBEI pPAaCCMaTpUBAEMBIX IIPO-
cTpaHcTB. OlleHKa paHra JaHHOW CHCTEMbI MO3BOJISET I10-
JIYYUTh OLIEHKY CHHU3Yy paHra MaTpullbl paccMaTpUBaeMOU
CHCTEMBI.

Kniouegvile cnosa: npsmoe NpousBepeHHE NpocTpaHCTB adduHHOIM
CBS3HOCTH, MH(pUHUTE3NMaIbHbIC ad(GUHHBIC MpeoOpa3oBaHms, anredpa
JIn, pasmepHOCTH anredps! Jln

1. OcHOBHbBIE NOHATHSA H CBCACHUSA

[ycts (M,,V) — mpoctpancTBO addHUHHON CBA3HOCTH Oe3
KpY4eHHSI.

BekropHoe mone X Ha MHOrooOpasun M,,, cHaOxeHHOM ad-
(UHHOHI CBA3HOCTRIO V, Ha3bpIBaeTC WH(DHHUTE3UMATBHBIM ad-
(GuHHBIM peobpa3zoBanueM npoctpanctsa (M, V), ecin

LyV=0,

rae Ly — cumBou mpousBoaHoit JIu [2].

W3BecTHO, 4YTO MHOXECTBO BCeX HH(OWHHUTE3UMAIBHBIX ad-
(UHHBIX peoOpaszoBanmii mpocTparcTsa (M, V) obpasyer anreo6-
py JInu Hang moseM R OTHOCHUTENBHO OIEpalii KOMMYTHPOBAHUS
BeKTOpHBIX Tonel [5]. O6o3Hauum 3Ty anredpy depes g(M,),
npuuem dimg (M,,) = n? + n (cm.: [1]).

B nokanpHbIX KOOpaMHaTax ypaBHeHUE LyV= 0 paBHOCHUIBHO
cucreme nU(GEepeHINANBHBIX YPAaBHEHU B YacTHBIX MPOU3BOJI-
HBIX BTOpOTO mopsiaka. IlepByto cepuio yclIoOBHI MHTErpHpPYEMO-
CTH 3TOW CHUCTEMBI COCTABIISIOT YPaBHEHHS

LxR = O,
rae R — TeH30pHOE 110JIe KPUBHU3HBI CBSI3HOCTH V.
B J10KanbHBIX KOOPAMHATAX HTO YPaBHEHUE IIPEACTABISAET CO-

001 cucreMy JMHEHHBIX OJHOPOAHBIX YPaBHEHHH OT KOOPAUHAT
107151 X ¥ 9aCTHBIX IPOU3BOAHBIX OT 3THUX KOOPAMHAT

XMoyRRsc + R(plli)XH =0, (D
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rue
DIFYy — SFpD FpD FpD D pF
R(apclm) = 64Rupc + 65 Ramc + 6c Rapm — SmRupc-
Ecnu panr maTpuubl, COCTaBICHHOW M3 KOA(QQHUUUEHTOB MpH

HEU3BECTHEBIX X ,’;” cucteMsl (1), He MeHee 7, TO clpaBeIUBO HEpa-
BeHCTBO (cM.: [1])

dimg(M,) <n®?+n-r.

2. IIpsamoe npou3sBeeHNe MPOCTPAHCTB a((PUHHON CBA3HOCTH
CIelHAJbLHOI0 THIIA

Mycrs (*My,, °V) (a =1,2,...,5) — HENPOEKTHBHO-EBKIIH-
TIOBBI ITpocTpaHCcTBa ad(HMHHOH CBI3HOCTH 0€3 KPYUCHHS.

Kakx wu3BectHo [1], mpoctpanctBo adPUHHONW CBSI3HOCTH
( aMna, aV) SIBJISIETCSI HEMIPOEKTUBHO-EBKIIUIOBBIM TOTJIA Y TOJIb-
KO TOrJia, KOrja TeH30pHOEe Toje Belss OTIUYHO OT HYJEBOTO.
DTO YCIOBHE JIOKATLHO SKBHBAJCHTHO BBITIOJIHEHUIO OJHOTO W3
CIEYIONINUX YCIOBUI:

(1) cymecTByeT Takas Kapra IJIaJKOro aTiiaca (aU,xia), 4TO
UMeeTCsl XOTsl Obl O/IHA COCTABJISIOIIAs TEH30PHOT'O IOJII KPUBH3-
HBI BHZIA aRﬁ;illigig (ifis,i§ = 1,n,), OTIMuHAs OT HyJIS VIS 1IO-
MapHO Pa3IMYHBIX MEXKIY COO0I0 HHICKCOB;

(2) B Kaxaou KapTe (aV,yia) BCE COCTaBJAIOIIME TEH30pa

if

KpuBM3HEI BHAa “R 4

i §1 PpaBHBI HYJIIO, HO CYIIECTBYET KapTa

a

2 L
a i

riaakoro atnaca (“U,x' ") Takas, 4To CyIIECTBYET XOTsS Obl OJIHA

a
L

COCTaBJAOImad TCEH30PHOTO IIOJId KPUBHU3HBI BHUAA aRL"lliaia
2'3%

(ifig,i$,i§ = 1,ny), oTIMYHAS OT HyJIsL JUISL IIOMAPHO PA3INYHBIX
HUHJEeKCOB [1].

B naHHO# cTaTbe OrpaHUYMMCS PACCMOTPEHUEM MPOCTPAHCTB
apPUHHON CBSA3HOCTH, ynoBieTBOpsommx ycioBuio (1). Takue
MPOCTPaHCTBa OyJeM Ha3bIBaTbh NPOCMPAHCMEAMU NEPEO2O MUNA.
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CraHzapTHBIM 00pa3oM CTPOMM IPSIMOE NMPOU3BEACHUE 3TUX
MpOCTpaHCcTB aQPUHHON CBsI3HOCTH (CM.: [3]):

M, V=("My,, V)% ..x( My, °V).

3. Ouenka cBepxy pasmMepHocTH ajredpsl Jiu
HHQUHUTEIUMAJIBHBIX A(p(UHHBIX Peodpa3oBaHui
NPSMbIX NPOU3Be/ieHUil 0oJiee IBYX NPOCTPAHCTB
a(puHHOM CBA3HOCTHU NMEPBOT0 THIA

Jlisi TIOCTPOEHHOTO MPOCTPAHCTBA MMEET MECTO CIeIyrorast
Teopema.

