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3ameTKa 06 aKkCcMOMax NOYTU KOHTAKTHbIX METPUYECKNX
rMnepnoBepxXHOCTEN A NOYTU IPMUTOBLIX MHOTOO6pa3ui

PaccmaTprBaeTcs BOIIPOC O TaK Ha3bIBAEMBIX aKCHOMAax
MOYTH KOHTAKTHBIX METPUYECKUX THIEPIOBEPXHOCTEH s
MOYTH SPMUTOBBIX MHOT000pasuif, To €cTh 00 YCIOBHUSX,
MIpHU KOTOPBIX 4epe3 KaKAyI0 TOYKY MOYTH 3PMHTOBA MHO-
roo0pa3susi MPOXOAUT TOYTH KOHTAKTHAs METpHYecKas I'H-
NIEPIIOBEPXHOCTH C 3alaHHBIMH CBOIICTBaMU.

Knrouesvle cnoea: moutn KOHTaKTHAs METpHUYECKasl CTPYKTypa, IO-
YTH 3PMHTOBO MHOT000pa3me, akcCHOMa MOYTH KOHTAKTHBIX METPUIECKUX
THIIEPIIOBEPXHOCTEH, OPUCHTHPYEMast THIIEPIIOBEPXHOCTD

1. O Tom, 4TO Ha BCAKOH OPHUEHTHPYEMOU THIEPIOBEPXHOCTH
MOYTH SPMHUTOBA MHOTO00OPa3Us HHAYIUPYETCS MOYTH KOHTAKTHAsS
METpHUUYECKasi CTPYKTypa, U3BECTHO C CEpEAUHBI MPOLLIOro BEKA.
Jlo mocmenaeit yeTBepTH XX BeKa HanOOJee CoAepKATEIbHBIC pa-
60TI)I O MMOYTH KOHTAKTHBIX MECTPUYCCKUX TUIICPIOBEPXHOCTAX I10-
YTH SPMHUTOBBIX MHOT000pa3uil BBHIIOJHWIA U3BECTHBIC SITTOHCKUE
U amepukaHckue reomerpsl: M. Okymypa, C. Cacaku, C. TanHo,
. Tammpo, X. SInamoro, K. Sxo, JI. Bsp, C. Tonaéepr. C 1980-x ro-

Hocmynuna 6 peoakyuro 26.03.2024 2.
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JIOB 3TOM TE€MAaTUKON 3aHUMAJICS 3aMEYaTEJIbHbI OTEUECTBEHHBII
reomeTp B.®. Kupuuenko, a 3aTeM U HEKOTOpPHIE €ro Y4EHUKH.
Cpenu nocneanux Mel BeiaenauM J1. B. CrenanoBy, yerd pyHmamen-
TajnpHbIM Tpyn [l], mo HameMy MHEHHIO, HE TOJBKO COIEPKUT
MHOJKECTBO TIIYOOKHMX PE3yJbTaTOB, HO W 3a/aj IIeJI0e HallpaBiie-
HUE B T€OMETPUH MOYTH KOHTAKTHBIX METPUUYECKUX THIIEPIIOBEPX-
HOCTEH MOYTH SPMHUTOBBIX MHOT'000Pa3nil.

B cBoem mnccnenoBanuu JI. B. CtemanoBa HEOJMHOKpPATHO pac-
CMaTpuBaJla CUTyalHI0, KOIrJa Yyepe3 KaXIyH TOYKY HEKOTOpPOro
MTOYTH 3PMHUTOBAa MHOT000pa3usi MPOXOANUT MOYTH KOHTaKTHasI MET-
pudecKas THIIEPIIOBEPXHOCTh C ONPENEICHHBIMH CBOMCTBaMHU. Tak
CJIO’KHIIOCH, YTO 3TY CHTYAlIMIO Yallle BCETO KaKk B OTEYECTBEHHBIX,
TaKk U B 3apyOEXHBIX MCTOYHMKAX OIMCBHIBAIOT CIEIYIOIIUM 00Opa-
30M: paccMaTpHUBaeMO€ IOYTH IPMHUTOBO MHOT00Opasue yIoBIle-
TBOPSIET aKCHOME COOTBETCTBYIOIIMX (TO €cTh 00JagaroImux 3a-
JTAaHHBIMH CBOMCTBaMM) MOYTH KOHTAKTHBIX METPHUUECKUX THIEp-
noBepxHocTeit. Ckopee Bcero, B. @. Kupnuenko ObIT TepBBIM, KTO
CTaJl UCIOJIb30BaTh TaKy0 TEPMUHOJIOTHIO B OT€UECTBEHHBIX KYp-
Hanax (cM.: [2]). Hamm nonsITKH ycTaHOBHUTH, KTO HMEHHO U3 3a-
pyOeXHBIX aBTOPOB BIIEPBBIC CTall YIOTPEOISATh NAaHHYIO TEPMH-
HOJIOTHIO, YCIIEXOM HE€ yBeHUYanHch. OTMETHM TOJIBKO, YTO OYEHb
MHOTHE U3BECTHBIE T€OMETPHI HCIOIB30BAIN BBIPAXKEHHE «aKCHO-
Ma [MOYTHU KOHTAKTHBIX METPUUYECKUX TUIIEPIOBEPXHOCTEW» eIle 10
BBIXO/Ia B CBET YMOMSHyTOH Bbllle cTatbu B.®. Kupuuenko [2].
B kauecTBe mpumepa mpuBeneM pabOTy MU3BECTHEHINETO OCIbIruid-
CKOT'O CIEIHaJINCTa B 00JIaCTH 3pMUTOBOM reoMmeTpun JI. Banxeke

[3].

2. Ham mpencraBnsieTcssi DOCTATOYHO OYEBHIHBIM, YTO CaM
TEPMUH «aKCHOMa» HE OYEHb YMECTEH B JaHHOM KoHTekcTe. Oco-
O€HHO eciM pedb HIET O PYyCCKOSA3BIYHOM YHTaTeNe, AT KOTOPOro
TEPMHH «aKCHOMa» TPaIUIMOHHO O3HAYaeT COBCEM HHOE. Takoif
YuTaTeb, CKOPEE BCETO, MIO3HAKOMMIICS C 3TUM IMOHATHEM B ILIKO-
Jie, Koraa m3ydan reomeTpuio mo y4ueOHuky A.H. Kommoroposa,
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A.B. IToropenosa unu JI. C. Atanacana. IlotoM oH y3Han o pas-
JUYHBIX CHUCTEMax aKCHOM BO BpeMs 00yueHHS B By3e (HampuMep,
TP U3YYEHUU KyPCOB OCHOBaHMH reOMETPUH, UUCIOBBIX CHCTEM U
T.1.). B camoM pene, Bep €ciii CyMIECTBYIOT TOYTH SPMHUTOBBI
MHOT000pa3us, yIOBICTBOPAIOLINE aKCHOME TE€X WM MHBIX MOYTH
KOHTAKTHBIX METPUYECKUN TMIIEPIIOBEPXHOCTEH, TO, CIEAOBATEIb-
HO, BO3MOXXHA M CHUTYAI¥sl, KOTJa MHOTOOOpa3ue He yIOBIETBOPSI-
eT Toi unu uHoM akcuome. K coxanenuro, ciyyaeB ¢ HEyAauHOMI
TEPMHUHOJIOTHEH B 3PMHUTOBOM M KOHTAKTHOM T€OMETPHUsX (IT0J KO-
TOPBIMU MBI, €CTECTBEHHO, IOHUMAEM TI'€OMETPHUUYECKHE TEOpUU
MOYTH 3PMHUTOBBIX WU MOYTH KOHTAKTHBIX METPUYECKHX MHOT000-
pasuii COOTBETCTBEHHO) B HAyYHOH JuTepaType Hemano. HamHoro
OospIle, 4eM TOKHO ObuTo OBl OBITH. He Oynem mpuBOIUTH KOH-
KpETHBIE IPUMEPHI (HEKOTOPBIE M3 HUX MOXKHO ObIJIO OBl Ha3BaTh
BONMIOMIMMH), @ OTPAaHUYUMCS JIHIIb 3aMEYaHHEM O TOM, YTO Ha
HayaJbHOM 3Tale, TO €CTh Ha 3Tale BBEIACHHUS TOTO WJIM HMHOTO
WHOCTPAaHHOT'O TEPMHHA B OTEUECTBEHHBIN 000POT, CIENyeT ropas-
70 6oJiee BHUMATENHHO M MPOyMAaHHO TOAXOANUTH K 3TOMY BOIIPO-
cy. B kauecTBe ke MMOJIOKUTEIBHOIO MOMEHTA HAIIOMHUM YHTaTE-
JII0 O MEPBOM BBIJAIOIIEMcs pycckoM ydeHoMm M. B. JlomoHoCOBe,
KOTOpPBIA HE TOJIBKO BHEC OTPOMHBIA BKJax B HayKy (Oyayuwm u
TOCYIapCTBEHHBIM JICATENEM, W TI03TOM, U HM300peTareneM), HO U
000TaThII PyCCKUI S3bIK HOBBIMU HaYYHBIMU TEPMHUHAMH, HOBBIMHU
cinoBamu. CIIOBO «paBHOBECHE» — OIHMH W3 CaMBIX H3BECTHBIX
MPUMEPOB TaKoro poaa. bes 3Toro TouyHOro nepeBoaa JaTUHCKOTO
TEpMUHA HEe 0OXOJUTCS HE TOJIBKO OTEUECTBEHHAs! HAayKa, HO M CO-
BPEMEHHBIN PyCCKUH SA3BIK.

3. 3aKOHYMB KPUTHKOBATh TEPMHMH «aKCHOMa» (Ha Halll B3I/,
0omee ymadHbIM ObIIO OBl MCIIOJE30BATh CJIOBO «YCIIOBHE» IS CO-
OTBETCTBYIOIIEH CHTYyalllil), OCTAHOBUMCS Ha MaTeMaTHYECKOM
acrekTe 3Toi npobsemsbl. byayuu Gonee 30 et cBSI3aHHBIMH C Te-
MAaTHUKOM T€OMETPUN MMOYTH KOHTAKTHBIX METPUUYCCKUX THUIICPIIO-
BEPXHOCTEH IMOYTH SPMHUTOBBIX MHOTOOOPA3Mid, OyAydH XOpPOIIO
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3HAaKOMBIMH CO MHOXXECTBOM pabOT COBPEMEHHBIX I€OMETPOB B
JaHHOU 00JIACTH M, HAKOHEL, Oy Iy4H aBTOPaMH HECKOJIBKUX padoT
Mo TaHHOH TeMaTHKe, Mbl BO3bMEM Ha ce0s CMENOCTh CAeNaTh psij
BBIBOJIOB.

Bo-mepBbIX, OTMETHUM, YTO B COBpeMeHHOH auddepeHunans-
HOW Te€OMETPHM PaccCMaTpPUBAIOTCS CaMble Pa3HOOOpPa3HbIE BHIbI
aKCHMOM (TO €CTh XapaKTePUCTHUECKUX YCIOBHUM) IJIS MOYTH KOH-
TAaKTHBIX METPUYECKUX THUIMEPIIOBEPXHOCTEH MOYTH 3SPMHUTOBBIX
MHOT000pa3nii. YacTh TaKMX akCHOM CBS3aHA C BHYTPEHHEH Teo-
METpUEN TUIEPIIOBEPXHOCTEM, HAPUMEP CO CBOMCTBOM SUHINITEH-
HOBOCTH (BMECTE C YACTHBIMU CITy4YasiMH U 0000meHusMu). OqHIM
U3 TIEPBBIX IPUMEPOB MOXKET CIIYXUTh padota [4].

Ho ropa3no damie Takoro pojia akCHOMBI CBA3aHBI CO CBOM-
CTBaMU BJIOJKEHHSI MIIEPIIOBEPXHOCTEH B 00BEMIIIOIEEe MHOT000-
pasue. Camblii OYEBHIHBIA MpUMEp — KOTAa aKkCHoMa Tpelyer,
9TOOBl Yepe3 KaXAyI TOYKY MHOT000pasusl MpOXOJuiia BIOJHE
reo/ie3nveckas THIEPIIOBEPXHOCTh, MM BIIOJIHE OMOMIMYECKas,
WM MUHHMMAaJbHAsl, WX THUIIEPIOBEPXHOCTD C 3aJaHHBIM THUIIOBBIM
grcnom (B repmuHonioruu Takarn — Kypuxapsr). [1o atomy moBo-
Iy MO’XHO MPHBECTH MHOKECTBO Pa3HOOOPA3HBIX MPUMEPOB. MBI
OTrpaHMYMMCS JIUIIb yIOMUHaHueM uccinenosanus JI. B. Crenano-
Boii [1] 1 0630pa B. ®. Kupuuenko u M. b. Bbanapy [5], kotopsie
coJepXkKaT JECATKH TaKHX IPUMEPOB.

W nakoHen, camas Ba)kKHas, Ha Halll B3IV, TPYyNNa aKCHOM
TpeOyeT, 4ToObI MOYTH KOHTAaKTHAsh METpHUYecKas CTPYKTypa Ha
THIIEPIIOBEPXHOCTH TIOYTH SPMUTOBAa MHOTOOOpa3usi UMelna orpe-
JeNeHHbIi BuA. Hampumep, mpuHamiexana ogHOMY U3 Haubomee
BaKHBIX B KOHTaKTHONH T€OMETPUM KIJIACCOB IMOYTHM KOHTAKTHBIX
METPHUYECKUX CTPYKTYP: KIAacCy KOCHUMIUIEKTUYECKUX, CJIa00 KO-
CHUMIUIEKTUYECKIX, CACAKHEBBIX, KBAa3WCACAKMWEBBIX, KEHMOIIEBBIX
U T.1. CTpYKTyp. HempemeHHO cneayeT moa4epKHYTh, YTO HaJU-
YUE€ MOYTHU KOHTAKTHOM METPUYECKOW CTPYKTYpPhl ONPENEIEHHOIO
BUJA Ha THUIEPIOBEPXHOCTH HE MOXKET OBITh HCTOJIKOBAaHO Kak
BHYTPEHHEE CBOWCTBO THMIIEPIIOBEPXHOCTH — TaKas IMOYTH KOH-
TaKTHasi MeTpUYecKas CTPYKTypa, Kak cieayeT u3 auddepeHim-

8
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anbHO-reoMeTprueckux nocrpoenuii B. @. Kupuuenko u JI. B. Cre-
MIAaHOBOH, MOPOXKIAETCS MOYTH 3PMHUTOBOH CTPYKTYpO Ha 00BEM-
monieM MHorooOpasuu [1]. PasnudHbie mpuMephl, B KOTOPBIX aK-
cruoma TpeOyeT, YTOOBl CTPYKTypa Ha THIEPIIOBEPXHOCTH TOYTH
SPMHUTOBa MHOT000pa3us MpUHAIeKaIa ONPEAeICHHOMY KIIaccy
MOYTH KOHTAKTHBIX METPHUUECKUX CTPYKTYP, MOXHO TaKKe HaiTu
B 0030pe [5]. A BOT paboT, B KOTOPBIX HUCCIEAYIOTCSA OoJiee CIoXkK-
HBIE CIy4Yad TaK Ha3bIBaeMbIX KOMOHMHUPOBAHHBIX aKCHOM (CM.,
Hanpumep, [4; 6; 7]), K COXKaNCHUI0, OMYyOJIMKOBAHO HE CIIMIIKOM
MHOTO.

Bropoii BaxHBIH IyHKT — 3TO BOIIPOC O TOM, HACKOJIBKO KOP-
PEKTHO HaJIOKEHHE HA ITOYTH 3PMHUTOBO MHOT000pa3He YCIOBHS O
MPOXOKACHUH Uepe3 KaXIyH €ro TOYKY MOYTH KOHTAKTHOW MeT-
pHUECKOH MOBEPXHOCTH CIieNHaNbHOro BHAa. OYEBHIHO, YTO BbI-
MOJTHEHUE TaKOTO pOoJia YCIOBHMA 4acTo O3HavaeT TpeOOBaHUE Of-
HOPOJHOCTU U (MJIM) M30TPOITHOCTH MHOT000pasusi, MpuYeM He B
mud epeHITnanbHO-TEOMETPHIECKOM, a B (DH3MYCCKOM CMBICTIE
9THX NOHATHH. Ecimu roBoputh 0 O6IM3KOH HaM TeMaTuke 6-mep-
HBIX TIOYTH SPMUTOBBIX MHOTO00pa3uii, TO IpU PaCCMOTPEHHH T10-
JOOHBIX aKCHOM Ui 6-MEpHOH cdepbl ¢ KAHOHMYECKON HpUOIIH-
KEHHO KeJIepOBOH CTPYKTypod (HE roBOpsl yK€ O TPHBHAIBHOM
pruMepe KelepoBa MHOroo0pasusi — KOMIUIEKCHOTO E€BKINIOBA
MPOCTPAHCTBA) BOMPOCOB HE BO3HMKaeT. OHAKO HEKOTOpHIE IO-
YTH 3PMUTOBBI 6-MEpHBIE MHOT000pPa3Hsl yCTPOEHBI HE CTOJb MpPO-
cro. Hampumep, npubiIimkeHHO KelepoBa CTPYKTypa pealin3yercst
Ha MPOU3BEACHUH JBYX TPEXMEPHBIX cep. A 3pMHUTOBBIM 6-Mep-
HBIM MHOT000pasueM SBISETCS MHOrooOpasue Tak Ha3bIBAEMOTO
CKpY4YeHHOTO npon3BeaeHns. CymecTBYIOT U Topa3no 0ojiee cIox-
HBIE TIPUMEPBHI.

TpeTpe Hallle 3aMe4aHne, OCHOBAHHOE Ha OJIM3KOM 3HaKOMCTBE
CO MHOTUMH pe3yjbTaTaMd B JAaHHOM 001acTH, 3aKiIroyaercs B
TOM, YTO BBIIOJHEHHE TOW WM MHOM aKCHOMBI IIOYTH KOHTaKTHBIX
METPHYECKUX THIIEPIIOBEPXHOCTEH MPAKTUYECKH BCETJa CYIIECT-
BEHHO YIPOIIAET MOYTH 3PMUTOBY CTPYKTYPY OOBEMITIOIIETO MHO-
rooopasus. Hampumep, crpykrypa BaiicMana — I'pes Mmoxer
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CTaTh MPUOIIKEHHO KEeJIEPOBOM, CTPYKTypa Kiacca G, MOXKET OKa-
3aTbCs IPMUTOBOHM, a DPMHUTOBA CTPYKTypa — KEJIEpOBOW M T.II.
Takoro miaHa pe3yJbTaThl, Pa3yMEeTCs, YacTO BBIIJIAASAT BeChbMa
KpacuBO, OHM BJIEKYT 3a COOOW MHOXKECTBO HHTEPECHBIX CIE-
CTBHH, TECHO CBSI3aHHBIX C (paKTaMH, paHee JOKa3aHHBIMU JPYTH-
MU TeoMeTpaMu. B CBeTe MONy4YeHHBIX Pe3yNbTaTOB 3TH (DaKThHI
MOKHO pa3BHBaTh, 0000maTh, neTann3uposars. Ho, ¢ mpyroii cTo-
POHEI, B 9TOM CJIy4Ya€ BBIIIOJTHCHHUE TOM WM MHOM aKCHOMBI O3Ha-
Y4aeT CyIIECTBEHHOE OOCTHEHHE TCOPHH 0oJiee CIIOKHBIX KIIACCOB
MOYTH IPMUTOBBIX MHOT000pa3uii B CMBICIIE U3Y4YEHHS COOCTBEH-
HBIX TPEACTaBUTENeH TakuX KiaccoB. K mpumepy, eciim MHOT000-
pasue Baiicmana — I'pest (MHOrooOpasue kiacca Wy, @ W, B tep-
muHoJNorun ['pess — Xepsemnsl [8]), yIOBIETBOPAOIIEE HEKOTO-
pOﬁ AKCHUOME IOYTHU KOHTAKTHBIX METPHUYCCKUX THICPIIOBEPXHO-
CTeH, OKaKeTCsl MPUOIMKEHHO KEeJNEepPOBBIM, TO Pe3yJbTaT, MOIY-
YEHHBIH ISl TAKOTO MHOTO00pa3us, OyIeT COlepIKaTh HE CIHUIIKOM
MHOTO WH(OpPMAIMK O TEOMETPHU COOCTBEHHBIX MHOT000pa3mit
Baiicmana — I'pes. Ecnm eme ydecTs mpoOiieMbl, M3710KEHHBIE
BBIIIIC, TO HOI[O6HI)I€ PE3YIBTATHI YK€ HE 6YI[}/T BBITIIACTE CTOJIb
3HAYUTCIbHBIMH, KaK MOKECT IIOKa3aThCs Ha Hemeﬁ B3TJIA .

