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Mpodeccop J1. E. EBTYmMK — yyeHbIn n nepgaror

CTatbsl TIOCBSIIIIEHA BBIIAIOIIEMYCSl yueHOMY-TeomeTpy Jleo-
Huny EBrenbeBudy EBTyNINMKY, KOTOPBIN SIBISJICS YJIEHOM PENAK-
MOHHOW KOJIJIETMU JAHHOTO KypHalla Ha MPOTSDKEHUH Ooliee ueM
JaByx necstunerudt (1990—2013).

Wznoxxena O6uorpadust 1 OCHOBHBIE 3Talbl HayYHOH PabOTHI
JI.LE. EBrymmuka. Ero HaydHble MHTEpECHl BKIIIOYAIH MPOOIIEMBI
COBPEMECHHOH TEOMETPHH, TEOPHIO CBS3HOCTH, TeopHio audde-
pEeHIMATIbHBIX YPABHEHUI U JIarpaH)KHAHOB BBICIINX MOPSIKOB.

B MockoBckom rocynapctBeHHoM yHuBepcurete JI. E. EBTy-
LMK YUTAJ CIENYIOIME KypChl: «MareMaTndeckuil ananusy», «Jlu-
HelHas anredpa M aHAIUTHYECKas reoMeTpus», «['eomeTprueckne
CTPYKTYpPBI aHaJIN3a Ha MHOT000pa3usx», «/IHBapuaHTHBIE METO-
OBl B TEOMETPUH M aHanu3e», «JlarpaHkuaHbl U TaMHJIBTOHOBBHI
CHCTEMBI BhICIIETo mopsiaka», « Teopus cBs3HOCTEH», « CTPYKTYpPBI
BBICIIHX TTOPAIKOBY.

JILE. EBTymuk noarotoBun 14 kanauaatoB HayK. OH sBIISIICS
aBTOPOM 66 Hay4YHBIX PadoT.

Knrouesvie cnosa: nuddepennmansaas reomerpus, meroq Kaprana —
JlanreBa, mugdepeHmanTsHO-TeOMEeTPUIECKHE CTPYKTYPBI, MHOTO0Opa-
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[nddepeHumanbHas reomeTpus MHoroobpasui uryp

25 mas 2026 roga ucrnonHseTcs 95 jeT co AHS POXKACHUS H3-
BECTHOTO POCCHHCKOTO TeOMeTpa, 3aciyXeHHOro mnpodeccopa
MI'Y Jleonnna EBrenpeBnua EBTymmnka — mpopororo yenoBeka
IUIi MHOTHX JIIOAEH, KOTOphIE
CBSI3aJIM CBOIO )KH3Hb C TE€OMET-
puen.

B ero xusHu, kak B Karuie
BOJBI, OTPa3WIach HEMPOCTasi, HO
BO MHOIOM CJIaBHas HCTOpHS
Hamel crpansl. Jleonnn EBrens-
eBUY poxawics B ropoake IIpumy-
KM — pailloHHOM LeHTpe YUepHu-
TOBCKOH o00nactu YKpawmHCKOH
CCP. B 1937 rony ero orer, Oymy-
YW 3aMeCTHUTEJIeM MWHHCTpa Tpa-
BUTEJBCTBA YKPauHBbI, MO JIOXKHO-
My IOHOCY OblT OOBHHEH U pac-
CTpEJIsiH, a MaTh KakK XEHa «Bpara
Hapoaa» cocnana B crenu Kazaxcrana, rae BmioTh A0 1954 rona,
JI0 peadHIUTaluy, Korga OblIM CHATHI Bce OOBHHEHUs, OTOBIBaa
HaKa3aHHE.

Manenpkuii Jleonun Onaronmapsi cTapaHUSIM MaMWUHOW CECTPHI

He OBLT TIOMEIIeH B JETCKUH JOM W HE JHUIIWICS (paMHINHN OTIIa,
YTO YacTO MPAKTUKOBAIOCH B TE€ TOABI B MOJOOHBIX CHUTyaIUsX, a
ObLT IepeBe3eH B cBou poaHble [Ipunyku. B roasl BoWHBI OH Tonan
B 3Bakyanuio B KyiiOsimes. Ilpu Bo3BpalieHnn U3 3Bakyaluu Ha
HebOonpIoi cranuyu Konorton (YkpawHa) B pe3yibTaTe Cllydaii-
HOTO B3pbIBa OpoieHHOTro 0e3 mpucMoTtpa Oooenpuraca 13-neTHuit
JleoHu MOMy4nIT paHeHUsl, OCIe KOTOPBIX OcTalIcs 6e3 JeBOH py-
KU ¥ 71233, a TaKKe OOIIMPHOE paHEHUE KUBOTA.