Teopema. Pasmeprocmov aneebpvr Jlu un@uHumesumManrbHuix
appunubix npeobpazoeanuil npsmozo npouszsedenus s (S > 3)

. 1
npoCcmpancme agbqbumtou CBA3HOCMU, COCMABAAIOWUE RL1L1L1'

2
2ply SR
121%12 EERELS)

HYJIS, He npeeocxodum
(ny+ - +n)?>— Bs—D(ny + -+ ng) + 25% + 3s.

Jloxazamenvcmso. Tlpu s = 1 pasmepHocTh anreOpsl Jlu uH-
¢uHUTE3UMaNbHBIX apGUHHBIX NpeoOpa3oBaHUil MPOCTpaHCTBA

adhGuHHON CBI3HOCTH ( M, o 1V), YJIOBJIETBOPSIOIIETO yCIOBHUIO

5 s S MEH30pP06 KPUBU3HbL KOMOPbLIX OMJIUYHbL OM

(1), He mpeBocxomuT n? — 2n, + 5. DTo yTBepKAEHHE NOKA3AHO
N.TI. EropoBbim [1].

IMpu s = 2 pasmepHocTh anreOpsl JIn MHOUHHTE3UMATBHBIX
apPuHHBIX mpeoOpa3oBaHui MpocTpaHcTBa ad(PUHHON CBA3HOCTH
( 1Mnl, 1V) X ( ’M,, 2 ZV), yaoBieTBopsitomiero yciosuto (1),
HE MPEBOCXOIUT YHCIIA

(ny +ny)% —5(n; +ny) + 14.

OT0 yTBepXKAeHKE noKazaHo M. B. Mopryn (cM.: [4]).

PaccmoTtpum cirydaid, Koraa mpocTpaHcTBO apGuHHON CBA3HO-
CTH TpPEACTaBIAET COOOH MpsiMOe NMpOM3BEICHHE HE MEHee Tpex

HEMPOCKTUBHO-CBKIIUAOBBIX TMPOCTPAHCTB, KaXI0€ U3 KOTOPBIX
ynoBieTBopsieT yciopuio (1).
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Iycts (s = 3).

He napymras oOIIHOCTH pacCyXIeHuii, momaraem i =1,
A — A —
iy =2,i3 = 3.

Torma B kapre (U X..x “U,x?) (A=T,n, + - +ny)
npocrpanctsa (M, V)=( 'M,,, V) x ..x ( My, °V) nmeem
OTJIMYHBIE OT HyJ s COCTaBJISIOIINE BHA

1

R223:

n{+1
ny+2 ni+2 ny+3° "0

Rn1+---+n5_1+1
Nnyt+-+ng_1+2 ny+-+ng_1+2 ny+--+ng_1+3°

PaccMmoTpuM ykopodeHHYI0 MaTpully cucremsl (1), anmemeHTa-
MU KOTOPOH SIBISIIOTCA KO3((PUIIMEHTH! IPH HEN3BECTHBIX

X? (B>1), X5 (D =3), X2 (C=4), X{,
XE W (E#2,3n + 1), X2 (F# 1,0, + 1,n, +2),

X' (K £ Lng + Lng +2,m +3), X000

Xpoving 1A # 2,31 +2,1 +3,,m + -+ 155 + 2,
n1 + e + ns_2+3,n1 + b + ns_z + 1),
Xg1+---+ns—1+2 G#=1Ln+1,..ny+-+ne_+1,n +-+

+ng_q + 2),

X;Ill+-..+ns—1+3 (H + 1,n1 + 1’ ."'nl + -+ nS—1 + 1’n1 + 4

+ns_1 + 2, nl + -+ ns_]_ + 3),

Xn1+"'+ns_1+1
ny+--+ng_1+1

B YPaBHEHUSX, TJI€ UHJIEKChl R UMEIOT CleAyIONIUi BUI:
(523) (M > 1), (p23) (P 2 3), Gan) (N 2 4), (323)s
(7511+2 n+2 ng+3) S #2,3,n; +1),

1
(erlr-:l+2 n+3) € #F1Lng+1,n +2),
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+1
(Z1+2 n1+2T) (T#1,n+1,n+2,n +3),
ny+1
(n1+2 ny+2 ni+3 )

(Z1+~~+n5-1+2 Ny++ng_1+2 n1+--~+ns_1+3)
WV+2,3n+2,n+3 .. n++n,_,+2,n ++
+ng_, + 3, ng+--+ng_,+ 1),

n1+"'+n5_1+1
(Z n1+"'+n5_1+2 n1+"'+ns_1+3)

Z#+#1nm+1Ln+2,..,n++ng_+1Ln ++ng_q+2),

n1+"'+ns_1+1
(n1+"‘+n$_1+2 n1+"‘+n$_1+2 T)

(T * 1,n1 + 1,n1 + 2,n1 +3, ...,n1 + "'+ns_1 +2,n1 + "'+
+ns_q + 3),

Ny+-tng_q+1
(n1+~~-+ns_1+2 Ny+otNg_1+2 n1+-~~+ns_1+3)'

Haiinem paHr nosy4eHHON MaTpULIbL:
r=3ny++n)s—(1+3+-+2(s—1)+1) -
—(243++G+D)-B+4++s+2+s=

= 3s(ny + -+ ng) — 2s% — 3s.

Ortcrona ciemyer, 9To
dimg(M,) < (ny + -+ ng5)?2 — (3s — D(ny + -+ ng) + 252 + 3s.

Teopema nokazaHa.
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On the dimension of Lie algebras
of infinitesimal affine transformations of direct products
of more than two spaces of affine connection of the first type
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The theory of motions in generalized spaces is one of the directions in
modern differential geometry. Such scientists as E. Cartan, P.K. Rashev-
sky, P. A. Shirokov, I.P. Egorov, A.Ya. Sultanov and other scientists were
engaged in the study of movements in various spaces of affine connec-
tions. The question of movements in direct products of two spaces of af-
fine connection was considered in M. V. Morgun’s work.