4. OKoHUaTENbHBIN BBIBOJI, KOTOPBIN CIIEAYET U3 BCETO BBHIIIECKA-
3aHHOTO, TAKOB: TEOPUS aKCUOM IIOYTH KOHTAKTHBIX METPHUECKHX
TUIIEPIIOBEPXHOCTEH ISl MOYTH SPMHUTOBBIX MHOTOOOpa3uii HyX-
naeTcs B TIIyOOKOH cHCTeMaTH3aliH, OCHOBATEIFHOM MeTonuye-
CKOH IpopaboTKe, YIOpsiA0YeHHH BOIPOCOB TEPMUHOJIOTHH H T. 1.

ITpumepoM (Ha HamI B3MIA, OTIMYHBIM IPUMEPOM) TIPEoIoIe-
HUS ONpEeAENICHHOT0 KpU3KCca U CBOETO POjia HaBEeJCHUsI TOpsIKa B
OJIHOM W3 pa3JesioB KOHTAKTHON T€OMETPHH CTajl BBIXOJ B CBET
moHorpaduu I'. [lutuma [9] o mHOrooGpasmsx Kenmorry. Ota
KHHATa HE TOJBKO COIEPKUT MPAKTHYECKH BCE PE3yJIbTaThl B JaH-
HOW 00J1acTH, N3BECTHBIE HA MOMEHT €€ OIMyOJINKOBaHUs; OHa TakK-
€ CHsIa MHOTHE METOoZoJornieckue Bompochl. Emie Oonee u3-
BECTHBIH NPUMEpP HABEIECHUS MOPsAKA TAKOTo poJa, Ha 3TOT pa3 B
SPMHUTOBOH T'€OMETPUHM — YK€ YINOMHUHABLIAasCi HaMM CTaTbs
A. I'pes u JI. M. XepBemsl [8].
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for almost Hermitian manifolds
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From 1950s, it is known that an almost contact metric structure is in-
duced on an arbitrary oriented hypersurface in an almost Hermitian mani-
fold. In accordance with the definition, an almost Hermitian manifold
satisfies the axiom of almost contact hypersurfaces endowed with a some
property, if an almost contact hypersurface with this property passes
through every point of considered almost Hermitian manifold.

In the present note, we discuss some problems related to almost con-
tact metric hypersurfaces axioms for almost Hermitian manifolds. In par-
ticular, we select some special types of almost contact metric hypersur-
faces axioms for almost Hermitian manifolds. We mark out the axioms
consisting of the conditions for the almost contact metric structure on the
hypersurface of an almost Hermitian manifold to belong to a special class
(for example, to the class of Sasakian or quasi-Sasakian structures). We
also mark out the axioms that are related to the second fundamental form
of the immersion of the almost contact metric hypersurface into an almost
Hermitian manifold.

Keywords: almost contact metric structure, almost Hermitian mani-
fold, almost contact metric hypersurfaces axioms, oriented hypersurface
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O ABYX CTPYKTYPHbIX TEH30pPaX acCM-CTPYKTYpbl

JlokazaHo, 4TO OOpaleHne B Hylb IISTOTO M IIECTOTO
CTPYKTYPHBIX TEH30pOB (B TepMmuHoJoruu Kupmnuenko)
MIPOM3BOJIEHON MOYTH KOHTAKTHOM METPUYECKOH CTPYKTY-
pBl SIBIISIETCSL YCJIOBHEM, HEOOXOAWMBIM M JOCTAaTOYHBIM
JUTSL 3aAMKHYTOCTH KOHTAKTHOHM ()OPMBI 3TOH CTPYKTYPBL

Kniouesvle cnoga: mouTy KOHTaKTHasi METpUYECKas CTPYKTYpa, CTPYK-
TypHbIe ypaBHeHHs KapraHa, CTpyKTypHBIE TEH30pbI, KOHTaKTHas Gopma,
crpykrypa Kupnuenko — YckopeBa

1. BaxxHbIMH M copepKaTelIbHBIMU NpUMepaMu IudepeHun-
AIbHO-TEOMETPUUECKUX CTPYKTYpP Ha MHOTO00pa3HsAX SBISIOTCS
MOYTH KOHTaKTHhIe MeTpuyeckue (almost contact metric, acm-)
CTPYKTYpHI. Takue CTpyKTypbl HHTEHCUBHO HU3y4YallUCh C CEPEANHBI
MPOIUIOr0 BeKa, MPUYEeM 3a HEKOTOPHIMH BaKHEUIINMM BHIAMHU
acm-CTPYKTYp 3aKpenuirch Ha3BaHud cTpykTyp Cacaku, Keamorry
1 DHJI0 — TaK OTMEUYEHBI 3aCIyTH STUX BBIJAIOMINXCS STOHCKHUX
reoMeTpoB. B XXI Beke 060b110i BKIaA B TEOPHUIO aCM-CTPYKTYP
BHECJIM ¥ BHOCST MaTeMaTHKH U3 MHOTHX cTpaH. OcoOeHHO BhIze-
JIUM pe3yJIbTaThl aMepUKaHcKoro cnenuanucra J»suna bimspa —
OCHOBATEJISl TEOPUU KBA3UCACAKUEBBIX CTPYKTYp [1], a Takxke oTede-
cTtBeHHOTro reomerpa B.®. KupuueHko, KOTOpBIM BMECTE€ C HEKO-
TOPBIMU CBOMMH YYEHHKAMH IOJIYYWJ 3HAUUTENbHbIE PE3YIbTAThI B
CaMbIX Pa3HBIX HANPaBJICHHUAX TEOPUH aCM-CTPYKTYyp — OT F€OMET-
PHUH YIOMSHYTBIX BBILIEC KBa3HCACAKUEBBIX CTPYKTYp [2] o oOmieit
TEOPHH HMOYTH KOHTaKTHBIX METPUUIECKUX MHOT000Opasuii [3].

Hocmynuna 6 peoakyuro 26.03.2024 2.
© Banapy M. b., 2024
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B nanHoOli craTthe paccMaTpUBaeTcs mepBas Ipymiia CTPyKTYp-
HBIX ypaBHeHHi KapraHa acm-cTpyKTypsl oOliero Buaa u uccie-
JyeTcs BOIPOC O 3aMKHYTOCTH KOHTakTHOW (opmebl. [lokaszaHo,
9YTO HEOOXOAMMBIM U JOCTATOYHBIM YCIOBHEM 3aMKHYTOCTH KOH-
TAaKTHOM ()OPMBI MPOU3BOJILHONW acm-CTPYKTYpBI SIBIETCsl 0Opa-
IIEHHE B HYJIb €€ IISATOr0 U IIECTOro CTPYKTYPHBIX TEH30POB.

2. Kaxk u3BectHO (cM.: [3]), noumu Kowmaxkmmuou mMempuieckou
cmpyKkmypoti Ha OpHEHTUPyeMOM MHorooopasuu N2"*1 geuertnoii
Pa3MEPHOCTH Ha3bIBAIOT YETBEPKY TEH30pHBIX mojed {®,¢,n, g},
rae uepe3  o6o3nayeHo nojie tenzopa tuna (1,1), & — Bekrop-
HOE TI0JIe, 1) — KOBEKTOpHOE ToJie, g = (-, ') — pUMaHOBa METpPH-
ka. OOBIYHO BEKTOPHOE M0JIe ¢ HA3BIBAIOT XaPAKTEPUCTHUECKHIM, 1)
Ha3bIBAIOT KOHTAKTHON (hopmoii, a @ — CTPYKTYpHBIM 3HIOMOP-
¢uzmoM. [Ipu 3TOM JOIKHBI BBIIOJIHATHCS TaKue ycinoBus [3]:

) =1 ®E)=0; ned®=0;
P = —id +{ @
(BX, ®Y) = (X, Y) = n(X)n(Y),
X,Y € RN,

rae R(N2"*1) — Momynb riaaakux BEKTOPHBIX MOJEH Ha MHOTO-
obpazum N2"+1,

Bocnone3yemcs 3anMcaHHON B pernepe, afanTUPOBaHHOM acm-
CTPYKTYpE, IEPBOM IPYIIION CTPYKTYPHBIX YPAaBHEHHI pUMaHOBOM
CBA3HOCTHU Ha MPOCTPAHCTBE NpUcoeAUHEHHOU G-CTpyKTypHl [3]:

do® = 0 A w? + BP0 A wy + B*Cw, A w, +
+Blw A w? + BPw A wy,
dw, = —w5 Awy, + BSpw. A w? + Bypew? A€+ (1)
+Bbw A wp, + Bgpw A w?,
dw = Cpew? A 0 + CP°wp A w, + C2w® A wy, +

+Cow A w? + CPw A wy.
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3nech U nanee 4epes {a)“} U {w,} 0003HaUCHBI KOMITOHEHTEHI
dopm cmemenus (w, = w?, w® = w); uepes {wk} — KOMITOHEH-
ThI OPM PUMAHOBOI CBSI3HOCTH; CUMBOI [,*] O3HAYAET aIbTEPHU-
poBaHue;
k,j=1,..,2n;a,b,c=1,...,n, d=a+n.

Koaddurmentsr paBeHCTB (1) BhIpaXKaroTcs 4epe3 KOMIIOHSHTHI
KOBapHaHTHOTO muddhepeHnraia CprKTypHoro sHAOMOp(hH3MA:

b a . pabc _ . pad_ i a .
BY ———Cbbc, B =1 i B =i ®f);

. __tpd . pb_ a._.
ab = q)b &5 Babe = =5 Py Ba = —1 @55

, 1 (ea 1.a
B = l(d)gf, - —CD%,O); Bop = —l( 0b _Eq)g,o);
C = —l((D b + Cbb a) ce = lcb[ab], Cap = _icb?a,b];
€t =—id} Ca = icDa,O

OO0b1uHO paBeHcTBa (1) HAa3BIBAIOT nepPEOll 2pyNNoOl CMPYKmyp-
Hoix ypaeuenuti Kapmana acm-cTpyktypbl. X wmHOTHa Oolee,
HMHOTJIa MEHEEe MOJPOOHBINM BBIBOJ COAECPKHUTCSI B HECKOJIBKHUX pa-
6otax B. ®. Kupn4eHko u ero yueHUKOB, CBSI3aHHBIX C IIOYTH KOH-
TaKTHBIMU METPHUUYECKHUMH MHOT000pa3usMH; B YACTHOCTH, TaKue
BBIKJIaJIKK MOKHO HalTH B cTaThe [2] U B MOHOTpaduu [3].

Beenem 0603HaquHs[:

aO’

abc _— a —
C = CDb & Cabc - _Eq)b,cv
ab _ — - 50
F =i CDab, Fop = —i®gy

Cremytolue CHCTeMB! (GYHKIMI ONPEIENMIOT TEH30pHl Ha
MHOroo6paszuu N2+1:

1) F= {F?}, rae F% = FO, F% = F,;,, a Bce npoume komo-
HEHTHI ceMeiicTBa F HyJieBbI€;

2)6 ={G'}, e G* =%, G4 =C,,6°=0.

B repmunonorun B. ®. Kupudenko [3] cuctems! pyHKImiz F u

G — TATHIA U IIECTOM CTPYKTYypHBIE TEH30pBI MOYTH KOHTAKTHOM
METPHUYECKOH CTPYKTYPBI COOTBETCTBEHHO.
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3aMKHYTOCTh KOHTaKTHOW (DOPMBI 7] BBITIOJHUTCS TOTJA W TOJIb-
KO TOT/1a, KOT/Ia OKa)KyTCsl CIIPaBeIJINBBIMU PAaBEHCTBA

Dlyp) = q’?@,ﬁ] =0,
DG =Pop =0, DYy =Dy, =0.
CrnenoBaTenbHO,
C® =0, Cyp=0 C¢=0,C*=0, C,=0.
Orcrona, cCpemy MPovero, MoaydaeM
F =0, F,, =0,

a TISITHIA U MIECTON CTPYKTYpHBIE TEH30phl paccMaTprBaeMon acm-
CTPYKTYpHBI 00paIlatoTcs B HyJb.

3. O6patiM BHMMaHHE Ha TO, YTO 3aMKHYTOCTh KOHTaKTHOM
(OpMBI acm-CTPYKTYpHI CB3aHA C WHBAPHMAHTHOCTHIO ITOW acm-
CTPYKTYPBl OTHOCHUTENBFHO TaK HAa3bIBAEMBIX KAaHOHHYECKHX KOH-
(hopMHBIX TIpeobpa3oBanmii. BriepBeie 3Ty CBSA3b OOHAPYKWIH H
m3yunnn B. ®. Kupuuenko u U. B. Yckopes [4]. bonee Toro, oka-
3aJ0Ch, YTO acm-CTPYKTYpHl C 3aMKHYTOH KOHTakTHOW (opmoii
00J1aaloT 1 MHOTUMH JPYTUMH MHTEpECHBIMH cBoiicTBamu. Kpo-
M€ TOTO, 3TH CTPYKTYpbI ABJSIOTCS €CTECTBEHHBIM 000O0IIECHHEM
TAKMX BAXHEHIIMX MOYTH KOHTAKTHBIX METPHUYECKHX CTPYKTYP,
KaK KOCUMIUIEKTHYECKas CTPyKTypa u cTpykTypa Kenmory. Hako-
Hell, OTMETUM, YTO B IOCJIEIHEE BPEMsI TAKOI'O THIA acCm-CTPYyK-
TYpbl U3YYaJIUCh Yallle BCEro IoJ Ha3BaHHEM CTPyKTyp Kupnuen-
Ko — YckopeBa (cM., Hanpumep, [5]).
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On two structural tensors of an acm-structure

Submitted on March 26, 2024

Almost contact metric structures on odd-dimensional manifolds are
considered. The first group of the Cartan structural equations of an arbi-
trary almost contact metric structure written in an A-frame (i.e., in a fra-
me adapted to this almost contact metric structure) is studied. It is proved
that the fifth and sixth Kirichenko structural tensors of the almost contact
metric structure vanish if and only if the structural contact form is closed.

Keywords: almost contact metric structure, Cartan structural equa-
tions, structural tensors, contact form, Kirichenko — Uskorev structure
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OcHaleHHoe runepnonocHoe pacnpeaeneHune
acdmHHOro npocTpaHcTBa

B ad¢uHHOM mpOCTpaHCTBE paccMaTpUBaeTCs THIEP-
MIOJIOCHOE pacIipe/iesieHne, KOTOpoe B KaXHoi Touke Oa-
3MCHOM IOBEPXHOCTH OCHAIIEHO KacaTeIbHOHN IIOCKOCTBIO
U COIpPSDKEHHOHN KacaTenbHOHM mpsimoii. [IpuBenens! 3ama-
HHE H3y4aeMOro THIIEPIIOJIOCHOTO pachpenesieHus B ad-
(DPMHHOM TIPOCTPAHCTBE OTHOCHTENBHO pernepa 1-ro mops-
Ka 1 Teopema cymiectBoBaHuA. [locTpoeHs! mosst adGUHHBIX
HopManel 1-ro pona bmsmike u Tpancona u HaiineHsl yc-
JIOBUSL MX coBmajeHus. [IpuBeneHO 3amaHue HOPMalbHOM
aduHHON M HOpMaNBHOI eHTpoadGUHHOM CBI3HOCTEW Ha
N3y9aeMOM OCHAIIEHHOM THIIEPIIOIIOCHOM PACIIPE/ICIICHHUH.

Knrouesvle cnosa: runeprionoca, peryisipHas THIEPIIONOCA, TUIIEP-
MOJIOCHOE pactpenenenue, ahruHHbe HopMaii, HopMalbHas adduHHAsS
CBSI3HOCTB

§1. 3apaHue oCHalEeHHOro rMNepnoNIocHOro pacnpeaeneHus
SH,, achdhmHHOro npocTpaHcTBa A4,

B pabote ncnomnb3yercs ciaemyromas cxemMa HHISKCOB!

LK,L=1n; pqtsr=2m; af,y=m+1n—1;

iLjk,l=1m; &f=m+1n.

Hocmynuna 6 peoakyuro 07.05.2024 2.
© Enmuceea H. A., ITonos FO.U., 2024
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[TpumensoTcss MeTol BHEWHHX Au(epeHIrnanbHBIX GopM
9. Kaprana [1; 11; 15] u teoperuxo-rpynmnoBoii merox I'. @. Jlamn-
TeBa [4; 5].

Iycte R = {M,&;} — noaswkHoi penep adpuuHOrO mHpo-
CTpaHCTBa Ay, T1e

a MHBapHMaHTHbIE GOPMBI W/, a);( ad¢uHHOI rpynmsl npeodpaso-
BaHMH yIOBJIETBOPSIOT YPAaBHEHHUSIM

do! = ' Ao, dof = w} A wf. (1.2)

B addunnom mpocTpancTBe A, PaccMOTPUM THIIEPIIOIOCHOE
pactpeneneuue [4; 6; 8; 10; 13], B kaxoit Touke A & M 6a3uc-
HOW TOBEpPXHOCTH Vj, KOTOPOro 3agaHa KacaTelbHasl IUIOCKOCTb

- & u NpsOKeHHas: el KacaTelnbHas IpsMast
Ap—1(A) € A(A co eHHas € carelbHa a

def *
L;(A) € A*(A).

I'unepnonocHoe pacnipenenenne B A, HecyIllee CONpsHKEHHYI0
cucremy (A, A™), Ha3oBeM kpaTko pacnpeneiacHueM SH,,.

CoBmectuM BepmiHy M penepa R ¢ tekymeil Toukoir A Oa-
3UCHOH TOBEpXHOCTH V;, C Ay. Bekropsl {€,} momectnm B Kaca-
TeNBbHYI0 TUIOCKOCTh A(A), a BekTOp €; BbIOepeM mapajuiesbHO
npsimoit L, (A). Bekropsl {€,} momecTHM B XapaKTEpUCTUKY
Xn—m—1(A) pacnpenenenus SH,,, a BEeKTOp €, IMyCTh 3aHUMAET
IPOU3BOJIHOE TMOJIOKEHHE, 00pasys ¢ BeKTOpaMH {&p, €y, €1}
penep {A, €} npoctpancta A,. KaHOHM3MpOBaHHBIH TakuM 00-
pasom penep {4, &} aBnsercs penepom 1-ro nopsaka R 1, otHOCH-
TeJIbHO KOTOPOTro pacupenenenue SH,, 3agaercs ypaBHEHUSAMHU

w"=0,w*=0,w; =0, (1.3)

wj = bJ,w?, wl = b} w', wf = bFw?, wf = bfjw!, (1.4)

wp = A0t 0p = 10, wy = 2,00 ol =200t (1.5)
[Iponomxas ypasuenus (1.4, 1.5), momydum cOOTBETCTBEHHO

Vbp, = bpgw', Vbl = b0, (1.6)
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Vb, + bJ,wy = by, w', Vb + b wf = bf‘liwi, (1.7)

pqi
VAL + bl = 4wl VAT, + blhwy, = /li’ijwj, (1.8)
Vg = Agijw!, Vg = o 07,
3ambIkaHue ypaBHeHUH (1.3) NpUBOIUT K COOTHOILIEHUSIM
fba) = 0s bpa) = 0 Aapbie =0, (1.9)
Aeabpq = Aaghly & Ayq = Ag;bp'bys.  (1.10)

Mgl paccMaTpuBaeM peryisipHble pacnpeneneHus SH,,, nns
KOTOPBIX XapakTepucTuka X, ,,_1(A) M KacaTelnbHas IIIOCKOCTb
T, (4) 6a3ucHoii noBepxHocTH V, B Kaxknoil Touke A € V,, Haxo-
JSITCSL B 0OIIEM MOJI0KEHUH:

Xn-m-1(ANTr(A) = A, [Xpn_m-1(4), T (A)] = (4).
Cucrema GpyHKIUHI bi”j 00pazyeT HeBBIPOXKICHHBINA TEH30P 1-T0O

MOpsJIKa — TJIABHBIN (DyHJIaMEHTABHBIA TEH30p pachpeesieHus
SH,, [14], xoTophlil pacnagaeTcs Ha JiBa HEBBIPOXKIACHHBIX CHUM-
METPHYECKHX TeH30pa 1-ro mopsnka by, b :

by O ]
0 b{ll ’

n
Tensop 1-ro mopsaka by, Ha30BeM ITaBHBIM (QyHIAMEHTAIb-

[bj] =

HBIM TEH30pOM pacnpenenerus SH,,, aCCOIMUPOBaHHBIM C Paccio-
enriem miockocteil A(A) (A-mompaccioeHuem), a TeHsop bjy —
TTIaBHBIM (YHJaMEHTANbHBIM TEH30pOM pacnpeneneHus SH,,, ac-
COLIMMPOBaHHBIM C pacciioeHneM 1uiockocterr A*(A) (A*-noapac-
CIIOEHHEM).

J11s HEeBBIPOKIEHHBIX TEH30POB by, m bly BBeleM oOpaTHbIE

uM Tersopsl b2 7 u b!, KOMIOHEHTBI KOTOPHIX YIOBIETBOPSIOT yC-
JIOBHSIM:

bi.bAt = 85, vbE = —bPb b wt = bElw!,  (1.11)
by bit =1, Vbl = bllw'. (1.12)
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UzBecTHO [14], 4TO HEOOXOUMBIM U TOCTATOYHBIM YCIOBUEM
conpsbkeHHoCTH TuiockocTH A(A) u npsimoit A*(A) sBisiercst 00-

paleHue B HyJlb TeH30pa bi)):
b, = b, = 0. (1.13)

Urak, umeer MecTo creaytoias Teopema.

Teopema 1. Pecynaprnoe pacnpedenenue SH,, C A,, necywee
conpscennyio cucmemy (A, A%), 6 penepe R' nepsozo nopsoxa
3a0aemcs ouppepenyuanvuvimu ypasuenuamu (1.3—1.8) u coom-
Howernusmu (1.11—1.13).

Takske umeeT MecTo Teopema 2.

Teopema 2. Pacnpedenenue SH,, appunnoco npocmpancmaa,
Hecywee conpsidcennyio cucmemy (A, A*), cywecmgyem u onpede-
neno ¢ npouszeorom 2(m — 1) + m(n — m — 1) gyuxyuii m apey-
MeHmos.

§2. AdvpuHHBbIE HOpManu rMNepnonocHoro pacnpeaenexHua SH,,

['maBHEIH QyHIaMEHTATBHBIH TEH30D ]} THIIEPTIONOCHOTO pac-
npenenenus SH,y, ynoBieTBopseT ypaBHeHI/IHM [7]:

Vbn = bl]kcu 2.1
3ampIkaHue ypaBHEHUH (2.1) MPUBOIUT K YCIOBUAM
Vbl = b(i;biy wh + bl 0. (2.2)

Ucnonesys ypaBHenus (2.2), Haiizem and¢epeHIuanbHbe
ypaBHEHUS I (HYyHKIIHHA bpql, bfli, npugaBas MWHAEKCaM I, j,k
3HaueHus p, q, t, 1. B pesynprare B cmity cootHomenui (1.3—1.5,

1.13) nomyumum:

Vbn qt — bs(p 1(pq pqti®
Vb, = b1(1b11)wn + bp(llll)iw + b} 0" (2.3)

bqt)(l)n + bl At)lw + b

prq1 b,’}qb{’lwn + (bz'}qt)lii + bgnl}li + bgnl;,i + bgqli)wi,
Vbllp = bﬁbngz + (b{llll%)i + Zb?ptlii + bﬁpi)wi-
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3ameuanue. YpaBHeHus (2.3) MOXXHO TOIYYUTh, HETOCPEI-
crBeHHO nuddepenunpys (1.6) n yunteBas (1.13, 1.3—1.5, 1.9,
1.10).

Bgenewm B paccmoTrpenune ¢yHkmu 1-ro mopsiaka

2% = %bg-b;'{ (2.4)
" QyHKIHH 2-TO TIOPSIKA
Bl = ——— b, by b,
Ay = —bitblaghys Ay = =TSt (29)
Ty = _ébrltlb?nbrlzla Ty = _ﬁbﬁtbﬁqbgz}‘

3ameuanue. 31ech OPSAOK (QYHKIMA OMpEAesieM CTapIIuM
MOPSIAKOM KOMIIOHEHT, U3 KOTOPBIX OHHU MOCTPOCHBI.

C yuerom ypasuenwmii (1.6, 1.7, 1.11, 1.12, 2.1—2.3) yOexna-
emcsl, uTo GyHKimH (2.4, 2.5) SBIAIOTCA KBa3UTCH30PAMHU:

VAZ + wf = 2% w!, VBL + w} = B0/,
VAL + ok = AP 0!, VAL + 0} = 4,0, (2.6)

VT + wpp = Tyjw!, VI + o) = Thw'.
Tpeskzie BCero OTMETHM, 4TO KBa3HTeH30pb! {BL, A%} B nudde-
PEHIMATIBHON OKPECTHOCTH 2-T0 MOpsiiKa 33Jal0T HopMaib bismi-

ke B,_n(A) = [A, é,, B,] runepnonocuoro pacnpenenenus SH,,
[7], toe
B, = &, + Ble; + 1%é,,.

Hopwmans Brsiike B, _,, (A) He 3aBUCUT OT oapaccioeHuil A u
A%, a onpeaenseTCs TUIEPIOIOCHBIM pacnpeneicHueM SH,y,.

Ipsamyto B; = [A, B,] nasoBeM npsamoii Biawike THIIEPIIONOC-
Horo pacmpenenenuss SHy,. Takum oOpasom, Hopmanb busimke
Bp_m(A) = [A, By, Xp_m-1(4)] B kaxnoit Touke A € V,, Hars-
HYyTa Ha XapaKTepUCTHKY X,_,_1(A) TUIEpnoIoCHOTO pacmpese-
nenust SH,, u npsmyto busmke B .

24



H.A. Enuceesa, 10.4. Monos

st perynspHbIX rumnepioioc adpuHHBIE HOPMaJIH BCEX IJIOC-
KHX CEYCHUH TUTIEPIIOBEPXHOCTH V,,_; M-MEPHBIMH IUIOCKOCTSIMH,
MPOXOISAIIMME uepe3 miockocts A(A), nexar B (n — m + 1)-mep-
HOM IIJIOCKOCTH

Tn—m+1(A) =[4,ey 61,8, + Tr?e_p]s (2.7)

TO ecTh B HopManu TpancoHa A-nogpaccnoenus [3].
AHanmornyHo Hopmanb TpaHcoHa A*-mojpaccioeHHs ecTb
(n — 1)-MepHas MWIOCKOCTH (TUMEPIUIOCKOCTH)

To-1(4) = [4, 8, 84,8, + TiE,]. (2.8)

B dopmynax (2.7, 2.8) kBasurenzopsl {T;\} u {T’} mmeror
ctpoenue (2.5).

Onpenenenne. Hopmanvio Tpancouna eunepnoiochozo pacnpe-
Oenenust SHy, B kaxmoit Touke A € Vj, HazoBeM (n — m)-MepHYyIO
wi0cKoCTh Ty (A) = Tp_m41(A) N Tp_1 (A) — mutockocCTh mepe-
ceuenus Hopmaineil Tpancona A-moapaccioenus u A*-moapacciio-
CHHSI.

Onpenenenne. [pamyio T; (4) = [4, T,], rae

To=é,+ T e, +Tie; +A%e,,
Ha30BeM npsmou Tpancona pacnpedenenus SH,, 6 mouxe A.

Hopmans Tpancona 1-ro pona pacnpenenenust SHy,, B Kaxaon
touke A € V;, umeer Bun Ty, (A) = [4, &4, Tp].

BBeneM B paccMoTpeHue npsmyio [4, A, ], roe

Ay =e,+A0e, + ALe, + Ale,.

Vuuteisas (1.1, 2.6), y6exnaemcs, uto §A, = nlA,. Takum
obpazom, npsimast A; = [A, A,] ecTb uHBapUaHTHasI psMasi, BHYT-
peHHUM 00pa3oM MpHCOCTWHEHHAas K pachpexeneHuto SH,, BO
BTOpOo An¢depeHmanbHON okpecTHOCTH. [Ipsimyio A; Ha3zoBeM
appunHON TpsiMOH A-monpaccioeHust (unum A*-nogpaccioeHus).
COOTBETCTBEHHO, TWIOCKOCTh Ap_m41(A) = [A, &1, €4, An] Haz0-
BeM agunnou wHopmanvio A-mogpaccioeHHs, a IUIOCKOCTb

Ap_m(A) = [A4 é,, A, — adduHHON HOPMANTBIO THITEPIIOTIOCHOTO
pacnpenenenus SH,,.
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N3 dopmy (2.5) momydaemM COOTHOIIECHHUS

-1
Bl =Ti +-— A} — T3, (2.9)
m—1

U3 (2.9, 2.10) BbITeKkaeT, yTO KOMIIOHEHTHl KBa3WTEH30pa
{B,ﬁ} = {B},BY} sBnaioTcs NMHEHHBIMH KOMOMHALMAMH KOMITO-
HEHT KBa3UTEH30POB {A;l} u {T,ﬁ}

B pesynbrare npuxouM K CIEAYIONIAM MPEI0KEHHSIM.

Teopema 3. A¢ppunuvie nopmamu 1-20 poda A*-noodpaccio-
eHus 2unepnonocnozo pacnpedenenus SH,, obpasyiom oononapa-
Mempudeckuti ny4oK 2unepniocKocKmetl, OnpeoensieMuvlii nyuKom
K6a3UmeH30po8

Ny (&) = A} + e(Ty — Ap), 2.11)
npuuem nopmanv Bnswxe B,_1(A) evicexaemcs uz nyuxa (2.11)
3
npu & = iz

Teopema 4. Hopmanu 1-20 pooa Nyp_,.1(A) A-noopaccnoe-
HUsL 06PA3YIOM 0OHONAPAMEMPUYECKUTL NYYOK, ONpeOeisieMblil Y-
KOM K8A3UMEH30P08

Ny () =T7 +y(4, - T7).
npuuem Hopmane Buswuxe By,_p;41(A) A-nodpaccroenus coom-

1
emcmeyem napavempy y = ——.

OTMeTHM elle OJHY 0COOCHHOCTh TPOWKH HOpMasiel 1-ro pona
bnsmke, Tpancona u apduaHON HOpMATH Ay _yppy .

Teopema 5. Hopmamu 1-co pooa FBuawke B,_p,(A) =
[4, &,,B1], Tpancona Ty_,,(A) = [A, ey, Ti], agppunnas nopmans
A,_nm(A) =[A,e,, A,] cunepnonocnozo pacnpedenenus SH,, npu-
Haonexcam 00HOMY 0OHONAPAMEMPULECKOMY NYYKY:

Ni(m) = T +n(AL - T). (2.12)
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Ecim nopmains Tpancona Ty,_; (A) coBmanaer ¢ appuHHON HOP-
MAaJIBIO THIIEPIIOJIOCHOTO pacnpeneneHus SH,,, To, Kak clenyer u3
dopmy (2.9, 2.10), Hopmans bisitike By,_,, (A) Toke coBmamaer ¢
HOpMaJbio TpaHCOHA, TO €CTh BCE TPU HOPMAJI COBIIAIAIOT.

AHAIIOTHYHO TIPU COBMAJICHUH JIIOOBIX JBYX HOpMalel rumep-
MOJIOCHOTO pacnpexneneHuss SH, w©3 ykazaHHBIX TpeX (Ap_m,
By —m, T—m) BCE TPH HOPMAJIH COBMAJAIOT.

Onpenenenne. ['unepnonocHoe pacnpenenenue SH,, Ha30BeM
Kounyuoenmuoim [9], ecam mydok Hopmanei (2.12) BBIpoKIacTCs
B OJIHY HOpMaJlb.

B pesynbTare NpuxoIuM K CIEAYIOMEMY YTBEPKACHHIO.

Teopema 6. [ unepnonocrnoe pacnpedenenue SH,, xounyudenm-
HO mo20a U MOIbKO Mo2od, Ko2oa nobbie 08¢ €20 HOPMANU U3
mpex Ap_m(A), B_m (A), Th_m (4) cosnaoarom.

§ 3. 3apaHue HopmanbHoOW adpMHHON CBA3HOCTM
Ha OCHaLLEHHOM perynsapHoMm pacnpeaenesum SH,,

1. Anantupyem penep nomo Hopmanei N(A) 1-ro poxa ru-
MeproJocHOTo pacnpeneneHus SH,,, BIOUpas BekTop &, || N(A4).
B sToMm ciydae

wrll = A}lia)ia wrzi = Afu'wia a)g = A?liwia (31)
a roJie Hopmavieit 1-ro pona N, _,,, (A) onpezensiercst ypaBHSHUSIMHU
1 _ a1 j _ j
VATLL' - Anijw]a VA;“” - AZU(I)J (32)

Takum oOpasom, ypaBHenus (1.3—1.8, 3.1, 3.2, 1.9, 1.10,
1.13) 3agaroT ocHalieHHOE moyieM HopMmanied 1-ro pona N,_,,(4)
TUIIEepIIoIocHOe pactipenenenue SHy, C A,,.

[lpn ¢uxcamum toukn A & x OGazucHoi moBepxHocTH Vy, C
SH,, vopmans 1-ro poga N, THUIEPIIONIOCHOTO pacIpeaeieHus
SH,, B Touke x € V,, 1 KacatenbHas MIOCKOCTh T, 0a3uCHOI mo-
BEPXHOCTHU Vj,, ocTaroTcs HenmoABMWXKHBIMU. ClieoBaTeNbHO, Ha Oa-
3ucHON moBepxHocTH Vy, Bo3Hukaer HopmaibHoe N(V;,) u kaca-
tenbHoe T (Vy,) paccioenus [12].
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CtpykTypHBIe ypaBHeHUs KacatenbHoro paccioenus T(V;,) B
cmry Gopmya (1.2, 1.3—1.10, 1.13, 3.1) uMer0T cieayromuni BUI:

do' = o A w}, da)g = wi Awd + Qg, dol = 0l,

dol = wi Aol +0F, dw} = o) Ao} + 03, (3.3)
rae
q _
Q, = wi Aol + w0 Aol + o A o] —(/'lp[l i
a q n J =2pd J
+b t5[l’1|a|1] +b t6[L |n|1])‘" Aw 2Rpua) Aw

0 = 0] Awp + of Awg + ©F Awy =5 +

+ b116[1/1|a|] + bf15[1i/1|1n|j])wi Awl = R%U(u A w,
Qp = wf Awl + o Aw? —(b116[L)l|a|j]
+b116[L |n|]])a) A w’ —Rfl]a) Aw/, (3.4)

_Qzlj = wj A w} + wy A wp =(b§‘q5§’1|am +
q41 j = ZR!
+ b S Ay Dw A w) = ZRY il A w!

a. = q

Ry =2 (At
14

Riyj = 2 (A Ay + DSy + b 6fiAl ),

RYy = (bu@[l/lfam + b115[1’1|n|11) (3-5)

+ by S

q
i) T b 5[1’1|n|1])

_ q q
Rpij =2 (bgq%lmm + bpg 8 Ainij) )

Crnenyst pabote [12], mpuxoauM K BBIBOTY, YTO B KacaTeIbHOM
paccnoennu T (V},) Bo3HHKaeT ad(uHHAS CBSI3HOCTH Y 0e3 Kpyue-
HHA ¢ OPMAMH CBS3HOCTH {w', a)]l:} (3.3), koTopyto, cieays pado-
Te [7], Ha3oBeM BHYTpeHHeW (KacaTenbHOI) ap(UHHON CBI3HO-
CTBIO OCHAIIIEHHOTO THIIEPIIOJIOCHOTO pactpenenenus SH,,.

Teopema 7. B oughghepenyuanvron oxpecmuocmu 2-20 nopsio-
Ka OCHaujeHHoe 2unepnonocHoe pacnpeodenerue SH,, unoyyupyem
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BHYMPEHHION APGUHHYIO CEA3HOCMb Y 6 KACAMEIbHOM PACCIOCHUU
T (V) ¢ popmanu césznocmu {w', a)‘} (3.3) u 2-ghopmamu kpueus-

Hol (3.4). Komnonenmoi menzopa R,la] (R! R%i], Rfl], ;ij} c6s3-

pij’
Hocmu y umerom cmpoetue (3.5).

2. CtpykTypHBIe ypaBHeHHsT HOpManbHoro paccinoeHust N (V)
[12] ¢ yuetom ypaBuenwuii (1.2, 1.3—1.10, 1.13, 3.1) moxxHO TIpea-
CTaBUTH B BUJIE:

da) —w A w, +Qﬁ (a), dwk =0,

dwf = wﬁ A wﬂ + wp Awf +QF, dop = Q1 (3.6)
rIe
0f =winwf =2 kbglw Aol = Engl“)k A (a),
Q% = wh Awf = 2 b A wt = —Rnklw Al
Qg = Aa[kbl]iw Aw! =0, (3.7)

no_ i n_ 49l pn .k l_1pn & L.
Qn—ﬂ)n/\ﬂ)i —An[kbl]i(l) ANw _ERnklw ANw";

ZAZ[kbz]l (@), Ry = 2/1;‘1[kblo]lia (3.8)

Raa = Zla[kbl]w nkl = Zlil[kbzr]li-

Cornacno pabote [12], momy4aeM, 4TO B HOPMAJIBHOM Paccio-
ennn N (V,,) BosHukaer nentpoadGuHHas CBA3HOCT ¥L, KOTOPYIO
Ha30BEM HOPMAaJIbHOH IeHTpoadPUHHON CBA3HOCTHIO OCHAIICHHO-
r'0 TUIEPIIOJIOCHOTO paccioenus SH,,.