In the case of a direct product of more than two spaces of affine con-
nection, the question of the dimension of Lie algebras of infinitesimal
affine transformations of a given space remained open.

76


https://orcid.org/0000-0003-1051-4358
https://orcid.org/0009-0005-1244-4279

M.B. me6oga, A.A. CyntaHos

In this article, an estimate of the upper bound of the dimension of the
Lie algebra of infinitesimal affine transformations of affine connection
spaces, representing a direct reproduction of at least three non-projective
Euclidean spaces of a certain type, is obtained.

To solve this problem, a system of linear homogeneous equations is
obtained, which is satisfied by the components of an arbitrary infinitesi-
mal affine transformation. This system is found using the properties of the
Lie derivative applied to the tensor field of curvature of the spaces under
consideration. The evaluation of the rank of this system allows us to ob-
tain an estimate from below of the rank of the matrix of the system under
consideration.

Keywords: direct product of affine connectivity spaces, infinitesimal
affine transformations, Lie algebra, dimension of Lie algebra
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AHanoru CMMMeTPU4eCKOM U NIIOCKOW CBA3HOCTEN
C HETEH30pPaMM KPy4YeHUs U KPUBM3HbI

Wzydaercs apduHHAsS CBA3HOCTH B PAcCIOEHHH, acco-
UUPOBAHHOM C MHOTOOOpa3ueM, CTPYKTYPHbIE YpaBHEHUsI
1 JIepUBAIMOHHBIE (POPMYIBI KOTOPOTO MOCTPOEHHI C IO-
MOIIBI0 AedopMaluii BHEITHETO U OObIYHOTO nuddepeH-
nuanoB. Kpusm3Ha u kpydeHue apQuHHON CBA3HOCTH Ha
3TOM MHOT000pa3uu He SBIIAIOTCS TeH3opaMmu. [lokasaHo,
YTO €CIM TEH30p AeOpMalMi CBS3HOCTH CHMMETPHUYEH
WIHM paBeH HYJIO, TO CBSI3HOCTH SIBJISIETCS MOJYCHMMETPH-
yeckoil. [TocTpoeH aHaIOr CHMMETPUYECKOHN TIIOCKOH CBSI3-
HOCTH, Ha3BaHHBIN MPOCTOH CBA3HOCTHIO. KpydeHue u Kpu-
BH3HA 3TOW CBS3HOCTH BBIPAXKAIOTCS Y€Pe3 CHMMETPUIHBII
TeH30p Aedopmanyu cBsi3HOCTH. KaHOHMYECKast CBSI3HOCTh
SIBIISIETCS] YACTHBIM CITyYaeM IPOCTOH CBA3HOCTH, OHA ILIOC-
Kas ¥ HeCUMMETpUYHAs.

Kniouegvie cnosa: xacatenbHOE IPOCTPAHCTBO 2-I'0 MOPSAIKA, BO3MY-
menne quddepeHnnana, HECHMMETPUYHBIE PENephl U KOpernepsl 2-ro Mmo-
psinka, 0OBEKTHl KPYUYEHUs] U KPHBM3HBI, IUIOCKAs CBA3HOCTH, IOJIyCHM-
MeTpudecKas CBI3HOCTb

1. BBeagenue

B paGorax [6; 7] u3yuaercst MHOroo6pasue X,, ¢ HeCHMMeT-
PUYHBIMH BEKTOpPaMH KacaTeIbHOTO MPOCTPAHCTBA 2-TO U HECHM-
METpUYHBIMU GopMamMu JudGepeHITHATEHON TPYTITBI 2-TO TOPSII-
ka. 3yueHue )?m MIPOBOJIUTCS C UCTIONB30BAHUEM OTOOPaKCHHMA

Hocmynuna 6 peoakyuro 21.05.2024 2.
© Ilonsxosa K. B., 2024
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Dw = Dw + (df A @)|p27+,

dv =

rie
f=rehx%), f4=fFiah,
v =v'0;, d(v(ff)) = v"d(aiff).

OTH 0TOOpaKEHUS MPEIACTABIAIOT co00i AedopManuu audde-
pennmanoB D u d B xokacareiabHoM T*X,, u kacarenpHoM TX,,

d a
IIPOCTPAaHCTBaX MHOIrooopasus X,,. 3aech 0; = s 0 = 5% pu-
ueM x/ — JOKaNBHBIE KOOPAMHATH TOYKM HAa MHOIOOOPAa3HH, TO

ecTb x/ — Ga3HCHBIE KOOpAWHATHI, )(,'f — CJIOCBBIC KOOPAWHATHI.
I/IH,Z[GKCLI MNPUHUMAIOT CJICAYIOIINEC 3HAYCHUA!

Ljk=1.,m &=m+1,..m+m?
IMockoneky auddepeHnmansl aeGoOpMUPYIOTCSA, TO MOXKHO
CUMTaTh, YTO M CAMO MHOTroobpasue X, MpeacTapiseT coboi me-

(bopMaruio OOBIYHOTO TIAJAKOTO0 MHOTO00pa3us X,,, BCIEICTBHE
4ero OHO Ha3BaHO Oegopmupyiowumcs (cMm. Takke: [5; 13]).

B nanHOl craTthe mpomOKAaEM paccMaTpPHBATH CITydai (xf) =
=(x)mu fé = fleé-1 ocransumeo- CTIOEBBIE KOOPTMHATHI 1-TO TO-
siIKa Xf 00pa3yroT HEBBIPOKICHHYIO MATPULy ¢ 0OpaTHOW MaT-
J
* .
9 i
puueit (x;).
B ocHoBy Bcex HOCTpoeHnﬁ IIOJIOXKEHBI COOTHOIIEHUS

D(dx) = Njdx/ Adx*, d(0) = (0 + N}j0¢) ®dx/,

rae KOcocHMMeTpuueckmii N ik = 6[k iif W cummeTpuyecKuit
Nl-i- = 0;f ¢ 0OBeKTHI 3a1aK0T BO3MYIIEHNs auddepenimanos D u
d na snementax dx' u 9;. IIpmaem, Hanpumep, Dg(xt, x%) = dg,
D(df) =0, E(dxf) = 0; KpoMe TOro, BIOJb 000N THHUK P Ha
MHOT000pasuu X,,, CpaBeITuBO 52|p =0.
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Hax m-MepHBIM 1eOpMHUPYIOIIMCS MHOr006pasuem X,, Obl-
JIO TOCTPOCHO TIJIaBHOE PACCIOCHUE PENepoB 2-r0 IOpsiAKa
DZ,(X,) co CTpyKTYpHBIMH ypaBHEHHAMH (cM.: [6—9]):

D' = w/ A&}, (1)
D&} = &f A @ + w* A &, )

i N R S e A U =i
D&y = wjy A&y — Oy A @D — @y N Dy + w™ A @jy,
rae (eMm.: [6; 7])
R
o' = xjdx/,
*
— _ 2k cik
;= —xjdx, — Xjw”, 3)
—i _ Al os i =i l
Wy = Ax]-k + (xj[kxsl] xjkl)a) .