Teopema 8. B ougpgpepenyuanvroti okpecmuocmu 2-20 nopsio-
Ka OCHaujeHHoe 2unepnoniocHoe pacnpedenerue SH,, unoyyupyem
6 paccroenuu N(V,,) Hopmaneii 1-eo poda nopmanvuyio yeumpo-

aguunyio cesznocms y* ¢ popmamu cesznocmu {wg } u 2-¢pop-

a
mamu Kpususzuvl (3.7), KOMROHEHMbl MEH30PA KPUBU3HDL RZ?kl KO-
mopoti umerom cmpoenue (3.8).
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ITockonbky B Kaxaol Touke x € Vy, ompeneneHa XapakTepu-
ctuka X,_,,_1 TUInepnojocHoro pacnpexaenenus SH,, [7; 14],
npuueM X, _,,_1(x) € N,, To Ha 6a3ucHO# moBepxHOCTH V},, ompe-
neneHo paccioenue xapakrepuctuk X (Vy,), KoTopoe mpeacrasiser
coboii  HOopManbHOoe ~ (n —m — 1)-MepHOE  MOAPACCIIOEHHE
Nip—n—1(Vm) [12].

CrpykrypHble ypaBHeHHs paccioeHus X(Vj,) ompenensrorcs

ypaBHeHusiMu (3.6, a), 2-hopma Qg ompezeneHa ypasaenuem (3.7, a),
a TEH30P KpPUBU3HBI ngl umeeT Buja (3.8, a). CBA3HOCTH B paccio-
ennn xapaktepuctuk X (V,,) Ha3oBeM HOpMalbHON LeHTpoadduH-

HOI XapaKTepUCTUYECKON CBA3HOCTBIO 7)1 OCHAIEHHOTO UIEPHO-
JIOCHOTO pacupeneieHus SH,y,.
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A rigged hyperstrip distribution is a special class of hyperstrips. The
study of hyperstrips and their generalizations in spaces with various fun-

damental groups is of great interest due to numerous applications in
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mathematics and physics. A special place is occupied by regular hyper-
strips, for which the characteristic planes of families of principal tangent
hyperplanes do not contain directions tangent to the base surface of the
hyperstrip. In this work, we use E. Cartan’s method of external differen-
tial forms and the group-theoretic method of G.F. Laptev.

In affine space, a hyperstrip distribution is considered, which at each
point of the base surface is equipped with a tangent plane and a conjugate
tangent line. The specification of the studied hyperstrip distribution in an
affine space with respect to a 1* order reference and an existence theorem
are given. The fields of affine normals of the 1* kind for Blaschke and
Transon are constructed and the conditions for their coincidence are
found. The definition of normal affine connection and normal centroaffine
connection on the studied framed hyperstrip distribution is given.

Keywords: hyperstrip, regular hyperstrip, hyperstrip distribution, af-
fine normals, normal affine connection
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O cKkanfipHbIX KOMMOHEHTaX KAHOHNYECKON hOpMbl
Ha paccrioeHnAX penepoB BbICIIUX MOPSAAKOB

[MpousBeneH MOAPOOHBIH BBIBOJ] BBIPAKEHHH TS CKAJISIP-
HBIX KOMIIOHEHT KaHOHHYECKOH ()OPMBI Ha PacCIOSHHSIX
pEerepoB BBICIINX MOPSIKOB HaJ| TJIaJKHM MHOT000pazueM.
Kanonmnueckass ¢opMa Ha pacclIOCHUH PENepoB MOpPSIKa
p+1 Hag n-MEpHBIM TJIaJKUM MHOTOOOpa3HeM SBISETCS
BEKTOpHO3HAYHOH auddepeHmmansHoi 1-hopmoit, TpuHH-
MaroIlel 3HaueHNs B KacaTeJIbHOM IIPOCTPAHCTBE K PACCIIO-
SHHIO PEIepOB TOPsAKA p HaJl #-MEPHBIM apH(pMETHIESCKUM
MPOCTPAHCTBOM, B eAMHUIE TU(QepeHIHaTbHON TPYIIIbL.
Ee ckanspHbIe KOMIOHEHTHI SIBISIOTCS AU PEPEHIINATBHBI-
MU 1-popMaMu U TIPeACTaBIAIOT CO00H KOA(PDHUIIHEHTH ee
pa3iiokKeHusl 110 HaTypalbHOMY 0a3MCy AaHHOTO KacaTelb-
HOTO NpocTpaHcTBa. [1ocKoNbKy Ka)KIblil pernep MpeacTaB-
JISIETCS] HEKOTOPBIM MOJIMHOMHUAIIBHBIM 0TOOpaKEHHEM B 3a-
JAHHOW JIOKJIbHOW KapTe Ha TJIaJKOM MHOT000pa3uH, TO
KacaTeNIbHBII BEKTOP K PACCIOCHUIO PENEPOB MPEeACTaBIs-
eTcsl pa3lioKEHHUEM OHOIIapaMeTPUIEcKOro ceMeiicTBa mo-
JMHOMHUAIIBHBIX OTOOpakeHWH To ¢opmyne Maxiiopena
TIEPBOTO MOPSKA OTHOCHTENBHO Napamerpa. Vickomsle dop-
MYJIBI TIOJTy9at0TCsl IPUPAaBHUBAHUEM KO3 HIMEHTOB ABYX
Ppa3noKeHUH AJIsI OHOTO U TOTO e KacaTelIbHOIO BEKTOPa.

Kniouesvte cnosa: rinagkoe MHOTOOOpasue, CTPysi, pACCIIOCHHE perie-
POB, KaHOHUYECKast (hopMa

Hocmynuna 6 peoakyuro 05.06.2024 2.
© Kynemos A.B., 2024
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1. Benenue. B ctatbe [4] HaMu JaHO MOAPOOHOE TOKA3aTENlb-
CTBO KOPPEKTHOCTHU MOCTPOCHHS KaHOHHYEeCcKOH (hopmbl © Ha pac-
CIIOEHUH PEnepoB p-ro nopsaka, rae p € N. Ilens HacTosmieii pa-
00TBI — IPOM3BECTH HACTOJIBKO K€ HMOAPOOHBIN BBIBOJ BBIpaXKe-
HUW A7 ee CKaJSIPHBIX KOMIIOHEHT B JIOKQJBHBIX KOOPAHWHATAX.
Heo0xoauMocTh B Takoi paboTe BhI3BaHA TEM, YTO B UMEIOIIEHCS
nuteparype (cMm., Hamp., [1; 2; 5—9]) TakoBo BBIBOJI, IO BCEil BU-
JTUMOCTH, OTCyTCTBYET. Tak, Hanpumep, B crathe [1] nump ykasa-
HO, YTO MCKOMBIE BBIPQKEHUS IMOIy4aroTcsl U3 (HOPMyJbI, UMEO-
el B Hamux o0o3HaueHusX BuA (20), oqHaKo MocienHss IpuBe-
neHa 0e3 obocHoBaHus. Hama pabota mpu3BaHa BOCIIONHHUTD I10-
NOOHBIE TIPOOEITHI.

2. Cnucok ob6o3navenui [4]:

M — rnagxoe MHOrooOpasue, dimM = n;

jg @ — p-CcTpys Tagkoro orobpaxkenus ¢:R"™ - M ¢ Haya-
aom 0 € R™ (¢ — oTobpaxkeHnue, npeacTasistomiee pernep 6);

DP — nuddepennmansuas rpynna HOpAAKa p ¢ eAUHHUIEH € 1
anre6poii JIn gh ;

HP (M) — paccioenue p-penepoB («p-i 3Tax<») Haja TIIaJIKUM
MHOT00GpasueM M co cTpykrypHoit rpymmoit DY ¢ HP (R™) u ka-
HOHHMYECKOM npoekiueit ©P: HP (M) —» M,

ng: HP (M) —» H9(M) — mpoeKuus p-ro dTaxka Ha g-ii;

TgHP(M) — xacaTeqbHOE TPOCTPAHCTBO K PACCIOCHHUIO
HP (M) B Touke 6 € HP (M);

THP (M) — xacaresnbHOe paccrioenune k HP (M);

@P: HP(R™) - HP(M) — p-e TUpOMODKEHHE OTOOpaKeHUsI
@:R™ > M, neiictBytomee mo mpasuny jiip — jP (@ o), rme
j2w € HP(R™);

Dy =d?: T,HP(R") - ToH? (M) — muddepenunan otod-
paxenusipP B Touke e € HP (R™);

x = (x1,...,x™) — nokanbHbIE KOOPAMHATH HA MHOTOOOpA3HH
M;
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il i i
(XX, Xy s X ]-p) — COOTBETCTBYIOIUE JOKAIbHBIE KOOP-
auHaThl Ha paccnoennn HP (M), CHMMETpUYHBIE 110 BCEM HMKHUM
WHJEKCaM, TTPOOETaroNiM 3HaYeHHs OT 1 110 72;
t = (t, ..., t™) — cranmapTHbIe KOOpAMHATHI Ha R™;
N i
', uj, W, "'Jujl...jp) — COOTBETCTBYIOIINE ITIOOATBHBIE KO-
opauHaThl Ha pacciaoennu HP (R™), cuMMeTpuyHbIe 0 BCeM HHX-

HHUM WHACKCaM,

1
a(ilmip). = ;ZJ ag(il)m o(ip) CUMMETPHUPOBAHUE 110 MHACK-

caMm iy, ..., I, (37€Ch CyMMHUPOBaHUE MPOU3BOAMTCS MO BCEBO3-
MOXXHBIM NIEPECCTAHOBKAM 0 NJaHHBIX I/IHI[GKCOB);

a;b':=Y;a;b' — cyMMHpOBaHHE TIO TIOBTOPSAIONMIEMYCS HH-
JeKCy.

3. Ilycts p € N. HamomuuM [7], 9yTo kKaHOHMUYEcKas ¢opma ©
Ha paccioenun HPY1(M) — s1o BekTOpHO3HauHas AudQepeHi-
anpHas 1-hbopma

@:THP*1(M) - T,HP(R™) = R" @ o,
onpeeIeHHas CIIEIYOIMM 00pa3oM.

Hycts X € TgHP*1 (M), rae 6 =jg+1(p € HP*1(M), u nycts
X:= dngﬂ(X) € ToHP (M), rne 6 = 7'[5“(9). Torma o ompene-
JIEHUIO TOJIAraroT

0(X): = o5 (X). (1)

JIOKaJIbHBIC KOOpJHWHA-

OGo3HauUM uepes X, X. X .
P >ttt P edp+a

ThI peniepa 8, T. €. MOJ0KUM
=, _ i =, _ i =t _ i
X=X (6)1 x_] L xj (B)l ey le...]p+1' - le"'jTH'l (9) (2)
Paznoxxum BekTop X Mo HaTypambHOMY 0a3HCy KacaTelIbHOTO
npoctpanctsa Ty HP 1 (M):

; d
ot fjl---].p+1 axL— !

2] J1-Jp+1 0

i
axi 0 +fjk

X—Eii +fii
B jax]-ie ax}k
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rue
Eh=dx'(X), &= dx[ (), .., f}lu.jpﬂz = dx}lmjpﬂ(X). (3)
Torna

i a
L
+ " + 5}1]176— "‘]”1] . (4)

_ zi
=& o axl 51 ax

Paznoxum Qopmy © 1O  CKaJIAPHBIM  KOMIIOHCHTaM
i

o', a)], o Of g
tenpHOro npoctpanctsa T, HP (R™):

OTHOCHUTEIILHO HaTypalbHOrO 0Oa3uca Kaca-

. 0 ; d
@:wl®ﬁ|e+a)}®a— + - +(JJ]1 jp®w )

wl, Jrdpl,

rae

i i, p+1
WY Wfy s W) THP*Y (M) - R.

O6o3naunm BekTop V:= O(X), Torma V umeer ciexmyroliee
pasioKEHHeE 110 JAaHHOMY 6a3ucy:

V:”lﬁt“’}a_u; + o+ v drad | ®)
Jnl,
riae
vi= 0 (X), vji= 0f(X), ., V) = wf (XD (6)
ITpu 3ToM paBeHCTBO (1) MOKHO IIPEACTaBUTH B BUAE
X =@p(V). (7)

JanpHedmmid xon NeHCTBUA CleAyonuii: ucnoib3ys (7), Mbl
MOJIyYUM COOTHOIIICHUS, CBsI3bIBarOIIUe KO3dumments (3) u (6).

OTH COOTHONICHUS ONPEACIAT B HEIBHOU (bopMe HMCKOMBIE BBIPa-
JKEHHS JUTS CKAIAPHBIX KOMIIOHEHT W', a)] ey @j j, KaHOHHYE-
ckoit popmer O.
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4. Pa3noxuMm rinagkoe orobpaxenue @: R™ — M, mpeacras-
nsroree penep 6, mo popmyne Maknopena mopsinka p + 1 B Jo-
KaJbHBIX KoopauHarax Ha M. Koadduuumenrtamu Takoro pasmoxe-
HUS SBIISIOTCS KOOPIMHATHI JAHHOTO perepa:

. o 1
i) =% +x;t) +5x}kt1tk + ot

1 i
- Xy v

—i

1 . .
_ J +1
(p.}.1)1x]1---]p+1t]1 e TP+ 0(pp )r (8)

+ th ..t +

rae

p =)+ + (M2

O‘ICBI/I,ZIHO, YTO IIOJIMHOMBI

EF): = B4 T R gk 7 i)
Pg(t):=x +xjt + =X t/t" + - + t/ .. tIpte,

21 ( + 1)l o

¢urypupymomume B npaBoid yactu (8), 3aBUCAT JHIIb OT pemnepa b,
HO He OT BbIOOpa ero mpejacraButes . PaccMaTpuBas ux ¢ TO4Y-
HOCTBIO 110 0(pP), moay4um

Pi(t) = P5(t) + 0(pP),

rae

iy, =i, =i 1 .k 1 —i i i
Py(t):=%x + Xt + X tt +-~-+Exj1___jpt11 Lt (9)

JleiicTBUE p-TO MPOIODKCHUS] (P MOKHO BBIPA3HUTh CIEAYIO-
mmM obpazom. Ilycte ) = jé’ Y € HP(R™), npuuem
Pi(t) = Bi(t) + o(pP),
rue Pni (t) — MHOTOYJICHEI OT tl, ..., t™ cTerneHu He BBIIIE P Kax-
neiit. Torma obpa3 pemepa 1) mpu OToOpakeHUH QPP ecTh p-CTpys

KoMmo3uiuu @ o P ¢ Haganom 0 € R™, koopauHATHOE TPE/ICTaB-
JIEHHE KOTOPOW UMEET BUJ

(@ ow)'(®) = P (BH®), ., BR®) +0(pP).  (10)
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5. Kak m3BecTHO (CM., HaMp., [3; 7]), BCAKMI KacaTeTbHBIA BEK-
TOP K TJ1aJIKOMy MHOT0OOpa3sHio €CTh BEKTOP CKOPOCTH HEKOTOPO-
ro mytd Ha 3ToM MHOrooopasuu. Torma Bektop V € T,HP (R™)
MO’KHO ONHUCATh ciaeayrmum oopazom. ITycts

y: R—> HP(R™), € » y(¢)

— nyth Ha HP (R™) tako#, 4T0 ¥ — ero BEKTOp CKOPOCTH MPH
€ = 0. [lycts ypaBHeHus yTH Y B TiobaibHOM kapte Ha HP (R™)
UMEIOT BH]I

ul = ul(e), u} = u}(s), e u}lm]-p = u}lmjp(s). (11)
3amerum, uto, nockoisky V € T,HP (R™), to y(0) = e. Enu-
HHUIIA e uMeeT KoopamHaTel u'(e) = 0, ui(e) = 6;, uj(e) =0
u}l___ Jp (e) = 0. Toraa B cuny (5) ypaBuenus (11) ¢ TOUHOCTBIO

a0 0OECKOHEUHO MAaJIbIX BBICIIIMX IMOPAAKOB OTHOCUTEIIBHO € MOXHO
npeaACTaBUTh B BUAC

ul = vie + o(e), -—81+vs+o(s)
u}k(s) = vjks +o(e), .., u}l (&) = vél___- e+o(e). (12)

Hycrs y(€) = Jo Y., Torna B cuny (11) umeem
YiE) = u'(e) + (@t + uj ()EF + o+

+ 'u]1 Jy (et ...t/r + o(pP). (13)

®opmyna (13) ¢ yuerom (12) mpuHHMaeT B
i) = t' + P(D)e + 0(e), (14)
rie
PL(t): = vi +—vft) + vl Itk 4t 'vh Syttt (15)

IMockoneky @y — muddepeniman oTodpakeHust @P, To Bek-
Top @y (V) sBIsIETCS KacaTeIbHBIM BEKTOPOM K Iy TH

=@Poy: R—> HP(M)

39



[nddepeHumanbHas reomeTpus MHoroobpasui uryp

Ha HP(M). Torma B cuiy (10) KoOpAMHATHOE BBIPAXKEHUE IS
KOMITIO3HUIIMU Qg = ( © P, MOJydaeTcs MyTeM 3aMeHbl B (opMyJie
(8) Kaxx10# U3 mepeMeHHBIX t' Ha YL(t) ¢ mocmemyomeii moacTa-
HOBKOH BEIpakeHUs (14):

PL(t) = (p o e)i(t) =X + % (t/ + Bl (D)e) +

1., .
+§7}k(t’ + Pl (©)e)(th + PF()e) + -+

1 : . , i
+ Ex}l"'j”“(th + PVh(t)s) (t1p+1 + PV”“(t)e) +

+0(pP*1) + o(e).
PackpbiBass CKOOKM W HCHONB3Ys CHMMETPHIO  BCEX
—i —i
Xjks -sXj;...jpe, MO BCEM HIKHHM HHJEKCaM, IOTYYHM C yYeTOM
(9), uto
1

, . g 1 i . i .
(pé(t) = Pé(t) + (xin +m)€;njt] + mx;njkt]tk +

1_; . .
+-- Ex:njl---jptjl )P (tR)e + 0(pP) + 0(e) =

p
; 1_; , ,
= Py(t) + Z;xﬁnh"_jsth ot [P ()e +

s=0

+o(pP) + o(e). (16)

6. ITpeicTaBUM KOOPIMHATHOE BhIpAXKeHHe @) (t) s myTH 7 B
apyroii ¢opme, UCTIONB3Ys paBeHCTBO (7). A UMEHHO, B CHILy pa-
BeHCTBa (7) KacaTenbHBIA BeKTOp K myTH ¥ mpu & = 0 paBeH X.
KoopaunatHoe BelpaxkeHue nansi X wumeeT BuUL (4), mpuueMm
7(0) = 0, a 3HauMT, ypaBHEHHS MTYTH ¥ B JIOKAIBHBIX KOOPIHHATAX
Ha HP (M) umeroT Bua

xi(e) =X + e + o(e),

. _i .
x}1---js(5) =%, .t E}l___jss +o(e), s=1,p. 17
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Torma myTh ¥ UMeEET CleayIoIee KOOPAMHATHOE PEICTABICHHE:
QL(t) = x'(e) + xji(e)tj +

+2'x]k(s)t1tk + ot 'xh Jp(s)tjl .t +0(pP) =
=& +&e)+ @ + gy + (x]k +Epotitk + -+

—i P
+E(xj1'"jp + f}l___jps) t/..thh + 0(pP) + o(e) =

= Py(t) + Pi()e + 0(pP) + 0(e), (18)
rac
. _ . . . 1 . . k 1 . . .
Py(t) = & + G + S Gt/ th 4+ 28y Lt (19)

[Tpupasusiem B (16) u (18) wieHsI pu MepBOH CTETIEHU &:

P (t) = ( - 1' E;nh ot ...tfs) P (t%) + o(pP).

Pacrumem mosydeHHOe paBEeHCTBO MOJAPOOHEE € yueToM (op-

My (15) u (19):

P 1 . o
§L 4+ &5t +§E}kt1tk + o +Ef}1"'jpt]1 Lt =

= (3 1 t) +1_i.tjtk+...+l_i. Cth i) x
= (%, + 1'xm] 7 Xmijik p!xmh___Jp

x (v + vt + - v L th)+o(pP).  (20)

PackpriBas ckoOku B mpaBoi yactu (20) u mpupaBHUBAsS KO-
3¢ PUIMEHTHI IPU OIMHAKOBBIX MOHOMAX BU/A t/1 ... tJs, momyunm

s! i

$reds = Lm0 70—y XM Vs i 1)
rae s = ﬁ C yuerom ob6o3Hadyenuit (2, 3) u (6) dopmyna (21)
MIPUHUMAET BU]I

dxj, .j;(X) =

s!

Xm(jyje 0) Oy i) K,

a=0 gi(s—q)!
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Y B CHJTy TIPOM3BOJIA BEIOOpA BEKTOpa X nonyqaeM OKOH‘IaTCJ'ILHO

Teopema ([1; 2]). Ckanapuvie komnonenmor @', ®}, ..., h__Jp

kanonuueckoil popmul @ na paccroenuu HP1(M) onpedensrom-
Csl N0 CEOYIOWUM HESLBHbIM POPMYNAM:

dxl =Y _ —xl W™ ., s=0p. (22)

J1--Js a= Oa'(s a)! m(]l Ja ]a+1---]s)’

3ameuanue. TlocnenoBarenbHO TIPUIABAS WHICKCY § 3HAYCHUS
0,12,..,p, HonyqaeM u3 (22) CJICIYIOIIHE XOPOIIO M3BECTHBIC

q)opMynLI s ', w] . J1--- jp» AMEIONIHE PEKypPEHTHBIHA BU:

i i m I ~i m ..k m, .k
w' = Xy, dx wj—xm(xk dx; — jkw)

i _ =i —
w]l]s —Xm< ]1 Js Z C xm(ll Ja ]a+1 Js)) =4D

e MaTpuIa (xl) — obpaTtHas k Marpuue (X; H, T.e. xkx =4;. :
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On the scalar components of the canonical form
on higher order frame bundles
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A detailed obtaining of the expressions for the scalar components of
the canonical form on higher order frame bundles over a smooth manifold
has been done. The canonical form on the frame bundle of order p+1 over
an n-dimensional smooth manifold is a vector-valued differential 1-form
with values in the tangent space to the p-th order frame bundle over the n-di-
mensional arithmetical space at the unit of the p-th order differential
group. The scalar components of the canonical form are its coefficients
with respect to natural basis of the tangent space. For every frame, there
exists a polynomial mapping representing the frame in a given local chart
on the manifold. Therefore, for any tangent vector to the frame bundle
there is a first order Taylor expansion of one-parametric family of poly-
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nomial mappings representing the tangent vector. We obtain the formulas
of the scalar components from the equations for coefficients of the two
expansions for some tangent vector.

Keywords: smooth manifold, jet, frame bundle, canonical form
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06 adhhMHHBbIX ABUKEHUAX C OZHOMEPHBLIMU OpOUTAMU
B 0OLMX NPOCTPAHCTBAX NyTeu

[MonsTHe obmero nmpoctpancTsa myreit BBen Jx. Jyr-
nac. Ab¢GUHHBIC W TIPOSKTUBHBIC ABIDKECHUS B ATHX IPO-
CTpaHCTBax MepBeIM Haudan paccMmarpuBaTh M.C. Kne-
6enpMan. OOIIee MPOCTPAHCTBO IMyTeH SBIIsETCA 00001IIe-
HHEM IpocTpaHcTBa apUHHON CBI3HOCTH. B cTaTthe mc-
CJIEIYIOTCSI ITPOCTPAHCTBA ITyTEH, IOIyCKAIOIIUE I'PYIIIEI
ahQUHHBIX NBIKCHUI C OJHOMEPHBIMH opOuTamu. Jlis
Ka)XJOTOo TIpeacTaBieHus abeneBoi anre6psl Jlu u anred-
pH L,, comepxameii abeneB mmean L,,, B BUAe anreOpsI
BEKTOPHBIX TIOJIEH COCTABISIETCS CUCTEMa YpaBHEHUH HH-
¢uHUTE3NMANBHBIX apQUHHBIX IBXKEHHH. BexTopHBIE
TIOJIA KaXKIIOTO M3 ATUX IMPEACTABICHUN SIBISFOTCS OIepa-
TOpaMH TPYIIIEl TpeoOpa3oBaHuil ¢ OJTHOMEPHBIMU OpOH-
tamu. [lyTeM HHTErpUpOBaHHUsI CHCTEMBI OIPEIEIISIOTCS
o0Iye MpocTpaHCTBa MyTEH, NOMMyCKAoUIue Tpymmy ad-
(DMHHBIX TBW)KEHUH C OJJHOMEPHBIMH OpOUTaMH, OTIepaTo-
pamMH KOTOpOW SIBJISIFOTCS BEKTOPHBIE MOJS 3TUX Ipel-
CTaBJICHUH. YCTaHOBJIIEH MAaKCHUMAaJbHBIM MOPSIAOK 3TUX
rpynn. Iloka3aHo, 4TO HPOCTpAaHCTBA MyTeH, JOMyCKaro-
mye rpynny apGUHHBIX IBMXKEHHH C OJHOMEPHBIMHU Op-
OWTaMH MaKCHUMAaJIbHOTO TIOPSIKA, SBISIOTCS MPOESKTHBHO
miockumu. [IpuBoAsTCS yCIOBHs, HEOOXOIMMBIE U TOCTA-

Hocmynuna 6 peoakyuro 23.04.2024 2.
© Huxwutun H. 1., Hukutuna O.T'., 2024


https://orcid.org/0009-0009-2601-0550
https://orcid.org/0009-0007-8364-4010

[nddepeHumanbHas reomeTpus MHoroobpasui uryp

TOYHBIE AJISI TOTO, YTOOBI MPOCTPAHCTBO MyTEil TOIMyCKaIO
rpyniy apuHHBIX IBHKEHUI C OTHOMEPHBIMH OpOUTaMHU
MaKCHMAaJIbHOTO MOPSIKA.

Knrouesvle cnosa: xacaTenbHOE paccioeHne, obInee MpOCTPAHCTBO
myTei, MPOEKTUBHO IUIOCKOE MPOCTPaHCTBO, Mpou3BoaHas JIu, nHduHU-
Te3uMalbHoe apuHHOE Mpeodpa3zoBaHue

I[Mycte M — n-mepHoe auddepeHippyemMoe MHOroooOpasue,
T(M) — ero kacarenbHoe paccioenue, : T(M) - M — KaHOHH-
yeckas mpoekuus [3].

Obmiee mpocTpaHcTBO MyTeit ecth mapa (M, H) [1; 8], rne H —
mddepeHInanTbHO-reOMETPUUECKIT 00BEKT, 3aJaHHBIA Ha Kaca-
TEJIbHOM pacciioeHud. Ilycts (xi), rae i = 1,n, — cucreMa Koop-
nuHat okpectHoctd U € M. B okpectnoctu U = w1 (U) otHOCH-
TEBHO UHIYLMPOBAHHBIX KOOPIMHAT (xi, yJ ) OOBEKT UMEET KOM-
nouentsl H (x1, ..., x™, y1,...,y™), OIHOPOAHBIE BTOPOil CTENEHH
OTHOCHTENIEHO CIIOEBBIX KoopauHar yl, ...,y ™.

I[Tpu JOMyCTUMBIX TPe0Opa30BaHUAX KOOPAUHAT

. af)

x=f(t.,x™), Y= 30 Y

oxpectHocTd U xommonentst H(xY, ..., x™, y1, ..., y™) obwekra H
MpeoOpa3yroTCs 1Mo 3aKOHY
Hi azfl myo 4 gm ox*
dx™ax° yry dx™
Ha mHOroo6pasun M mpocTpaHCTBA MyTeH 3a7al0TCS KPHUBBIC
(yTH), KOTOpBIE B OKpeCTHOCTH U OmpeAenstoTcss cucTeMon nud-
(hepeHITMaTBHBIX YpaBHEHUH

d?xt il o dx? dx™
xt, Xt —, ., —
dt? dt dt

(i,m,0 =1,n).

=0,
t — adHUHHBIN TapaMeTp.
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JlokanbHas oJHOMapaMeTpuyeckas TpyIna Mnpeodpa3oBaHUi
@ =@(x,7), —&e<T<§€ TNOPOKICHHAS BEKTOPHBIM IIOJIEM
X € F(U), Ha3piBaeTCsl epynnou agguuublx O08udiceHuti npo-
cmpancmea nymeti, €Cld MpH JIo0oM T nyTh L1 x = x(t) mepeBo-
aut B myTh [:@; = @(x(t), ), coxpansas abuHHBIH Tapamerp
My TH.

i a

BekropHoe none X € F(U), X = &'(x?t, ...,x”)ﬁ [5], sBns-
ercsi HQUHUTE3UMAIBLHBIM ap(QUHHBIM JIBI)KCHUEM B MPOCTpPAH-
CTBE MyTeH TOT/Ia ¥ TOJBKO TOT/A, KOTa

LycH' =0, (1
rae Lyc — cumBon npoussoanoi Jlu [2] Baons monHoro nudra
X¢ BextopHoro moms X. Ycnosue (1) paBHOCHIBHO YCIOBHIO

i i 1 9
Lycl =0, toe [ = EH' j-k — KOMIIOHEHTBI 00bekTa adPpuHHOIM
CBSI3HOCTU [ MPOCTpaHCTBA MyTEW, TEH30p KPy4YEHUsI KOTOPOH pa-

a2H!
~aylayk”
Jduddepenumanbuple ypaBHEHUS LXcl;-,‘{ = 0 B KoopAMHAaTax

BeH HyIo, H.p

(xi, y] ) OKpPECTHOCTHU U 3alUIIyTCsd B BUC
0/t = O L + ;8™ Ly + 0§ g + §™ Ol +
+0mE 7Y kg = 0,
. ap.ik
rae lj.p = ﬁ.
O6oznaunm yepe3 L, = {X1,X, ..., X, } anre6py Jlu rpymrist
npeoOpazoBanuii G, MHOT00Opa3us M. B pabore [4] mokasaHo,
YTO E€CIHU LXcI};( = 0 mns xaxgoro XeL,, To rpynna G, ABIAeTCA

rpynmnoi apGUHHBIX ABMKEHUH POCTPAHCTBA MyTEH.

Teopema 1. Makcumanvnoiii nopsook epynn G, aggunnvix
08UdICEHUTL 8 NPOCMPAHCNBAX NYMell ¢ 0OHOMEPHBIMU OpOUMamu
pasen n+ 1. I[lpocmpancmea (M, H), oonyckawowue zpynny ag-
DuHHBIX 08UdNCEHULl ¢ OOHOMEPHBIMU OPOUMAMU MAKCUMATLHOZO
nOpAOKa, AGNAIOMCA NPOEKMUBHO NJIOCKUMU.
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Loxazamenvcmeo. Ilycts L, — anrebpa Jlu rpynnsl G, ad-
(UHHBIX JBHXEHUI C OJHOMEPHBIMH OpPOMTaMH B NPOCTPAHCTBE
myteld. B pabore [6] mokaszano, uro anredpa L, nubo abenera, -
00 UMeeT CTPYKTYpy

K X2) =X, (X,,X%) =0 (k,upv=134..,71. (2

B pabote [7] mpuBomsTCS BCe MpEACTABICHHS aOelleBOM ajl-
reOpsl L, u anreOpwl L, co cTpykrypoii (2) B Buge anreOpsl Jlu
MH(PUHUTE3NMANBHBIX  [IpeoOpasoBanni X = § [‘; % , i=1,n,
B = 1,7, B koopauHaTHOI okpecTHOCTH U, KOTIa rang (E /l;) =1.

[IpuBenem >t npencrasiaeHus. IlpencraBneHus adeneBon aj-
reopsr L,

a 7] a
Xl=ﬁ,X2=xzﬁ.---.Xr=xrﬁ (r<n);, 3
d , 0 , 0
X1 :ﬁ'XZZx F,..., Xl=x F,

X141 = Qre (22, ... l)axl,..., X, = @(x2, ... l)ax1 4)

(lsn-1, 1<)
[pencrasnenue anreOpsl L, co cTpyKTypoit (2):
a a 5 0 o1 0

X1=5,X2=xlﬁ,X3—xF szx_ﬁ (5)
(r <n+1);
d d a
— — 1 — 4 l-1
=g X=X g M=o
Xi1 = @ (0%, xt ) xl"" = @r(x?, ., x” 1)ax1 (6)
(l<n+1).

Haiinem xommonentsl H' muddepeHnuanbHOro reoMeTpuue-
CKoro o0bekTa H OOIero MpoCTPaHCTBA ITyTEH, MOITYCKAIOIIETO
anreopy L, mHuHUTE3MMaNbHBIX apQUHHBIX ABMXEeHUH (3) mpu
r = n. 3anuieM A8 KaXXA0ro BEKTOPHOTO Nojs U3 (3) ypaBHEHUS
apPuHHBIX qBMKeHHH (1):
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—5{H“ + H.ilya =0,
0, H =0 (a=2mi=1
W3 ypaBuenwuii (7) momy4yum, 4To
H' = B(x?,..,x™ y2, ..,yMyl + D(x?%, ..., x", v, ..,y™),
H® = y2B(x?,..,x", y?, .., y™).

IMokaxewm, uto npoctpancTBa (M, H) He NOITyCcKaloT B KauecTBE
rpynis! adpQUHHBIX ABMKEHUH rpymmy G, ¢ anredpoit L, (4). [Ipen-
HOJIOXKHM, 4TO rpymma G, sBisercs rpynmnoi ahduHHBIX IBHKe-

HUH. 3anumieM ypaBHEHUS WHOUHUTE3VUMAJIbHBIX JBIKEHUH IS
anreopst L, (4):

) @)

—8tH* + Hiy* =0, 9,H =0, (®)
i azfps dQs i i 9¢s
81 Gxaons Y Y! T o HPOL H Ha g 5yP =0 ©)

(i=Tm kap=21T s=1+17).
W3 ypaBHenwuii (8) nomyuum, 4To
H' = B(x?, .., x™)y! + D(x?, ..., x™, y2, ..., y™),
H* = y*B(x?, ..., x™, y?, ...,y™).
YuurteiBas 970, U3 ypaBHeHH# (9) ipu i = 1 momyuum
0%
axaaxP
ITockonbky X; = fo=2 Asq Xy + bgXy, TO IPUILIA K TIPOTHBO-

peunto. [lo ycnoBuio MH(UHUTE3NMaAIBHBIE NPEOOPa30BaHUs JIH-
HEWHO HE3aBUCHMBI.

Haiinem teneps cocrapistome oobexta H (H i) o01ero mpo-
CTpaHCTBa IyTeH, Jomyckaromux anredpy JIu nHbpuHUTEINMAaITD-
HBIX adGUHHBIX ABwKeHUH Ly, 4 (5). Tak xak anredpa Jlu L, (3)
ABIISieTCSl uaeanoM ainredpsl Ly, q, TO cocTaBistomue o0bekra H
npoctpaHcTBa (M, H) onpeaenuM U3 ypaBHEHUN

LXgHi =0, (10)

yayp =0, (pszasaxa‘l'bs-
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e
L=B(2 ..,x" y2, .., yyt + D(x?, ..., x", y?, ...,y™),

_ 2 2 _ 9 S
H* = y2B(x?,..,x", y?, ..., y"), X, = x! oo 4= 2,n.
U3  muddepenumanbHbix  ypaBHeHu#d (10) oTHOCHTENBHO
H' monyuum, uro D(x?,..,x", y?,..,y™) = 0. CnenosarensHo,
H' = y'B(x?,...,x™, y?,...,y™), a KOMIOHEHTHl 00beKTa adPuH-
HOU CBSI3HOCTHU

1 ; . .
1} = EHJ kK= 6jlq).k + 6;{@] + qu)jk B

rae © = %B(xz, X Y2, ., y™) — onHopomHas (QyHKIHUS Hep-
BOH CTENEHH OTHOCHTENIBHO CJIOEBBIX KOOpAMHAT Y2, ...,y™. 3Ha-
4uT, pocTpancTBa (M, H) ¢ anreObpoii ”HPUHNUTE3UMATBHBIX JBH-
KEHUH Ly 1 (5) ABJIAIOTCA NPOEKTUBHO MIOCKUMHU.

HetpynHo nokasars, 4to MHQUHUTE3UMAIBHBIE MTpeoOpa3oBa-
Hus anre6psl L, (6) He aBnsioTca ahOUHHBIME JBUKEHUSIMH HPO-
crpaHcTBa myted. Teopema nokasaHa.

Teopema 2. I[Ipocmpancmeo nymeii (M, H) donyckaem epynny
G aghgpunnvix 0gudicenuti ¢ 0OHOMEPHLIMU OPOUMAMU MAKCUMATb-
HO20 NOpAOKA Mo20a U MOJbKO mozoa, Kozda OHO A675lemcs npo-
exmueno niockum u menzop I' (T ( kl) k=

]kl 6 (Dkl + 6kq)jl + 6lLCD]k + yl(bjkl, ('Djk = CD'j'k!
U MeH30p KPUBU3HLL
jikl = 5]'1.(q)k,l - CDl.k) + 511;(CDLI - cqu)l - cDjl) -
=81 ( P — Pk @ — Pjye) + ¥ (Pjrs — Pjrx)

ydoeﬂemeop}uom ycaosuio. cyujecmeyem naxkoe 6€eKmopHoe noie

n umo

9
axt’
70, =0, Lyc®=0. (11)

lokaszamenvcmso. llycts mpoctpancTBo nyteit (M, H) momyc-
Kaet rpymy G, abdUHHBIX IBIKEHUN ¢ OJJHOMEPHBIMH OpOUTaMHU

X =vi(xt ..., x
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MaKCHMaJbHOTO Topsiaka. M3 Teopemsr 1 ciemyert, 9ro r=n+1 u
MPOCTPAHCTBO SBJIAETCS MPOEKTUBHO IIOCKUM. O0beKT aQpuHHON
CBSI3HOCTH

G, = 8/ ®p + 5,0 + y' Dy,
rae @ ne 3asucut o x1, yt, @y = Oy, O = O Torna TeHsop
1}'1[(1 = 6]'iCDkl + 6@ + 8{ Qi + Y Dy, Pjiy = Pjers
a TEH30p KPUBH3HBI
i = 6] (@ — D) + (D — ;0 — D) —
=8; (D) — P ®; — D) + ¥4 (P — Py
(i,j,k, 1 =1,n).
PaccMOTpUM BeKTOpHOE mojie X = %, CTaBJIAIONINE KOTOPOTO
vi = 8¢ ockonsky pyukims ® ne 3asucur ot x*, y*, T0
VP, =0, Lycd=0.