JInst cioeBBIX KOOpAMHAT 2-TO TMOpsaKa f}k CIIpaBeIJIMBO pa-
BEHCTBO
i _ i
Xk = TNk
i _ 2l osi Nl P24
rae Nj = x[;6,10,f = NpqX;j X CoeBbie KOOPAUHATBL 3-I0 MO-
psfika Xj,; CHMMETPUYHBI TOJIBKO O TIOCTEHUM JIBYM HHJIEKCAM.
Omnepatop A gelcTByeT 1o 3aKOHY
AS} = dS} + S} @}, — S,
3ameyanue. I'anouka MOKa3bIBAET, YTO OOBEKTHI MMOJIyUEHBI B
pesyibTaTe npuMeHeHus oneparopos D u d.
AnprepHupoBaHue Gpopm 6},( MMeeT BUJ

—i — _ANi K
@fjk] = —ANj (mod wk),
TO €CTb NPH (PUKCAIIMU TOYKH MHOT000Opasus

—i * . 62f f
L — S gl
w[jk]|wz=0 = X[k 57805 4%°-

Kpowme Toro, @}y = XANF; (mod w®).
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2. lIpaddorbl Npou3BOAHLIE
H CKOOKH KacaTeJbLHbIX BEKTOPOB

Hycts TX,, = span(g;) u T*X,, = span(w") — xacarensHOe
M KOKacaTeJbHOe MPOCTPAHCTBA K MHOT000pasuio X,, B ero Teky-
e To4Ke, MpHIeM a)i(sj) = 6}. Jna noctpoenusix auddepeH-
[IHAJIOB CIPaBEITHBO

Dw'=Dw'+ Njika)j A wk,
de; = de; + Niiwj®65.

KacarensHoe npoctpancTBo 2-ro nopsjaka T2X,, nedpopmupy-
OIIIETOCS] MHOTOOOPAa3us X,,, HATSHYTO Ha BeKTOpBI

.
& =x]0;, s‘l-j—xx Oy + Xf5 & + xlx ;;af,
9. = a
ImpuIeM ij = W’
Ae; = &;Quw/, Ae“l-j - &}5Q¢, = wk®5ijk; 4)

< N
ij) = Nuek, Eijy = xl K9, + x(U)sk + x lkaf.
PaccMOTpHM KacaTelbHbIi BeKTop v = v'e;. C yueroM (4) mpu
oToOpaXeHn! d ToIydIuM
dv =® Kv' + v'&,;Quw/.
KoopauHaTh ¥ yI0BIETBOPSIOT ypaBHEHHAM
Av' = vlw/, 5)
rie
Avt=dvi +v/ @}
=i
VpaBHeHus U BbIpaxeHus Juis 11¢padPpoBbIX NPOU3BOAHBIX U;
MOYKHO HaWTH OBYMs crmocobamu. OOMH CIOCOO COCTOUT B TOM,
9T00Bl B ypaBHEHHsX (5) HCpGI/ITI/I K HaTypaJbHOMY KOperepy
dx!, dxf, naiitu BeIpaxkenue s U npo;qu’pepeHuMpOBaB KOTO-
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pbl€ MOIYYUTh YPABHEHUS JUIS 17} Bropoii crioco6 3akimrouaercst BO

BHEIIHeM AnpdepeHIUpPOBaHNH YpaBHEHHH (5) ¢ IMpUMEHEHHEM

CTPYKTYpHBIX ypaBHeHHH (1, 2) n nepuBanMoHHBIX (opmyin (4).

3TH cnoco0Bl MOXKHO YCIIOBHO CYMTATh BHYTPEHHUM U BHELTHUM.
C yuerom (3) u3 (5) mory4nM BeIpakeHUE

x]kakvla)] + dlvidxf + v/ ( X; Ldxfkst — ]ka)k) = 17;(4)1,

OTKyJla CIICAYIOT PaBEHCTBA Koaq)(bHuHeHTOB npu 6a3ucHbIX (Hop-
max w’ u muddepenmmanax dx )

i _ Xk i ki
Uj =X 0pv" — v Xy, (6)

vt =6ivj9*c?
k k j e

PaCCMOTpHM TaKKe MPOU3BOJIHBIC, KOTOPHIC IIOHAI00ATCS Haee:
Ui — Al i — A loi_ sivly . j
05 (04 ") = Opsvt = 0y V' = Sixf 0507, (7

* .

— k i
3ameuanue. I1ockombKY O | wkeo = ]| koo = X dxj,, To Ipu
(puxcaunyn Toukn 6a3sbl U3 (5) MOTYYMM TOYHO TAaKUE XKE YpaBHe-
HUS JUIs 00beKkTa V' Ha MHOroOOpasuu Xm, KaK ¥ Ha OOBIYHOM

TJIaIKOM MHOTO00pa3uu Xy, :
i Xk g0
dv |w":0 = v/x; dxy.

Ota cuctema nuddepeHnnanbHbIX ypaBHeHHﬁ JIMHENHA U Of-
HOPOJIHA OTHOCHTENBHO KOMIIOHEHT 00bekTa v' u ux nuddepen-
1MatoB. 3HayuT, 00BeKT V' Ha MHOroo6pasuu X, He TOIBKO IO
¢dbopme, HO U O cyTH gBiseTcs TerzopoM . . JlanTeBa, TO ecTh
JUHEHHBIM OHOPOTHBIM T€OMETPHUCSCKIM 00BheKTOM [1, ¢. 298].