[Tyctb Teneps mpocTtpancTBO TyTe#t (M, H) MpOEeKTUBHO IIIOC-
Koe ¥ BeimonHstores ycnosus (11). CymecTByer cucrema KOOpau-
HaT (x‘) okpecTHOCTH U, B KOTOPOii KOMITOHEHThI V' = §1. Toraa

u3 ycnosuit (11) cnemyer, uto @ ne 3aBucut ot x1,yl. O6muit
omeparop Tpynisl G adhGUHHBIX IBIKEHUH C OAHOMEPHBIMH Op-
Ooutamu B mpocTpaHcTse (M, H) Bo3bMEM B BHIIE

X =@l .., x" 2

oxt
3anuuieM ypaBHEHHS WH(PUHHTE3UMANbHBIX a((GUHHBIX BH-

- 7]
sKeHuit 1715 BekTopHoro nonst X = ¢ (x?, ..., x™) pyre

2’9 ¢ g
axioxk  9xo Jk + rlk a k1;1+1—'k16 ,;y +
+<06x1 k=0, (12)

a _
225 4 2250 422 o2 4 ot =0 =T,
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d¢
Beenem HOBbIE QyHKIMH U; = P Toraa cucrema (12) paBHO-

cmiibHa cucteMe MU GepeHIInaNbHbIX YPaBHEHHH B YaCTHBIX TPO-
M3BOJIHBIX TIEPBOTO MOPSI/IKA OTHOCUTEIBHO ¢ U Uj:

(9¢ _
F; = uj,
a .
aZT]c — Uelj + Wl + il + Giequy? + @0,al = 0, (13)

W + welf + ugy°Li, + 90,al =0 (A=2n).

[lepBas cepus ycnoBuil unrerpupyemoctu [9] cuctemsi (13)
i _ i
Lycljjy =0, LycKjiq =
BBITIOJIHAETCA TOXK/IECTBEHHO.
HelicTBUTENBHO,

LXC[]";'d = 0,1 jl}cl + I}Iicl-lao(pya - 5{60(/?1}%1 + Gi]'kaj(p +
+530k9 + [y 019 = 8{ P15 0y —
—5{60¢(5]Q¢kl +6Ich]l + 510—(1)]]( + _’yaCDjkl) +

2% d¢
axk dx!

AHAJIOTHYHO MOYHO TI0Ka3aTh, ut0 LycKj, = 0.

[TockonbKy mepBasi cepusi YCIOBHH MHTETPUPYEMOCTH BBITION-
HSIETCS TOXKAECTBEHHO, TO COCTAaBIISIONIAs ¢ BEKTOPHOTO HOJS X,
SBJISIOMIAsCS penieHrueM cucteMsl (13), conepxut 1+ 1 mOCTOSIH-
HeIX. lpunaBas mocienoBaTeNbHO OJHOM W3 IMOCTOSIHHBIX 3Haye-
Hue 1, a octaneubM 0, omyunm Gaszuc anreOps! JIu rpynmsr addus-
HBIX JIBUKEHHUN C OJHOMEPHBIM OpOUTaMM B mpocTpaHcTBe (M, H)
nopsiaka # + 1. Teopema nokazana.

e .
+5;®lk%+5;cbﬂ + 80y 0.
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The concept of a common path space was introduced by J. Duqlas.
M. S. Knebelman was the first to consider affine and projective move-
ments in these spaces. The general path space is a generalization of the
space of affine connectivity. In this paper, we study spaces of paths that
admit groups of affine motions with one-dimensional orbits. For each
representation in the form of algebra of vector fields of the abelian Lie
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algebra and the L, algebra containing the abelian ideal L,, a system of
equations of infinitesimal affine motions is compiled. The vector fields of
each of these representations are operators of a group of transformations
with one-dimensional orbits. Integrating this system, general spaces of
paths are defined that admit a group of affine motions with one-
dimensional orbits, the operators of which are the vector fields of these
representations. The maximum order of these groups is set. It is shown
that the spaces of paths admitting a group of affine motions with one-
dimensional orbits of maximum order are projectively flat. The conditions
that are necessary and sufficient for the space of paths to admit a group of
affine motions with one-dimensional orbits of maximum order are given.

Keywords: tangent bundle, general path space, a projectively flat
space, Lie derivative, infinitesimal affine transformation
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NeBOMHBapMaHTHas NapaKOHTAKTHas
MeTpuyeckas CTPyKTypa Ha rpynne Sol

B u3BecTHOM cHHMCKE BOCBMH TPEXMEPHBIX T€OMETPUN
TépcroHa HaxoauTCsA TeoMeTpus MHOroobpasus Sol. MHo-
robpasue Sol — cBsi3HAas OJHOCBsI3HAs Tpymma JIu Bemie-
CTBEHHBIX MAaTpHI] CenuaabHoOro Buaa. Ha MHOroo6pasun
Sol mMeeTcst TeBOMHBApPHAHTHAsI MICEBJIOPHMAHOBA METPH-
Ka, JUIsI KOTOPOH TPYIITIA JIEBBIX C/ABUTOB SIBISIETCSI MAKCUMAIIb-
HOM IPOCTO-TPaH3UTUBHOM I'pynnoi uzomerpuu. B Hacto-
smeit paboTe JoKa3aHO, YTO Ha MHOT000pasuu Sol cymie-
CTBYeT JleBoWHBapuaHTHas muddepernnancHas 1-popma,
KOTOpasi BMECTE C JICBOMHBAPHUAHTHOM IICEBAOPHMMAHOBOMN
METPHUKOW OMpeaessIIoT Ha So/ MapakOHTaKTHYI0 METpHUYe-
CKYyI0 CTpyKTypy. HailineHo TpexmapaMeTpuyeckoe ceMen-
CTBO JICBOMHBapUAHTHBIX IMApaKOHTAKTHBIX METPHUUECKHX
CBSI3HOCTEH, TO €CTh JIMHEHHBIX CBSI3HOCTEH, MHBapUaHT-
HBIX OTHOCHUTEJBHO JIEBBIX CIBHIOB, B KOTOPBIX CTPYKTYp-
HBIE TEH30pHl MAapaKOHTAKTHOH CTPYKTYPhl KOBapHaHTHO
mocTostHHBL. Cpefn 3THX CBSA3HOCTEH BBINENICHA IIOCKast
CBSI3HOCTB. Y CTaHOBJIEHO, YTO YacTh I'€0J€3MIECKUX IUIOC-
KO CBSI3HOCTH SIBIISTFOTCS T€0JIE3UIECKIMH YCEUEHHOMN CBA3-
HOCTH, TPEACTABISIONIEHl CO00H OpPTOTOHAIBHYIO MPOEK-
LIUIO UCXOJHOM CBSI3HOCTH Ha 27M-MEpPHOE KOHTAKTHOE pac-
npezeneHre. ITO O3HA4aeT, YTO JaHHAs CBA3HOCTH COTJa-
COBaHa C KOHTAKTHBIM pacrpelelieHneM. TakuM o0pas3om,
Ha MHOT000pasuu So/ uMeeTcs 1ceB1ocyOpuMaHoBa CTPyK-

Hocmynuna 6 peoakyuro 22.04.2024 2.
© Copoxkuna M. B., Cypuna O.I1., 2024
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Typa, onpezenseMas BIOJIHE HETOJIOHOMHBIM KOHTaKTHBIM
pacupelneneHMeM U OIPaHMYEHHMEM Ha HEro HCXOJHOH
IICEBJJOPUMAHOBON METPUKH.

Kniouesvie cnosa: rpynma Sol, napakoHTaKTHass METPHYECKas! CTPYK-
Typa, MapaKOHTAKTHAsI METPHYECKAsl CBA3HOCTh, YCEUCHHASI CBA3HOCTh

1. BBepeHue

B u3BecTHOM cIucKe BOCBMH TpPEXMEPHBIX reoMeTpuil Tépcro-
Ha HaXOIUTCS TeoMeTpusl MHorooopasus Sol [1]. MHoroobpasue
Sol — 3710 opgHOCBs3HAS TpyINa JIu MaTpuIl ClieAyIOIIero BUa:
e 0 «x
Sol=( 0 e y) (1
0 o0 1
/i€ OIpEeeNSIONe €€ dJIEMEHTHI X, V, Z — JEUCTBUTENbHBIE YHC-
na. YMHOxas Matpuly (1) Ha Takyro >ke MaTpHIly C ONpEAessio-
IIUMHU DJIEMEHTaMU Cq, Cy, C3, 3aKJIIOYAaeM, YTO JIEBbIE CABHUIH Ha
Sol onpenenstorcst popMyIamMu

X=e%x+c, y=e3y+c,, Z=z+c3. 2)

Huddepentupys (2) mo mapameTpam ¢y, €3, €3, HAXOIUM JIEBO-
WHBapHaHTHBIC BEKTOPHEIE MOJIsT — 0a3uc anreops! Jlu rpymmet JIn
Sol:

X1 = 01, XZ = 62, X3 = _.xal + yaz + 63, (3)
rae 0; = %, d, = %,63 = :—Z — ©CTECTBEHHBIH 0a3uC BEKTOP-

HBIX nToser Ha Sol.
CTpyKTypHbIC ypaBHEHHUS TPYIINbI UMEIOT BU]I

[Xl’XZ] = 0, [Xl,X3] = _Xl’ [Xz,X3] = Xz.
3mech [X,Y] = XY — YX — KoMMyTaTop BEKTOPHBIX ToJieii X,

Y.
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JleBble cnBUTH 00pa3yroOT MOJHYIO Pa3pEeLIMMYI0 IPOCTO-TPaH-
3UTHBHYIO TPYIITY HU30METpHU MHOTOOOpasust Sol ¢ JIeBOMHBApH-
aHTHOI puMaHOBOI MeTpukoi [1]

ds? = e??dx? + e ?? dy? + dz>.
2. MapakoHTaKTHas MeTpuYeckas CTpyKTypa

B nacrosmee BpeMs mMpomomKaeTcsl NCCIIeI0BaHNE KOHTAKT-
HBIX M MTapaKOHTAaKTHBIX METPUUYECKUX CTPYKTYp [2—I12]. Ecin
HCXOIHOE MHOT000pasue sipnsgercs rpynnoi Jlu, To, kak npaBu-
JI0, UCCIEAYIOTCS JIEBOMHBAPUAHTHBIE CTPYKTYPHI.

IHapaxoumaxmmuoii mempuueckou cmpykmypou Ha (2n + 1)-
MEpPHOM TJIAZIKOM MHOT000pa3un M Ha3bIBaeTCS YeTBEpKa TeH-
30pHBIX TIoneit (7, & @, g), Tae 1 — nuHeitHas quddepeHnnanb-
Has (opma, £ — BEKTOpPHOE MOJIe, ¢ — SHIOMOPPU3M MOAYIIS
BEKTOPHBIX TNoJiel Ha M , g — TCEeBOOPUMAHOBA METPUKA, YAO-
BJIETBOPSIIOIIUE CIEAYIOIHUM YCIOBHSIM:

p*=id—n®:, (4)
9(@X,pY) = —g(X,Y) + n(X)n(Y), (%)
dn(X,Y) = g(X, ¢Y). (6)

U3 (6) cenyer, uto
n A (d)™ # 0. (7)

Ycnosue (7) o3Hauaer, uto (opma 1) SBISETCS KOHTAKTHOM, a
panr muddepeHunansHoR 2-GpopMel dn paBeH 2.

B paBenctBax (4—7) wWCIONB30BaHbl ClieAyrone 0003Haue-
HUs: @ — TeH30pHOe NpoM3BeleHHEe, A — BHelrHee nuddepeH-
nupoBaHue, d — BHemHWA muddepennuan, X, ¥ — Mpou3BOIIb-
HbIE BEKTOPHBIE NOJsA HA M.

Jns mapakOHTaKTHOM METPUYECKOU CTPYKTYPhI BBIIIOJI-
HSFOTCS CIIEAYIOIINE PAaBEHCTBA:

n(§) =1,dn(X,§) =0,9(§) =0,
nee =0,9X,%) =nX) (8)
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OTMETHUM TaKkXke, 4TO 2N-MEPHOE KOHTAKTHOE paclpeesieHue
H = Kern Ha3bIBaeTCs 20pU30HMAIbHbIM, 8 1-MepHOEe pacmpeje-
nenue V = ker dn — sepmuranvhvim.

Iycts f; = exp tX — onmHOmapameTpuyeckas MOATPyIIa
I'pyImnbl JIEBBIX CABUIOB Ha SOI, MMOPOXKJACHHAA BEKTOPHBIM IIOJIEM
X. Ecm 1 — neBouwHBapmaHTHas ¢opma, TO npousBogHas Jlu

BJ0JIb X 0T opMbl 77 paBHa Hymo: Lyn = 0. B xoopauHaTax nme-
€M CIeAyIoIyIo cucteMy nuddepeHnuanbHbIX ypaBHEHUM:

XPopm; + 9;XPn, = 0. ©)
WuTerpupys ypaBaenus (9) ans 6a3uCHBIX JI€BOMHBAPHAHTHBIX
BEKTOPHBIX ToJIeH (3), HaxoauM o0IIIee pericHHe:
n = a;e?dx + aye ?dy + azdz, (10)
rlie a4, d,, Az — MPOU3BOIILHBIE TOCTOSIHHBIC. [I0CKOIBKY
dn = —a,e?dx Ndz + a,e ?dy Ndz,
nAdy =a;a,dx ANdy Adz,
To Ipu a a, # 0 ¢opmer Buma (10) ABIAIOTCS KOHTAKTHBIMU.
AHanmu3upyst anreOpanyuecKie YCIOBHS Ha CTPYKTYPHBIE TEH30PBI
(4—6, 8) u ycnoBUs WX JIEBOMHBAPUAHTHOCTH, HETPYIHO YOSIUTh-
Csl, 9TO CIPaBEUINBO CIEAYIOIee yTBEPKIACHHUE.
Teopema 1. Ha epynne Jlu Sol cywecmeyem nesounsapuanm-

Has napaxoumaxmuas cmpykmypa. Onpedensiioujue ee meH3opbl
umerom credyrwuil 6Uo:

@e_z
(V2 ., VI _ | *
n_(z z 7(32 0), f— gez 5
0
/0 0 —ﬁe-Z\
2 2z
e 0 0
o= 0 gez ,g=|0 e o
L, . 0 0 -1
2 2
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3ameuanue. JIeBONHBAPUAHTHYIO TICEBJOPUMAHOBY METPUKY &
MOYHO TMOJIyYHTh, CABHMHYB IICEBIOEBKIHMIOBY METpUKy ds? =
= dx? + dy? — dz* xacaTenbHOro NPOCTPAHCTBA EAUHUIILI TPYTI-
Ikl B IPOU3BOJILHYIO TOUKY. 3aMETHM, YTO KOHTaKTHas popMma 77 U
METPHKA g OJHO3HAYHO OMNPENENAIOT WHBAPMAHTHBIE BEKTOPHOE
nojie & U CTPYKTYPHBII SHIOMOPHU3M (.

3. neBOMHBapMaHTHbIe NnapakoOHTaKTHbIe MeTpuYeCKme CBA3HOCTU

ITyctn V(I‘i'; — CBA3HOCTH JIeBU-UMBUTEL, TO €CTh JMHENHAs
MeTpudeckas CBA3HOCTh 0e3 KpydeHus. JIuHelHas CBA3HOCTh
V(ﬁ-’j) Ha3bIBAETCSA NAPAKOHMAKMHOU MEMPUIECKOU CEA3HOCMbIO,
ecn Vg = 0,Vn = 0. Tak kak pa3HOCTb JABYX CBS3HOCTEHl ABNISET-
cst TeHsopoM, To V=V + T, T1e T(Ti’; — TeH30p aedopMaIiu
cBa3HOCTH V. CBA3HOCTH V ABNAETCA METPHYECKOH TOT/IA U TOJNBKO
TOr/1a, KOrjla KOBapUaHTHBIA TeH3op nedopmamuu T;j, KOCOCHM-
METpPUYEH IO NMOCIEAHUM JBYM apryMeHTaM, TO €CTh

Tijk + Tiej = 0, Tije = T Guep-

Cesznocts JleBu-YuBuThl V ICEBIOPUMAHOBOM METPUKH g
ompenenseTcst KodppurueHTaMu

001 0 0 ©
I;=(0 0 o) IZ=(o0 o0 -1}
100 0 -1 0

e?? 0 0
IF=(0 —e2 0
0 0 0

CrnpaBeainBa clieayomias Teopema.

Teopema 2. Ha mnoecoobpazuu Sol cywecmeyem mpexnapa-
Mempuieckoe Cemelticmeo 1e6OUHBAPUAHMHBIX NAPAKOHMAKIHbIX
mempuyeckux ceasnocmeti. Kosapuanmmuoiii mensop oepopmayuu
maxkux cesi3Hocmell umeen euo

T = cy13e%2dx @ dxA\dz + cyy3e 2 2dyQ@dy/N\dz +

59



[nddepeHumanbHas reomeTpus MHoroobpasui uryp

+c331€7dz Q dzAdx + c33,e7?dzQ@dzN\dy +
+c123dx Q dyAdz + c;13dyQ@dxAdz,
20e nocmosnHbie Cijy, YOOBIEMEOPAION YCIOBUIM
1—=ci13 =123 =0, 1+Cz3+Ca23 =0, €331 + ¢33, =0.

lloxazamenvcmeo. KoBapuaHTHOE IOCTOSHCTBO KOHTaKTHOU
(hOpMBI IPHHUMAET CIIEAYIONIHA BU:

Vinj = 0m; — Ty = aim; — Tfmp — Tiimy =
1
=0in; — Egps(aigsj +0;9is — asgij)ﬂp = Tijsg°Pnp =

1
=0in; — Efs(aigsj +0;gi5) — Tyjs§* = 0.

— 3 i i
3nech Mbl yunu, 4to0 g;; = g;j(2), §° = 0,§' = g'Pny,.
PacninceiBasi mosy4eHHbIE paBEHCTBA JJIsl Pa3IMUHBIX HHICK-

COB, HaXOJ/IUM, YTO
j— j— — z —Z z —
T112 =T212 =T312 =0, e” + e *Ty3; + €T3, = 0,
e_Z - e_ZT231 - eZT232 = 0, e_ZT331 + eZT332 = 0

(an

ITockonbky cBsi3HOCTH JIeBU-UMBUTHI V MHBapHaHTHAa OTHOCH-
TETBHO JIEBBIX CIBUTOB, TO V HHBAPMAHTHA TOTJA H TOJNBKO TOTA,
KOTJ]a HHBapuaHTeH TeH30p Aedopmauuu 7, clef0oBaTeNbHO, IPo-
n3BoAHast JIu BHoOnb Oa3UCHBIX JIEBOMHBAPUAHTHBIX BEKTOPHBIX
noJsiei (3) paBHa HyJItO, & 3HAYMT, KOMIIOHEHTHI T} MOJDKHBI OBITH

pEeLIEHUEM CIIEAYIOIIEH CUCTEMBI YPaBHEHU:
XE0pTijk + 0:X5 Tyji + 0 X5 Tipk + 0k X5 Tijp =0, a=1,2,3.
WnTterpupys qaHHyio cucteMy U yuutbiBas (11), Haxogum:
— 2 — -2 —
Ti13 = c113€”%, T3 = Cpp3e™ 7%, T331 = C331€%,

— —-Z j— —
T35, = c33267%, Ti3 = €123, T213 = €213,

9TO U JOKa3bIBACT NJaHHOC YTBCPIKICHHUEC.
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Ecnu TeHszop KpuBM3HEI R cBsa3HOCTH V paBeH Hymo (CBS3-
HOCTB TUTOCKAsl, HO C KPy9EeHUEM), TO

0 0 0 0 0 0
fb={o o o ) Z=(o 0o o0 |
1 0 ce™® 0 —1 —ce?
0 0 0
=(o0 0 o0
ce? —ce % 0

4. CBA3HOCTb, COrNacoBaHHasa ¢ KOHTAKTHbIM pacnpeneneHnem

JIuHelHas CBSI3HOCTh V HA3BIBAETCS CO2NACOBAHHOU C pacnpe-
Oenenuem H, ecu yepe3 KaXIyl0 TOUKY B KaKIOM HaIpaBICHUH,
MpUHAUIeKAIEeM FH, TPOXOAWUT eAWHCTBEHHAs TeoIe3nyecKas
cBs3HOCTH V, Kacaromasics pacnpeaenenus H [13]. I'opuzonTams-
Has KpuBas . x=x(s), y=y(s), z=z(s), § — KaHOHMYECKUH mapa-
METp, Ha3bIBAETCS 2€00e3UuecKoll yceueHHoll cészHocmy V, ecli
V¥ = 0, rae V — oproroHanbHas IpOSKIMs CBS3HOCTH V Ha pac-
npenenenue H, y — KacaTelbHbIA BEKTOp KpuBoi ¥ [14; 15].