HuddepentmpoBanue GpyHkuuii (6) maet

(xl @ + xk Xjw )akvi +
+ x (aksv xfol + 0, v ldxz) ( -V wﬂx’”

k ~k ol =l i ~l =S =i L l
+ v (wk] + xkja)l X|jWy — X 0j + (xk[jxsl] — xkﬂ)w )
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VYuurteBas (7) B MOAYEPKHYTOM CJIaraeMoOM IIOCIEIHETO pa-
BEHCTBA, IMOJIYYHM

Sl mko=i ik | k=l
dv; = U7 &y + V@5 + U wy; + ®)
* .
+ (wixh + vSRL RS + X0 + Bl + VLR + R E ) o
=i
Torna ypasuenns Ha ndadposbl NPOU3BOAHBIE Tj NPUHAMAIOT
CIEAYIOUIUI BU:

X 5l k=i _ ~i .k
Avj_v (l)kj—vjk(l),

OTKy/ia BUIHO, YTO OHH 0OPa3yIOT TEH30p BMECTE C KOOPAMHATAMU
v'. KOMOOHEHTBI 17},( nipadPoBEIX MPON3BOTHBIX UMEIOT BUJL
17?=17‘ o+ VKL +xx6v+
Jk X siX k kOis
=l =l i syl i
+17 X + vkx,j +v xs(szk):

MPUYEM HX CUMMETPHUYHBIE U KOCOCUMMETPHUYHBIC YACTH MOKHO
3arucaTh CIeAYIONIM 00pa3oM:

Bl = (0 + 58"y = — () + VRN
Uijiy = V1 J?(]k) + VXL X + x! xkalsv +
+17jaf;k + ﬁka?;j + vsfs(jf;k).
Teneps npoanddepenmpyem ypaBHeHus (5) BHEIITHUM 00pa-
30M C TIOMOIITBIO D:

(R4 —vk@};) Awl + D(dv') = 0.
s ucnosib30BaHUs JieMMbl JlanTeBa HEOOXOAMMO YCJIOBUE
5(dvi) = 9} A @/, TOrIa U3 COOTHOLICHMI
(Ao —v*a;+6/)Aw/ =0
MOy IUM

X i

sl k=l i SL k
Avj v wk] +9] v(Jk)(U
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Jns coBmajeHusl 3TUX ypaBHEHHM C HAWJIEHHBIMU OPYTHM
croco0oM ypaBHeHUsMH (8) HEOOXOIUMO yCIIOBHE 9]-‘ = ﬁfjk]a)k,
TorzIa

X 5l ksl (i =i k
A Uj v vk] (v(jk) + U[]k])a) .
[Tocemuee paBeHCTBO coBIamaeT ¢ (8), eciau
Si =i i
Yjie = V(i) + Vyjk)-
Takum 00pazoM, BHENTHUI CIIOCOO MPUBOIUT K TOMY XKe pe-
3yJbTaTy, YTO ¥ BHYTPEHHUH, eCin
D ) — i j k
D(dv ) = _v[jk]ﬂ)] Nw™,
YTO Ha CaMOM JieJie BBIMOJNHACTCS MPH NPSIMOM BBIYUCICHUH

D (dvi). Kcratn, nmna mnonnoro nuddepenunana ¢GyHKIUH
g = g(x%,x%) cpaBeIMBO AHANOrMYHOE PABEHCTBO

D(dg) = 2L2% dxi Adx) = 0, fd,9xfixho’ Awl [6]

dxt9xJ
3ameuanue. Ha 00bIYHOM TITaAKOM MHOTOOOpasuu D(dv‘) =0,
Sl ol . .
X(jiy = Xji. 1 0ba crocoba (kak BHYTPCHHHii, TaK M BHCLIHHII)
Jal0T OJWHAKOBBIA pe3yabTaT ¢ CUMMETPUYHBIMU M(hadPoBBIMH

i _ i
IIPOU3BOJJHBIMU vjk = v(jk)‘

CkoOka JIn kacaTelbHBIX BEKTOpOB U = u'g;, v = v'e; Ha Ie-
dopmupyromemcst MEOroo6pasuu X,,, UMeeT BUJ

[u,v] = [u'e;, vg;] = [ul (] + v¥xg;) — v/ (8 + ukxg))]e;

®daxTHyecku ¢ yuetoM obosnadeHuit (6) u X{j = —Nj, nns

CKOOKH BEKTOPOB Ha MHOT000pa3uu X,,, Tak k€ KaKk U Ha MHOTO-
obpazuu X,,, umeeM

[u,v] = [uij v’ —v'x; aku‘] &
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3. Kpyyenue adpuHHOIi CBA3HOCTH M CHMMETPHUSA
TeH30pa AedopManuu HA MHOTroo0pa3um X,,

AddyHHas CBA3HOCTH B TIIABHOM paccioennn penepos DY (X))
CO CTPYKTYpHBIMU ypaBHeHusiMu (1, 2) 3amaetca mo JlanTeBy c
oMotk Gopm [7; 10]:
=i l i wk X i =i _ i l
wj = @; I‘ (A T + @jje = Ty w0).
OOGBEKT KpydeHHs Tl = f k] abQUHHON CBA3HOCTH y/OBIE-
TBOPSIET CPaBHEHUSIM
A ]k =A N ©)

BJICKYIIIM HETEH30PHOCTh 00HEKTA KPYUCHUS, CIC/ICTBUEM Ue-
o SBIAETCA TO, 4TO aUHHAS CBA3HOCTH Ha MHOTooOpasuu X,
BCETJ]a UMEET Kpy4ueHHe.

Paccmotpum paznoxenue

B i i
Uik = vjk — Xk (10)
C HCIIONIB30BaHUEM TEH30pa z:e(bopMauym yjlk = Yjk (xt, xg ) ot ka-

HOHUYECKOW a(UHHON CBI3ZHOCTH F - ]k K IPOU3BOJILHOM.
Moo monarath (cM.: [8]), 4To M000H CBA3HOCTH F-k C TeH-

30poM yJ > OTIPEIEIICHHON Ha IedOopMUpYIOIIEMCcs MH0r006pa3HH

X,, COOTBETCTBYET CBA3HOCTB Flk C TE€M K€ TEH30pOM y]k, ormpe-

JieNieHHasi Ha 0OBIYHOM TUIaZIKoM MHOroobpasuu X, (1 Ha000poT).
OtMmeTnM, 9TO B paboTe [8] roBOpHUIIOCh 0 CBA3HOCTH Ha MHOT000-
pa3uu IpyU OTHECEHUH €T0 K HETOJIOHOMHBIM M T'OJIOHOMHBIM peTie-
pam.

N3BeCTHO, YTO CBA3HOCTH SBISETCS IOJIyCUMMETPHUYECKOU
(cm.: [3;5 45 115 12; 14]), ecnu ee TeH30p KpydeHUS Sikj AMeEeT BHII
(em.: [3, mn. IV, §40])

Sik' = (61 nj — 5k7h)

rae 8§ — cumBon KpOHeKepa an; =Sj Lj.
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Y1Bep:kaenue. Ciroegvle KOOPOUHAMbL f}k Ha MHO2000pazuu

—

X AGNAIOMCA NOTYCUMMEMPULECKUMU.
Jnsa cioeBbIX KOOpAMHAT 2-TO MOpsAKa (3TO KOMIIOHEHTHI Ka-
HOHUYECKOM CBSI3HOCTH) J?}k CIIpaBeJINBO

oi i
x[jk] = ks
xPxd
rae N} ik = x[ | 6k = pq X; xk — 3TO KpyueHHe KaHOHHUYECKOH
cesizHOCTH. J{iist cBepTku Ny = Njj umeem
1-m *

Ne =22xiof,

HO3TOMY

) 1 . .
| — L L
e = 7= (6 Ny — 8 N; ).

CrnenoBaTesbHO, KOOPAWHATHI jk SIBJITFOTCSL TTOJTY CHMMETPH-
YECKUMU (CM.: [3; 4; 11; 12; 14]).

dopmbl @ k, TaK K€ KaKk U KOOPJUHATHI jlk, SIBJISIFOTCS TIOJTY-
CUMMETPHUIECKUMU.

AnbTepHupys pasnoxenue (10) ams cBsI3HOCTH F]l-k, MOJLyYUM
pas3ioXeHne i KOMIIOHEHT 00beKTa KPYUeHHS

ko _ ok k
i kK _

B ciyuae cummerpuaHoro tensopa nedopmauun i (v = 0)
Kpy4YeHHe BBIpaXkaeTcs 1o popmysie T{‘j = Nl-'j-.

CrnemyeT OTMETHUTH, YTO Ha MHOT0OOpaswu X,, CHMMETpHU-
HOCTb TEH30pa yjlk BJIEYET 3a CO0OM CUMMETPUYHOCTH CBSI3HOCTH
ij, TOrza Kak Ha MHOTooOpasuu X, CHMMETPHHOCTD TCH30pa
y]k HE BJICYET 32 CO0OW CHMMETPUIHOCTH CBSI3HOCTH F . Hecum-
METpHUS CBSI3HOCTH Fjl-k o0ycIioBlieHa B MEPBYIO OYepenb HECHM-
MeTpuei Koop/MHaT Xji. Jlaxe eciu TEH30p Vjj ABISETCS CHM-
METPUYHBIM, TO CBSI3HOCTb Fl-k He ABJISIETCS cUMMeTpudHou. Ilo-
CKOIILKY B DTOM CIIy4ae ]k = [l k] = —Nji, 10 Tjj Gyner nomy-
CUMMETPHYHOM.
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i
Teopema 1. Eciu mensop depopmayuu Yjy, cummempuyien uiu
oy N
pasen Hyao, mo ceszHocmo L'y A6nsemces norycummempuieckou.

PaCCMOT‘pI/IM OCHAaIaroIMEC BEKTOPHI gij:
gij = éU + F Sk, AEU =0 (Il’lOd (l.)k)

HGCI/IMMeTpI/I‘IHHe BeKTOpBI

&ij = x x (alk + leaf) + yusk

3a7aHbl B KacaTelbHOM MHpocTpaHCTBe 2-ro mnopsaka T2X,,
E = span(§;;) € T*X,,, onHako 3agaloT oHu adQUHHYIO CBS3-
HOCTb 1-TO mopsiaka.

B [7] roBopusock, uto paBeHCTBO VY & = v¥¢;, paBHOCHIIBHO
cucreMe

. Xk * ..
ijrxk) _ k _ ,ij.k
VXX, =0, vi=v Yijs
HMMEIONIeH HEHYJICBOE PELICHHE
v =0, vW=—vlt i#j vk= v”yikj.
Takum 06pa3oM, TOANMPOCTPAHCTBO £ mepecekaeT KacaTelb-
HYIO TUIOCKOCTh T X, 4TO HE MO3BOJSET HA3bIBATH €€ HOPMAJBIO,
naxe oboOmenHoi (cM.: [8]). CiaemoBarenbHO, XOTS BBIpAKCHHE

JUISl AIbTEPHUPOBAHHBIX TOBTOPHBIX KOBAPUAHTHBIX MPOU3BOHBIX
0a3MCHBIX KacaTeIbHBIX BEKTOPOB MMEET TPAAUIIMOHHEIN BU]T

5 5 = R =1 < <
VieViei = Vi€ = Tiéu + Rijer (€n # &), (12)
TEM HE€ MCHCEC O6’LeKTBI KpyuCHHUA Tk U KPHUBHU3HLBI Rl]k npous-
BOJILHOM CBSI3HOCTH HEIBL3S TpaKTOBaThb KakK FOpI/I30HTaJ'ILHYIO )51
BepTI/IKaJILHyIO COCTAaBJIAOIIINC aHBTepHI/IpOBaHHbIX HOBTOpHBIX
KOBapI/IaHTHI)IX HpOI/I3BOHHBIX KaCaTCJIbHBIX BCKTOpOB.