Teopema 3. Koumaxmuas mempuueckasn césznocms V ¢ Hemy-
nesvimu komnonenmamu I35 = 1, Iy = —1 coanacoeana c xou-
maxmuwvim pacnpedenenuem H = kern.

lloxazamenvcmeo. J|jisi moKazaTensCTBA TEOPEMBI HEOOXOIUMO
YCTAaHOBHTH, 4TO YACTh T€OJE3NYECKUX CBA3HOCTH V COBHAIAET C
reo/Ie3MYeCKUMH yCeUeHHOH cBasHocTH V. OOluee pelieHue aud-
(epeHIMaNTbHBIX yPAaBHEHUH reo1e3nIecKnx V

d?x N dxdz _ d’y dydz _ d’z 0
ds? dsds ' ds? dsds  ds?
HMMEET CIEeNyOUUI BUA:

al a?
x=—;e‘a5+b1, y=—;ea5+b2, z=as+b® (a+0).
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B cuy omHOpomHOCTH MHOT000pa3us So/ MOXKHO OTpaHUYHTh-
CiA reoAC3NYCCKNUMHU, BBIXOOAINMU U3 C€AUHUIBI I'PYIIIIBL. B sTtom
ciyyae npu s = 0 X, y, z JOIDKHBI 0OpamaTbes B HyJib. [loaTomy

a a
—=bl, —=-b? b3=0,
a a
a ypaBHEHHUS Ie0Ie3NYECKUX IPUMYT BUJ
x=—b'a~% + b, y=—-b%e? +b? z=as.

i HaxoXIeHHUA Ie0le3NUYeCKUX YCEUEHHOH CBSI3HOCTH pac-
CMOTPUM HETOJIOHOMHOE II0JIe OPTOHOPMHUPOBAHHBIX PENEPOB
{p, E;}, ananrrupoBaHHOe K CTPYKType MoUTH mpousBeneHus HPV:

V2 V2

E1=a3, E2 =7€_261_7€Zaz,
E3 = ge_zal +§ezaz, (12)

rae E; v E, npuHAUIeKaT KOHTAKTHOMY PacipeIeIeHHIO:
n(Ey) =n(E;) =0,
akz =¢;
9(Ey, Ey) = =1, g(E3, E3) = g(E3, E3) = 1,
9(E,E) =0, i#].
Tyansbiii penepy {p, E;} xopenep {p, 8’} onpenensercs yc-
nosuem 07 (E;) = &/ u nmeer crenyromme koopaHHATHbIE GOPMBL:

V2 V2
ol = dz, 92 = 76‘de —7€_Zdy,
V2 V2
63 :7€de+7€_zdy.

Brmamcisis HerononoMmHsie KodQQuIteHTs! cBszHocTH JleBu-Yu-
BUTHI V, HAXOIUM

V152E3 = V133Ez =Ey, V53,151 =Ey, VEzEl =Ej,
VElEl = VE1E2 = VE1E3 = VEZEZ = VE3E3 = 0,
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OTKyZHAa CJICAYECT, YTO
VpEj =0, ij=12 E€H.

4

HyCTL Uk — C€CTCCTBCHHBIC KOOPAHWHATBI BEKTOPHOI'O IIOJIAV,

(J)k — HETOJIOHOMHBIC!

v =vk9, = wE,.
U3 (12) momyanm
V2 V2

61 = 76’ZE2 +762E3,

\/f —-Z \/2 —Z
—76 E2+7e Es,

63 = El’

0,

03TOMY
v =v19; + v?0, + v30; =

=U3E1+(gv1ez V2,2 ‘Z)E + (v_ L Z+v— 2 ‘Z)E3

Ecmm veH, v = w1E1 + w?E,, TO yClOBUE TOPU3OHTAILHO-
CTH BEKTOPHOTI'O I10JIA V IPUMET BUJ

vie? 4+ v2e~? =,

— 2 _ V2 1,z V2 2
=v°, w* =—ve’——ve
2 2

3aMeHsIsT HETOJIOHOMHEIE KOOPAMHATHI B YPaBHEHUSIX T€0IC3H-
YECKUX YCEUEHHOH CBS3HOCTH €CTECTBEHHBIMH, MOIyYaeM TE Ke
Qg epeHIuabHbIe YPaBHEHNS Te0Ie3NIECKIX, YTO U IS CBS3-
HocTH V C JIOTIONHHUTENBHBIM YCIIOBHEM TOPH30HTATHOCTH Kaca-
TEJIBHOTO ToJNs Y. B pesympraTe modydaeMm mapamMeTpuUdecKre
YpaBHEHHS T€OAC3UUCCKUX YCEUCHHOU CBSI3HOCTH, BBIXOJISAIIUX W3
€IMHUIBI TPYyTITEl Sol:

x=b(1—e™), y=b(1—e%), z=as,
KOTOpBIE SABIAIOTCS YACTHIO TEOJE3MYECKUX CBA3HOCTH V IpH
b' = b? = b, uTO U 10KA3BIBAET JAHHOE yTBEP:KICHHUE.

w? -z,
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V2.
3ameTM, uTO TIpU b = = |y| = 0 umeem nBe W30TpOIHBIE

reoaC3NYCCKUEC, BEIXOAAINE U3 €ANHNUIBI I'PYIIIbI, — H30Tp0HHBII71
KOHYC.

[IceBmopnMaHOBY METPHKY g Ha MHOTroo0Opasuu Sol 3ammiiemMm
CIIEYIOIINM 00pazom:

dsz = 932 + 922 —_— 912 =

2
V2 V2 V2 V2
=|—5e“dx+—e%d +|(—=e?dx ——e™?d —dz%
S erdx +—-edy S etdx ——-e~dy z
Tak Kak KOHTaKTHOE pacrpenenenue H onpenensercs ypaBHe-
nuem 63 = 0, To orpaHMYeHHE METPUKH g Ha pacrpenesienue H
UMeeT BUI

V2
ds?|y = —ezdx+7e‘zdy —dz?.

HeTpy/HO yOeauThCS, 4TO CBA3HOCTB V, YKA3aHHAS B TeOpeMe 3,
COTIacoBaHa C METPHKOIi, TO ecTh Vg|y = 0, U eciiu BEeKTOpHBIE
nons X, Y TOpU30HTaIBHEIE, TO M BEKTOPHOE moje Z = VyY Takxke
SIBJISIETCSI TOPU30HTATBLHBIM.

Takum o0Opa3zom, Ha MHOToOOpasuu Sol UMeeM TCEeBIOCYOpH-
MaHOBY CTPYKTYpPY, ONPEACNIIeMYI0 BIIOJIHE HETOJIOHOMHBIM KOH-
TaKTHBIM pacnpenenenueM H = kern u mceBIOpHMMaHOBOW MeET-
pUKOii g|y, a orpannuenue V Ha H sBISETCS BHYTPEHHEH MeTpH-
YECKOH CBS3HOCTHIO.
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Left-invariant paracontact metric structure on a group Sol
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Among Thurston's famous list of eight three-dimensional geometries
is the geometry of the manifold Sol. The variety Sol is a connected simply
connected Lie group of real matrices of a special form. The manifold So/
has a left-invariant pseudo-Riemannian metric for which the group of left
shifts is the maximal simply transitive isometry group. In this paper, we
prove that on the manifold So/ there exists a left-invariant differential 1-form,
which, together with the left-invariant pseudo-Riemannian metric, defines
a paracontact metric structure on Sol. A three-parameter family of left-
invariant paracontact metric connections is found, that is, linear connec-
tions invariant under left shifts, in which the structure tensors of the par-
acontact structure are covariantly constant. Among these connections, a
flat connection is distinguished. It has been established that some geodesics
of a flat connection are geodesics of a truncated connection, which is an
orthogonal projection of the original connection onto a 2n-dimensional con-
tact distribution. This means that this connection is consistent with the con-
tact distribution. Thus, the manifold So/ has a pseudo-sub-Riemannian
structure determined by a completely non-holonomic contact distribution
and the restriction of the original pseudo-Riemannian metric to it.

Keywords: Sol group, paracontact metric structure, paracontact metric
connection, truncated connection
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On the differentiable sphere theorem for manifolds
with Ricci curvatures bounded from above

In the present paper, we prove that if (M, g) is an n-
dimensional (n = 3) compact Riemannian manifold and if
Ricmax(x) < 1 Kiin(x), where Kpin(x) = infm:TxMK(T[)a
Ricmax(x) = Ricxer mRic(X),K (") and Ric(:) are the sec-
tional and Ricci curvatures of (M, g) respectively, then
(M, g) is diffeomorphic to a spherical space form S§"/T
where I is a finite group of isometries acting freely. In par-
ticular, if (M, g) is simply connected, then it is diffeomor-
phic to the Euclidian sphere S™.

Keywords: Riemannian manifold, sectional curvature, Ricci curvatu-
re, sphere theorem, spherical space form

1. Introduction: Sphere theorems

Let (M, g) be an n-dimensional (n = 2) Riemannian manifold
and x € M. The sectional curvature in x of a 2-plane m(x) spanned
by an orthonormal basis X,Y € T,M is given by K(X,Y) =
Rm(X,Y,X,Y) where Rm denotes the Riemannian curvature tensor.

Denote by Kpin (x) the minimum of the sectional curvature of
a Riemannian manifold (M, g) at a point x € M. Since the unit
sphere in T, M is a compact set, there exists a 2-plane w(x) c T,,M
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such that K, (x) = K(m(x)) — the sectional curvature in the di-
rection of m(x) < T, M. In other words,

Kpmin (x): = infn'(x)chMK(”(x))-

Since (M, g) is a compact manifold, we can define a scalar in-
variant Kpin: = inf,ep K (x) of (M, g).

In a similar way we can define the maximum of the sectional
curvature of (M, g) at a point x € M. Namely, we let K4 (x): =
P = SUPr(x)er,mK (m(x))-Next, to determine Kpax(x) we use the
condition K ,: = sup,ep K (x).

Berger proved in [1] the following “topological sphere theo-
rem”: a compact, simply connected Riemannian manifold (M, g)
whose sectional curvatures satisfy the condition 0 <Ky, <
< K(x) < Kpax = 4Kpinat an arbitrary point x € M, is either ho-
meomorphic to $™ or isometric to a compact symmetric space of
rank one.

On other hands, Brendle and Shoen proved in [2] “the differen-
tial sphere theorem”: if a compact, simply connected Riemannian
manifold (M, g) is not locally symmetric space and its sectional
curvatures satisfy the condition

0 < Kmin(x) < K(x) < Kpax (%) = 4Kpyin(x)

at an arbitrary point x € M, then (M, g) is diffeomorphic to a
spherical space form.
Contractions of sectional curvature leads to the Ricci curvature

Ric. Namely, it can be show that

n

Ric(X) = K(X,ez)

a=2
for given any unit vector X € T,M, pick an orthonormal basis
{eq, ...,en} for T,M such that X = e,. Therefore, the Ricci tensor
Ric can be interpreted as the sum of sectional curvatures of planes
spanned by a unit vector X in the tangent space and other elements
of an orthonormal basis to which X belongs. In this case, we can
obtain the well-known double inequality
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(n — DKpin(x) < Ric(X) £ (n — DKpyax(x) (1

where X € T, )M is an arbitrary unit vector at x € M. Since the unit
sphere in T,M at an arbitrary point x € M is a compact set, there
exists Ricmin (%) = infyer yRic(X).

Xu and Gu proved in [3] the following “differentiable sphere
theorem”: a compact Riemannian manifold whose Ricci curvature
and sectional curvatures satisfy the inequality

Ricyin(x) > ((Tl -1 - 6/5)Kmax(x) (2)

for any unit vector X € T,,M at an arbitrary point x € M is diffeo-
morphic to a spherical space form S$™/I', where I' is a finite group
of isometries acting freely. In particular, if (M, g) is simply con-
nected, then (M, g) is diffeomorphic to the standard Euclidian n-
sphere S™.
From (1) and (2) we obtain the double inequality
(M — D Kmax(x) — 6/5 Kpax (x) < Ric(X) < (n — 1)Kpax (),

where X € TyM is an arbitrary unit vector at x € M. At the same
time, one can obtain from (1) and (2) that the Ricci curvature
Ric(-) > 0 at each point x € M. Therefore, the above theorem is

called “the differentiable sphere theorem for manifolds with posi-
tive Ricci curvature” (see [3]).

2. New version of the Sphere theorem

Since the unit sphere in T,)M at an arbitrary point x € M is a
compact set, there exists Ricmax(x) := infyer yRic(X). Then we,
in turn, will be able to prove our “differentiable sphere theorem” for
Riemannian manifolds with Ricci curvatures bounded from above.

Theorem. Let (M, g) be an n-dimensional (n = 3) compact
Riemannian manifold and Ric be its Ricci tensor satisfying the ine-
quality

Ricmax(x) < nKmin(x) (3)
at each point x € M. Then (M, g) is diffeomorphic to a spherical

space form S™ /. In particular, if (M, g) is simply connected, then
(M, g) is diffeomorphic to the Euclidian sphere S™.
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Proof. First, from (1) and (3) we obtain the double inequality

(n — DKpin(x) < Ric(X) < (n — DKpin (%) + Kppyin ()
where X € T, )M is an arbitrary unit vector at x € M. At the same
time, one can obtain from (1) and (3) that the sectional curvature
K(-) > 0 at each point x € M.

Second, we recall the definition of the curvature operator of
the second kind (see [4]). Namely, the Riemann curvature tensor

Rm induces an algebraic curvature operator R:SEM — SEM for
the space SZM of trace-free symmetric two-tensor fields (see, for

example, [4]). The symmetries of Rm imply that R is a selfadjoint
operator, with respect to the point-wise inner product on SZM. In

this case, R is called as the curvature operator of the second kind

(see [4]). Moreover, the map R:SGM — SZM induces a bilinear
form ®:SZM x S2M — R, which is defined by the equlity

P(p)=g (R(go),go) for an arbitrary @ € SEM. Accordingly, we
will say that R> 0 if the eigenvalues of R as a bilinear form on
SEM are positive.

Thirdly, we will prove our theorem. The bilinear form ® satis-
fies the inequality (see [5])

D(g) = nKpin()ll@llI*> — Rij0™ ;. 4)

for the local components ¢ and (p,iof an arbitrary ¢ € S3(T, M)

at each point x € M. In addition, the following inequality

Rl-jfpikq),]( < Ricpax(®)|l@||? holds. Then from (4) we deduce the
inequality

D(p) = (nKpmin (x) = Ricmay (X)) lloll1%. (5

In this case, we conclude from (5) that R > 0 if Ricp.(x) <
n Kpin(x) at each point x € M. At the same time, we know from
[3] that if (M, g) be an n-dimensional (n > 3) compact Riemanni-

an manifold such that R is strictly positive, then M is diffeo-
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morphic to a spherical space form S™/T. In this case, if (M, g) is
simply connected, then (M, g) is diffeomorphic to the Euclidian
n-sphere S™. Therefore, our theorem holds.
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TeopeMmbl 0 anddepeHUMpyembix cepax ans MHoroobpasui
C OrpaHNYEHHbIMU CBEPXY KpUBM3HAMK Puyyn

INoctynuna B pegaxmuro 05.01.2024 r.

B mpecrasiieHHO# craTthe MBI IOKa3biBaeM, uto eciu (M, g) — 10 -
MepHoe (n =>3) KOMIIAKTHOE pPHMAHOBO MHOr0OOpasde M  €CIiH
Ricmax(x) < nKpin(x), tme Kpin(x) = infnchMK(T[)s Ricymax(x) =
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= Ricyer,mRic(X), K(*) u Ric(*) — ceKMOHHAas KPUBU3HA M KPUBU3HA
Puaun MmuHOTOO0GOpasus (M, g), To oHo Oyner aupdeoMopdHHBIM chepude-
CKOM mpocTpaHcTBeHHO# popme S™/T'. B wactHocTH, eciu (M, g) omHoO-
CBsI3HOE, TO OHO audheomopdHO eBKIHI0BOI chepe S™.

Kniouesvie cnosa: puMaHoBO MHOr0oOpa3ue, CEKI[MOHHAsI KPHUBU3HA,
KpuBH3Ha Puyum, Teopema o cdepe, chepuueckas mpocTpaHCTBEHHAs
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O pudrcepeHUUPOBAHUAX NUHENHbIX anredp
cneuuanbHoro Tuna

Wzyuarorcs anreops! JIn auddepennmpoBanmii TMHEH-
HOM anreOphl, onepariisi yMHOKEHHSI B KOTOPOH OTpeaesi-
eTcsl ¢ TIOMOIIBIO JIMHEHHOH (OPMBI U IBYX (MKCHPOBAH-
HBIX 3JIEMEHTOB OCHOBHOTO 1oJisl. JlaHo onpenenenue aud-
(dhepeHIMpOBaHUs JTMHEHHON anreOphl, MOJydYeHa CHCTEMa
JMHEHHBIX OJHOPOAHBIX YpPaBHEHMH, KOTOPOH yIOBIETBO-
PSIIOT KOMITOHEHTBI TPOU3BOJILHOTO AN (HEepeHIIUPOBAHMS.
[MocTpoeHo BnoxxeHue anredps! JIu nuddepennuposanmii B
anreOpy JIu kBampaTHBIX MaTpHIl IOpsAKA 1 HaxX moneM P.
OTO MO3BOJMIO JaTh OLEHKY pa3MepHOCTH anreOpsl Jlu
muddepenurpoBannit ceepxy. JlokasaHo, 4To pa3MEepHOCTh
anreOpsl nuddepeHnnpoBaHni H3ydaeMBIX anreOp paBHA
n’—n, Te n — pa3MepHOCTh anreOphl. latee NPUBOIUTCS
pe3ysbTaT 0 MaKCHMaJIbHON pasMepHOcTH anreOps! JIu mud-
(epeHpoBaHnil THHEHHON anreOpbl, obMamaroIe eu-
nHunei. C onopoit Ha mpuBeAeHHbIE (aKTHl JOKa3aHO, YTO
n3y4yaeMble aareOpbl HE MOT'YT UMETh €IHHUIIBL.

Kntouesvle cnoea: nuHeitHas anredpa HaJ moneM, JHHeWHas Gopma,
muddepeHmpoBanne MMHEWHON anreOpsl, anredpa Jln nuddepenunpo-
BaHuii, anreOpa JIu MaTpuIl, eAUHUIIA THHEHHON anreopsl

Hocmynuna 6 peoakyuro 20.04.2024 2.
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1. OCHOBHbIe onpeaeneHUs U NOHATMA

OCHOBHBIE TTOHATHSA 3TOr'O ITYHKTa NPUBOJAATCA C HUCIIOJIbB30Ba-
HHEM UCTOYHHUKOB [1—6].