3ameTnM, YTO paBeHCTBa &[jj = y[k £k BBIINOJHAIOTCA KaK Ha

ij]
MHOro00pasuu X,,, Tak 1 Ha MHOrooOpa3uu X,,,. TakuMm o0paszom,
CUMMETpHs TeH3o0pa aedopManuu yikj OTBEYAeT 32 CHUMMETPHIO

OCHAIIAIOIIUX BEKTOPOB &; j- B oTom ciryvae EnTX, =0.
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Ecmu Ten3op nedopmanmn yl-kj CUMMETPHYEH, TO KacaTelbHOE
npocTpaHcTBO 2-ro nopsaaka T2X,, pacnagaercs B IPAMYIO CyMMy
T%X,, = TX,,®HT?X,, xacatensHoro npoctpanctsa TX,, u ocHa-
IIAIOMIEro MOAIPOCTpaHCTBA span(€; ;). B oTOM ciryqae BeKTOpBI
& =&+ ﬁ-’j-ek SBISTFOTCSL  (0000WeHHbIMUY)  20PU3OHMATLHBIMU
gekmopamu 2-2o nopsoxka onsa aggunnou ceaznocmu 1-20 nopso-
xa, nopnpoctpanctso HT?X,, = span(€;;) npoctpancrea T2X,, —
(00061WeHHbIM) 20PU3OHMATLHBIM HPOCHMPAHCIEOM, KacaTeIbHOE
npoctpanctBo TX,, = VT?X,, — eepmukanvuvim npocmpancm-
60M 6 KacamenvHom npocmparcmee 2-20 nopaoxa T?X,y,.

4. KpuBu3Ha, nopoxaeHHas Kpy4eHrueM Hu gedopmanmeit
appUHHOH CBA3HOCTH
=i
CrpykTypHble ypaBHEHHUs 1Sl pOPM Jj MMEIOT BHA
RS _ Sk aSio 150k l
D(l)] = (l)J /\(l)k +2Rjklw Nw".

KommoHeHThl 00beKTa KPUBH3HBI MOXHO BBIPa3UTh C MOMO-
IIBI0 KOMIIOHEHT OOBEKTa CBS3HOCTH M ero mdadoBEIX MPOU3-

BOJHBIX E}kl = F}[k,l] - V]S[kr‘fsu]a a TaKKe ¢ MOMOILUBLIO TEH30pa
nedopmarmu [7]
ﬁjikl = asyji[kxls] - Y,‘ilegz - Vjs[k)’|is|z]s (13)
pu4eM
A R}, = —v} AN (14)

U3 cpaBuenuit (14) BUgHO, 9TO KOMIIOHEHTHI 00BEKTa KPUBH3-

HBI 06Pa3yIoT TEH30p TONBKO MPH ¥}, = 0, TO €CTh AT KaHOHHYE-
Cc Cc

CKOli csi3HOCTH L'y, puuem B 5ToM cityuae R, = 0.
YuuteiBas cpaBHeHus (9, 14) u TeH30pHOCTH 00BEKTa Nedop-
MAIH ¥}y, TIOMYYNM CIEyIONIee BHIPAKEHHE 1T 00BEKTa KpH-
. pl i Fs
BU3HBL Rjy; = —VjsTj;. Takum oGpasom, cripaBezumBsa cieytomas
Teopema.
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Teopema 2. leghopmayus y]-ls u kpyuenue Ty adpdunnoii céns-
HOCIU UHOYYUPYIOM KPUBUZHY IMOU CE3HOCMU NO hopmyie
Tpi _ i Fs
R = —VisTia- (15)
JanuM reoMeTpu4ecKyr0 XapaKTepUCTHKY 3TOW CBA3HOCTH C
TTOMOIIBI0 ATbTEPHUPOBAHHBIX IMOBTOPHBIX KOBAPHAHTHBIX IPOMU3-
BOJIHBIX 0a3MCHBIX KacaTeNbHBIX BEKTOPOB (12).
U3 (4)) c yuerom dopm 5; CJEAYET, UTO KOBapUaHTHBIE IPO-

HU3BOAHBIC TCH30Pa v' umerot BUT

Vvl = B — prTL.
Vivt = v; — vy

Wmm, ¢ nucrionp3oBanueM obo3HaueHus (6) 1 paznoxerus (10),
Vvl = J*c}‘akvi — vky) ;.
Jns cBa3HoCcTH ¢ KpuBU3HOM (15) momryunm u3 (12)
ViVie = Vi) = T Ga — viies)

i

VieVie = Vi) = Tiex! 1 (9pq + NSq ).
CuMMeTpuYHBIE BEKTOPHI
C

S *pXq 3
€ = Xx; X (apq + Npqag)
WHBApUAHTHBEI U OMPEIEISIOT TOPU30HTAIBHOE IMOAMPOCTPAHCTBO

C c
span (éi j> KaHOHM4YecKoH csasnoctu [, = —Xj. To ects mon-

l¢Xg]

C
MPOCTPAHCTBO Span (ei j> CUMMETPUYHBIX BEKTOPOB €;; HE TEpe-

CEeKaeT KacaTeJIbHOe MPOCTPAaHCTBO T X, U JOMOJHAET €ro 10 Bce-
ro T?X,,,. IIpu stom
C

V[kv]']si = N]-lkéil.
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Teopema 3. OmHocumenvHo céa3HOCMU, KPUBUIHA TRj-kl =
= —)7}ST,fl KOMOPOI NOpodicoena KpyueHuem u oegopmayuetl, aib-

mepHayuu noenmopHsvlx KOBAPUAHMHbLX l’lpOllS’@O()Hle BEKMopos &;
C

* 5 %
S _ ylyk §
HamARY Mol Ha cummempuynsle 6ekmopol €y = x;X; (Oy + Ny O¢),
c ¢
onpeoensowue nopmans E, E®TX,, = T*X,,, donoauswowyio xa-
camenvroe npocmparcmeo T X, 00 kacamenvHo2o npocmpancmea
2-20 nopsioka T?X,,.

5. IIpocTasi CBA3HOCTH M €€ CBOlicTBa

st BekTOpOB U = U'g;, v = vig;, w = w'e; Ha aedhopmupy-

IOIIEMCsl MHOT000Opas3uu X, uMeeM
_ _ S S N S 0 ¢ I

Vuv = Vyu — [u,v] = u'v'y[ge = u'v ( ik Njk)sl,

(VIR ARy v — (B S0 7S Vg ko)l

Vo Vow =V, Vow = Vi w = w/ (Rjy; + ¥j N Jukvle;,
npuyeM

— Il
Vv =uwVivte,.