Jluneiinas anrebpa A=A(6, «, [) onpenenseTcss Kak BEKTOp-
HOE IPOCTPAHCTBO V Hax nosieM P, Ha KOTOPOM ONEpaLysl YMHO-
XKeHHS 3a71aeTcst GopmyInoit

ab=alb)a+ p&Aa)b (D
Ut MOOBIX a, b M3 BEeKTOpHOTO TpocTpaHcTBa V. B aTom paBen-
cTBe 0 — HeHyJeBas TuHeWHas (opMa, 3aaHHas Ha V co 3Hade-
HusMU B nione P, a u ff — dukcupoBaHHbIe cKalspbl nons P, He
paBHBIC HYJIIO OJTHOBPEMEHHO. JIerko yCTaHOBUTH, YTO BBEACHHAS
orepanus YMHOKCHUS JIMHEHHA M0 KOKIOMY apryMeHty. Jugdge-
peHyuposanuem Tunelinoil aneedpvl A Ha3pIBaeTCA TUHEHHOE 0TOO-
paxenue D: A—A, yAOBIETBOPSIOLIEE YCIOBUIO

D(ab)=D(a)b+aD(b).
MmuoxectBo Der A Bcex nuddepeHINpOBaHUN JTUHEHHON an-

reOpsl A oOpasyet anredpy JIu OTHOCHTETHHO Omepari KOMMY-
TUPOBAHUA [ , |, OIpeneasieMoil yCI0BHEM

[DI, Dz] =D\°D,—D,°D,,

IJie CUMBOJ © 03HaYaeT KOMITO3HUIIMIO IMHEHHBIX 0TOOpaKeHUH.

Bbynem cumrare, uto anrebpa A KOHEYHOMEpPHa, TO €CTh
dim 4=n, xapakrepuctuka noias P ornuuna ot 2. Torma B cuiy
MEPBOr0 YCJIOBHS MOXKHO BBIOpaTh MPOU3BOJBHBIN 0Oazuc (e, e,
..., €,). s mpomsBonpHOTO muddepenupoBanms D Haiinem pas-
JIOKEHHsI 00pa30B 0a3MCHBIX Ay1eMeHTOB D(e;) TIO 3IEMEHTaM BBI-
OpaHHOTO Oas3uca:

D(e;)=xi"e; (o unmexcy k Bexercs cyMmmupoBanue ot 1 110 n).

Habop cKaIspoB X; 0OIHO3HAYHO OmpezenseT oTobpaxenue D.
Martpuna M(D)= | x/* || roe HuxHuA nHReKC i yKa3bIBa€T HOMED
cTOJ011a, a BEpXHUN MHIEKC k — HOMEpP CTPOKH, Ha3bIBAETCS MaT-
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purieit nuddeperiupoBanus D OTHOCUTEIBHO Oasuca (ey, ey, ..., €,).
Kak usBectHO, npoctpanctBo Mat(n, P) KBagpaTHBIX MaTpHIl HaJ
nonieM P sBnsercs anreOpoi JIu OTHOCHUTENBEHO OIEpanyyd KOM-
mytupoBanus [A,B] = AB-BA mia matpun A, B € Mat(n, P).
MoxHO noKa3aTh, 4T0 otobpaxkenue h: Der A — Mat(n, P), 3a-
nanHoe yciosueMm h(D) = M(D), sBnseTcs u3oMophuU3MOM, 4TO
Bieuer cootHomenue dim(Der A) < n?.

2. PasmepHocTb anredpbl Der A puddpepeHuupoBaHuin anredpbi A

ITycte D — mpousBoibHOE audQepeHuInpoBanre anreOpsl A.
Torna, mozeiicTBoBaB TUM TU(GEPESHIIMPOBAHUEM Ha JICBYIO U
MpaBylo YacTy paBeHCcTBa (1), momyuum

D(a)b + aD(b) = af(b)D(a) + pO(a)D(b).

B neBoii 4yacTH MOJIYYEHHOI'O PaBEHCTBA BBIYMCIMM IIPOU3BE-
nenus o gopmyne (1). Torna

af(b)D(a) + pOA(D(a))b + ad(D(b))a + pA(a)D(b) =

= af(b)D(a) + pA(a)D(b).
Otcrona cienyert, 4To
ad(D(b))a + pA(D(a))b = 0.

[MoncTaBUB BMECTO BIIEMEHTOB a M b Oa3WCHBIC DJIEMEHTHI ajl-
re0psl A, TOTyIHM

alD(e)))e;+ pAD(e)e;=0.
YuuteBas, uto Dfe;) =xikek, U3 TIOCJIEAHETO COOTHOIIEHHS
HalzeM
ax} O e+ BxiGe=0,

rae 6.= le;). Cuutas, 4to equHUIA anreOpsl A OTOXIECTBIIAETCS
C eIMHHULEH moust P, MojJoXuM, 4To e,~=é}hek, rae &' — cuMBOI
Kponekepa:

5;,_{1, ecnu i = h;
"0, ectu i # h.
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3neck | — enununa noas P. Torja noiayduM cClenyrouiie pa-
BEHCTBA:

ax} Q5!+ pxl .6 =0. @
B paBeHcTBax (2) BBIIIOJHUM OMEPALUIO CBEPTKHU: CHadaja Io
WHIEKCaM A, i, 3aTeM 110 uHaeKcaMm h, j. Torma
(an +,H)x,-k6k=0 u
(a+ pn)x/6=0 .
B stux paBeHcTBax an+ f wnm o+ fn He BCeTaa OJTHOBPEMEH-
HO paBHBI HYJI0. B mpoTuBHOM ciiyuae OyneM UMeTh
on+ =0,
a+ fn=0.

n 1
Pemas naHHyI0 cUCTEMY M yUMTBIBAs, YTO | 1 n| =n?+1=%0,

noayyuM = 3=0, 4ero ObITb HE MOXET 10 ONPEIEICHHUIO aj-
reOphl A.

Otciona cienyer, YTO pa3MEpPHOCTh MPOCTPAHCTBA pEIIEHUM
CHCTEMBI JIMHEHHBIX OJHOPOIHBIX ypaBHEHWH (2), 3amaromiei
nuddepermpoBanms anredpsl A, paBHa n°—n. J|efiCTBHTEIBHO,
crcTeMa (2) paBHOCHIIBHA crcTeMe X, 6= 0. [TockoIbKy 60— HeHy-
neBas nTUHEHHas Gopma, To XOTs ObI OIHA KOMIIOHEHTa 6 OTIMYHA
ot Hyns. [109TOMy cHCTeMa IMHEHHBIX ypaBHEHHH X 6,=0 uMeeT
paHr, paBHbIii n. Takum 00pasom,

dimp (Der A)=n’—n.

3. UccnepoBaHue cylwecTBOBaHUA eANHMLbI anredpbl A
€ YMHOXEHMEM, onpeaeneHHbIM paBeHCTBOM (1)

Kax m3BecTHO, 25IeMeHT O anreOpsl A Ha3bIBaeTCS CAMHHIICH
(EDMHUYHBIM 3JIEMEHTOM) aireOpbl A, €Clid BBIIOIHSIOTCS YCIo-
BUA XO= Ox =X JJIS JII00OTO 3IeMeHTa X € A.
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B pabote [7] mokasaHo, 4yTo ecnm anredpa A pa3MEpHOCTH 7
o0J1ajaeT eqUHMIIEH, TO

dim(Der A)<(n—1)

MPU YCIIOBHH, YTO XapaKTepHUCTHKa mois P He paBHa 2.

Ha ocHoBaHmMHM 3TOTO pe3ynbrara M pe3yibTaTa, MOJYyYEeHHOTO
B IYHKTE 2, JOKaXEM, YTO HH B OHOU anredpe A(6, o, p) HE Ccy-
LIECTBYET €AMHULIBI.

JIeWiCTBUTENBHO, €CITH JIOMYCTHM CYIISCTBOBAHUE CIAMHUIIBI B
anre6pe A(0, , ), To B cuny Toro, uro dimp(Der A)<(n—1)* u ¢
npyroii croponst dimp (Der A)=n"—n, nomyunm n°—n < (n—1)*. Ho
n*—n—(n—1)>=n—1>0 npu n>2. To ecTh PaBEHCTBO Pa3MEPHO-
CTel He AOCTUTaeTcs. DTO MPOTUBOPEYHE U TOKA3bIBACT, YTO B aJl-
reope A(6, «, ) HEeT eaAuHUIIBI.
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On derivations of linear algebras of a special type
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In this work, Lie algebras of differentiation of linear algebra, the op-
eration of multiplication in which is defined using a linear form and two
fixed elements of the main field are studied. In the first part of the work, a
definition of differentiation of linear algebra is given, a system of linear
homogeneous equations is obtained, which is satisfied by the components
of arbitrary differentiation. An embedding of the Lie algebra of differenti-
ations into the Lie algebra of square matrices of order n over the field P is
constructed. This made it possible to give an upper bound for the dimen-
sion of the Lie algebra of derivations. It has been proven that the dimen-
sion of the algebra of differentiation of the algebras under study is equal
to n’—n, where 7 is the dimension of the algebra. Next we give a result on
the maximum dimension of the Lie algebra of derivations of a linear alge-
bra with identity. Based on the above facts, it is proven that the algebras
under study cannot have a unit.

Keywords: linear algebra over a field, linear form, differentiation of
linear algebra, Lie algebra of differentiation, Lie algebra of matrices, unit
of linear algebra
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MpeobpasoBaHne BuaHku katywku MuHanHra

Hccnenyercs npeobpazoBanne bruanku ais moBepxHO-
CTEH IOCTOSHHOM OTPHULATEIbHOM TIayCCOBOM KpPHUBH3HBIL.
IToBepxHOCTH BpallleHHs MOCTOSIHHOM OTPHULIATENBHOM ra-
YCCOBOM KpPWUBHU3HBI — 3TO BOJIYOK MUHJIMHTa, KaTyIlIKa
Munnuara, ncesnocdepa (moBepxaocts berprpamn). K mo-
BEPXHOCTAM IIOCTOSSHHOM OTPHULATEIbHONU IayCCOBOM KpHU-
BH3HBI OTHOCATCS TakKe MOBEpXHOCTh KysHa M moBepx-
HoCTh Jlunu. M3ydueHne noBEpXHOCTEN ITOCTOSIHHOM OTpU-
LaTeTbHON rayccoBOi KpUBU3HBI (TIceBROC(EpUIECKUX IMo-
BEpPXHOCTEH) MMeeT OoJbllIoe 3HAYCHHE I MHTEpIpeTa-
i raHuMeTpun JlobadeBcKkoro. Y cTaHOBIIEHa CBS3b T€0-
METPUYECKUX XapaKTEePUCTHUK MCEBIOCHEPUUECKHIX TTOBEPX-
HOCTEHW C Teopuel ceTei, Teopueil COIUTOHOB, HEIUHEU-
HbIMH U depeHINaIbHBIMUA YPAaBHEHUSIMA M YPaBHEHUSI-
Mu cunyc-I'opaoHa. YpaBHenue sin-I'opjoHa urpaer Bax-
HYIO poJib B coBpeMeHHOM (usuke. [IpeobpasoBanus buan-
KH TIO3BOJISIIOT IMOJYYHTh MO JIAHHOW IceBIOCchepruIecKoi
MIOBEPXHOCTH HOBBIE NICEBIOCHEPHIECKUE TOBEPXHOCTH.

C KUCIOIB30BAaHUEM MAaTEMAaTUYECKOI0 TaKeTa CTPOSATCS
Karymka MuHIWHTa U ee mpeodpa3oBanus brnanku.

Knroueesvie cnoea: rayccoBa KpUBU3HA, ITOBEPXHOCTH BpAILICHUA,
KaTyIliKa MI/IH,HI/IHFa, npe06pa30BaHI/Ie Buanku

B eBKIMI0BOM MpoCTpaHcTBe E° paccMOTPHM TOBEPXHOCTH
BpauieHuss M, MoJly4eHHYI0 BpallleHHEM IUIOCKONM KPUBOW BOKPYT
ocu. O6o3naunm uepe3 k= (0,0,1) opr ocu, a uepes e(v) =

Hocmynuna 6 peoakyuro 12.02.2024 2.
© YemkoBa M. A., 2024
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= (cos(v),sin(v),0) — pamuyc-BEKTOp €IMHUYHON OKPYIKHO-
CTH, PacCIOJIO)KCHHOM B IUIOCKOCTH, OPTOrOHaJbHOM ocu. Torma
MOBEPXHOCTh M MOXHO 33/1aTh B BUJIC
r=ue(v) + f(wk,
rae f — nuddepennupyemas GyHKIMS, U, V — MapaMeTphbI.
O06o3HaunM yepe3 n opT HopMaiu kK moBepxHoctu M. Toraa
f'le—k
JE?Z+1
I'maBHBIC KpUBH3HEI k1, k, TOBepXHOCTH M MMEIOT BH]Y
k _ f’ k _ fll
1= —, 2 =TT ——3-
uy(f?+1 N2 +1)
I'ayccoBa kpuusna K = k,k, paBHa
K B fl fll
= =
uw/ () +1(JFE+1)

Tpebyem K = const, OXy4YuM pemieHue

n=

I/l ¢ — NPOU3BOJIbHAS KOHCTAHTA.
IToBepXHOCTH BpallleHUs TOCTOSHHOM OTPULATENBHON raycco-

BOM KpWBH3HBI — 3T0 BON4OK MwmHamara 0 < ¢ < 1, xarymka
Munnunra ¢ < 0, ncesnocdepa ¢ = 0 [1, c. 100], [2, c. 175].
Hna K = —1, cnenyst MunauHry, A5 KaTyIIKA
c=—a? u=ach(t), a=1
Nwmeem:

f() = f 1 — sh?(t)dt,

f(©) = 2(EllipticF (sh(t), i) — EllipticE (sh(t),{)) + C,
C = const,

rae EllipticF (sh(t), i), EllipticE (sh(t), i) — »nnunTuyecKue UH-
TeTpaJbl IEPBOTO U BTOPOTO PO/Ia COOTBETCTBEHHO.
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[Tpu C=0 umeem
f(t) = 2(EllipticF (sh(t),i) — EllipticE (sh(t), i)).
PaccmoTpum karymiky Munaunra. meem
t € [-In(1+v2),In(1 +V2)],v € [-7,7].
IMonoxum f = ln(l + \/f) Y OTIPENICINM elle JBE CEKIH Ka-
Tymku MUHAMHTA:
M1:r(t,v) ch(t)e(v) + (f(t) + 2m)k,
M2:r(t,v) = ch(t)e(v) + (f(t) + 4m)k.

IToctpoum Tpu cexiuu katymku Munausra (puc. 1).

Puc. 1. Tpu cexnuu kaTymku MuHAnHTa
Onpenenm METpHYECKHH TEH30p g;; U cuMBOJIBI Kpuctodde-

k
JIsA FU .
HMmeeMm

f) = f 1 — sh?(t)dt,

r=ch(t)e(v) + f()k, r, = sh(t)e(v) + /1 — sh?(t)k,
r, = ch(t)éW), g1 =1, g12 =0, gz = ch?(t).
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PaccmoTpum sBe riajakue nosepxHoctdn M, M u nuddeomop-
usm f:M — M. KacarenbHble MIOCKOCTH B COOTBETCTBYIOMIMX
Toukax p € M, f(p) € M nepecekarorcs no npsmoii (p, f(p)), 06-

pasys TpsMoii IBYrpaHHEIi yro, npuaeM pf (p) = pVj,, rae V, —
opT, p = const. O603HAYNM Yepe3 1 OPT HOPMAITH K MTOBEPXHOCTH
M B Touke p € M. Torga kacaTenbHas INIOCKOCTh K OBEPXHOCTH
M B Touxe f(p) € M umeer Bun Tro)M = {f (p),n,V,}. Teopema
Buanku yTBepKIaeT, 4YTO €ciM MOBEPXHOCTh M HMeEeT TrayccoBy
KpuBM3HY K = — p—lz, TO ¥ OBEPXHOCTh M HUMEET Ty K€ KpUBH3HY.
O003HauuM uepe3 T paanyc-BEeKTOp MOBEpXHOCTH M, a uepes
R — panuyc-Bektop noepxHoctu M. ITonaraem K = —1 u pac-
cMOTpuM oTobpaskenue M — M [3, c. 489].
Umeem R=1r—=V, V = V5.
U3 ycnoust < R; [n, v] >= 0 nonyunm
r; — 0,V =w)V + a(r;)n.
IMockomeky < V,V>=1,<9;V,V >=0, 10
w(r)=<nr,V> VV=r— w()V.
Nmeem
Vi Vi=1-g,,(VH? Vy V2= —gy, VY2
(D
Vo VE=—gpoV'V2, V, V2 =1- gy (V?)2

Cucrema (1) nmeer pemenne

e?tA1(v) + A2(v)
e2tA1(v) — A2(v)’

Vi(t,v) =

e?’C1 + C2
(etA1(v) — e tA2(v)) (et + e t)
A1(v) = 2e? +e?YC1 — C2,

V2(t,v) =4
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A2(v) = 2e¥ — e?YC1 + C2,
C1,C2 — const.
[otpebyem, utodbl < V,V >= 1. Torna C1C2 + 1 = 0.
Beenem o0o3HaueHue ¢; = 1/ c1 Nmeem
e?t(eV + ¢)? — (e¥ — ¢1)?
e2t(ev +c)? + (e¥ — )%

Vi(t,v) =

4(e? —¢;)
(e?t(ev +¢1)%2 + (e? —c)?) (et + e7t)

V2(t,v) =

PaccMOTpUM ypaBHEHHE TIOBEPXHOCTH M

R = (ch(t) — V1(t,v)sh(t))e() — V2(t, v)ch(t)e(v)
+ 2(EllipticF (sh(¢), i) — EllipticE (sh(¢), i) )k.

[TocTpoMM 3Ty HOBEPXHOCT, Hojlaras ¢; = e? (puc. 2).

e

os

Puc. 2. TIpeo6paszosanue buanky KaTymky, ¢; = e?
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ITocTponM TakXxe MOBEPXHOCTH, Mmonaras ¢; = e (puc. 3).

Puc. 3. IIpeobpazoBanne bnanku kaTymku, ¢; = e

Pacecmorpum cimywait ipu ¢; = 0 ¥ OCTPOUM TTOBEPXHOCTH
(puc. 4).

Puc. 4. IIpeobpazoBanne buanku katymku, ¢; = 0
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Bianchi transformation of the Minding coil
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The work is devoted to the study of the Bianchi transform for surfac-
es of constant negative Gaussian curvature. The surfaces of rotation of
constant negative Gaussian curvature are the Mining top, the Minding
coil, the pseudosphere (Beltrami surface). Surfaces of constant negative
Gaussian curvature also include Kuens surface and the Dinis surface. The
study of surfaces of constant negative Gaussian curvature (pseudospheri-
cal surfaces) is of great importance for the interpretation of Lobachevsky
planimetry. The connection of the geometric characteristics of pseudo-
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spherical surfaces with the theory of networks, with the theory of solitons,
with non-linear differential equations and sin-Gordon equations is estab-
lished. The sin-Gordon equation plays an important role in modern phys-
ics. Bianchi transformations make it possible to obtain new pseudospheri-
cal surfaces from a given pseudospherical surface. The Bianchi transform
for the Minding coil is constructed. Using a mathematical package, the
Minding coil and its Bianchi transform are constructed.

Keywords: Gaussian curvature, surface of revolution, the Minding
coil, Bianchi transform
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