PaccMoTpuM CBS3HOCTH Ha MHOT000pa3uu X, COOTBETCTBY-
IOIIYI0 CUMMETPHUECKON IUIOCKOM CBS3HOCTH HAa MHOT000pa3uu
Xm-

CummeTrpuyeckas TIIOCKas CBSI3HOCTh Ha MHOT000pasuu X,
OIIpEIeINAETCS COOTHOUICHUSIMH

Vv —Vyu = [u,v],
ViVow =V, ,Vuw = Vi w.
Ha mHOTO00Opa3uu X,,, 9Toii CBI3HOCTH OyAeT COOTBETCTBOBAThH

CBSI3HOCTb, KPyY€HHE M KPUBHM3HA KOTOPOM BBIpaXaroTcs mo (pop-
MyJ1am
Nk _ ik
Ti; = Nij, (16)

NRb = —V/sNg. (17)

90



K.B. Monsikoea

Omnpenenenue. CBI3HOCTh, KPYyUYCHHUS M KPHUBH3HA KOTOPOM
BBIPAXKaIOTCSl YePEe3 CUMMETPUUHBIA TEH30D I[C(bOpMaI_II/II/I o ¢op-

mynam (16, 17), HazoBeM npocmoii 1 0003HAYUM Nf F . OTa cBA3-

HOCTb SIBIISICTCS. HOJYCUMMEMPUYECKOU.
Kpyuenne (16) orBeyaeT CBSI3ZHOCTH C CHMMETPHUYHBIM TE€H30-

poM nedhopmarumn yjlk. B aToM ciydae CBSI3BHOCTB SIBIISIETCS TIOTY-
CUMMETPHYECKOH, a TOPU30HTAIEHBIE BEKTOPHI e“l- j CUMMETPUYHBL:

ujy = ( )alk + (v + (x [’;)af-
Jna cummerpudeckoro Tensopa aedopmarnmn us (12) ciemyer

N2 v _ N¥xlL & N pl _ L (& ~S —
VieVie: = "Theéu + “Rijer = Ni (&1 — ¥ies) =

C
ka xl (6 05) kell

Teopema 4. Ha mnozoobpasuu X, 015 noaycummempuyecko

C8A3HOCMU C KpPYYeHUeMm NTE = (16) u kpueusmoi N ﬁ}kl =
—yjisN,ﬁl (17) umeem
Vv —Vu=[uv], V,Vw -V, V,w =V, w.

Omo auanoe cesznocmu Oe3 KpyueHus u KpUuGUsHbl, 3d0AHHOU
Ha MHO2000pazuu X,

YrBepxkaenue. Eciu na Mrocoobpasuu X, men3op oegopma-
YUY CUMMEMPUYEH, Mo eCib y[ij] =0, mo Vv — V,u = [u,v].

[Ipoananm3upyem gonodHUTENHHO yeaoBue (17) ¢ yuetom (13).
U3 (13) caemyer, uto TEH30p yj‘k YAOBJIETBOPSET YCIOBHIO

. * .
i S _.,S L
OsYj*n = YjkYisin-
B cayuae kpyuenus u kpuu3Hsl (16, 17) anst ansTepHUpOBaH-
HBIX KOBAPHAHTHBIX POU3BOIHBIX TEH30PA ¥ CTIPABEIIIUBO

T .0 S i
VY = =XV
WJIH, C IOMOIIBIO KaCaTCIbHBIX BeKTOpOB El,

by 2 i _ i
VY = 0¥k
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Teopema 5. Omuocumensro npocmoii cessnocmu F}k anb-

mepHayuUu KoBaApPUAHMHBIX NPOU3BOOHBIX MeH30pa Oedopmayuu
NPOMUBONONIONCHLL  ANbMEPHAYUAM HPOUIBOOHLIX MEH30pa Oe-
Gopmayuu no HanpasLenUIo 6eKMOpPO8 &, MO eCmb

Vuriig = —eu(jiw)-

Ycnosue yj, = 0 BblenseT u3 MpocToii CBA3HOCTH N [j, xaHo-
C

HUYECKYIO CBS3HOCTh F]‘-k = —)?jlk, KOTOpasi fBJISETCA IUIOCKOH M
MOJIYCUMMETPUYECKON U I KOTOPOH TaKKe BBIIOIHAETCS

< < ¢ < < <
Vv —Vu=[uvl, VVw-VVws="Vq,,w.

3ameuanue. Ha mHOTOOOpa3uu X, cuMMmeTrpudeckas aedop-
MaIs CBS3HOCTH (reHepaTop [8]) BIIENSET KIIACC NOIyCUMMem-

puueckux ceazHocteit N }k, Ou3KUH 110 CBOWCTBAM CHMMETpUYeE-

CKOH CBSI3HOCTH ka MHOTO000Opasus X,,,. B pabdore [8] orMeueHo,

YTO MPHU HCIONB30BAHUN HETOJOHOMHBIX PENEPOB CHMMETPUYHBIE
CBSI3HOCTH HE BBIACTISIOTCS; B 3TOM Cllydyae JII0ObIe CBSA3HOCTH (B
TOM YHCJIE U CBSI3HOCTH 0€3 Kpy4yeHMs) UMEIOT HECUMMETPHUUYHBIE
KOMITOHEHTBHI.
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ated with a manifold which structure equations and derivation formulas
are constructed using deformations of the exterior and ordinary differen-
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tials. Curvature and torsion objects of this connection are not tensors. A cha-
racteristic of a curvature which is a convolution of a deformation tensor
and a torsion, is considered. Torsion-free connections are not distingui-
shed on the introduced manifold, even in the case of symmetric deforma-
tion, a class of semi-symmetric connections is distinguished, which is an
analogue of symmetric connection on an ordinary smooth manifold. It is
proved that if the connection deformation tensor is symmetric or zero,
then the connection is semi-symmetric. Analogues of torsion-free and cur-
vature-free connections are constructed. The torsion and curvature of this
connection are expressed in terms of the symmetric deformation tensor
for the connection. Canonical connection is a special case of this connec-
tion, it is semi-symmetric and curvature-free.

Keywords: second order tangent space, differential perturbation, non-
symmetrical second order frames and coframes, torsion and curvature
objects, flat connection, semi-symmetrical connection
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