B 00bI4HO# mIKOJIE CBOEr0 POAHOro ropojaka [Ipuinyku mo co-
BETY CEJIbCKOT'O YUMTENsl OH Hayajl CBOE IEpBOE 3HAKOMCTBO C He-
eBKJIMJOBOW TeoMeTpueit — reomerpueii JlobaueBckoro. Jrta Teo-
pus Mpou3Besia Takoe CUIbHOE BIeYaTieHHe Ha oHoro JleoHunaa



H.W. 'ycesa, /. Mukew

CBOEIl OPUIMHANBHOCTBIO M KPAaCOTOH, YTO ONpEeNesnIa €ro Ialb-
HEUIIUI KU3HEHHBIA U HAy4dHbIN MyTh. [l0 OKOHYaHUM LIKOJBI B
1949 rony on Onectsine ciaeT PK3aMEHbI HA MEXaHHKO-MaTeMaTH-
yecknil axKyiapTeT MOCKOBCKOTO TOCY/IapCTBEHHOTO YHHBEPCUTETA
1 BCIO CBOIO JTAJIbHEWITYIO )KU3HB CBSI3BIBAET C 3THM (haKyJIbTETOM.

MI'Y um. M.B. JlomoHOCOBa — caMblil POCJIABJICHHBIN BY3
Hamiel ctpaHbl. B Te Toasl B HEM OBUTH COCPEAOTOYEHBI JTyUIINE
yMBI IIepeIoBON MaTeMaTHuecKoi Mbiciu. Cpeau npenojaBaTeneit
Jleonuna EBrenbeBrua EBTyIIMKa ObLTH TaKME BBIIAIOIIUECS T'eO-
MeTpbl XX Beka, kak Cepreit I[laBnosny ®unukos, [1€rp Koncran-
TrHOBMY Pamesckuii, I'epman ®énoposuu JlanteB n MHOTHE ApY-
rue. VX spynunus U HenpepeKkaeMblil aBTOPUTET MOBJIMUIN HA 3a-
poxzneHue u pa3Butue nHTepeca Jleonnna EBrenseBuua k TeM pas-
JieniaM TeOMETPHUH, B KOTOPBIE OH caM B JalibHeHIIeM BHECET 00ITb-
moi Bkiana. Ero mnepBeiM ycnexoM B 3TOM HalpaBJIEHWU CTalla 3a-
IIMTa TUTUIOMHON paboTsl (mox pykoBoacTBoM ['epmana demopo-
Buua Jlantera) 0 reoMeTpUM JBOMHOIO MHTErpaja, KoTopas Obuia pe-
KOMEHJOBaHa K MyOnukammu Hu omyOnukoBaHa (Eemywux JIE.
K reomerpun apoiiHoro uxrerpana // MaTtemaTHyecKuid COOPHHK.
1955.T. 37 (79), Bem. 1. C. 197—208).

B 1954 rogy, ¢ oTauuueM 3aKOHYMB MEXaHHKO-MAaTeMaTHye-
CKUH (haKyNIbTET, OH OIATH ITOJBEPTaETCsI CYPOBBIM >KM3HEHHBIM
WCIIBITaHMSIM. B ouepenHoii aHkeTe (Kak OH caM TOBOPHII, IIOJ-
JaBIINCH MpPOMAaraHje»), OH yKa3blBaeT OOCTOSTENbCTBA THOEIH
0TI, U 3TO JIIIAET ero MAHCOB Ha OJIECTSIINe epcrneKTHBhl. He-
CMOTpsI Ha KpacHBIN TUIUIOM U TEpBble HAYYHBIC YCIIEXH, OJUH U3
JNYYIIUX CTYAEGHTOB MEXaHWKO-MaTeMaTHYecKoro (QakyibreTa
MI'V nonygaer pacnpeneicHue (o0s3aTenbHass 0TPabOTKa B TeUe-
HHUE TpeX JIeT) OOBIYHBIM WLIKOJBHBIM y4yuTedeM B mKoiry OpeH-
Oyprckoil sxenme3Hoil moporu. Takoe CypoBO€ M HECIPaBEIITUBOC
OBLTO BpeMS.

U Toneko Gnaromaps xiomnoram Ceprest CepreeBuda bromiren-
ca yzaaeTcs HOJIy4YUTh MECTO acCHCTEHTa Ha Kadeape BhIcUIeHd Ma-
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TeMaTuku B MOCKOBCKOM MHCTHTYTE MHXKEHEPOB BOJHOIO XO3sii-
ctBa 1 1o6uThes otkpemienus B MIIC. IlapannensHo ¢ atum Jleo-
HU EBreHbeBud 3auuciieH B 3a04HYIO aclUpaHTypy Mo Kadenpe
nmuddepernnanpaoi reomerpun MI'Y mon pykoBoactsoMm ['epma-
Ha ®enoposuua JlanTesa.

JI.E. EBTymmk

B 1957 rony crapanmsmu ['epmana @emoposuda JlanteBa u
Cepres IlaBmoBuua ®dunukoBa Jleonun EBreHpeBHY CTaHOBUTCS
accucTeHTOM Kadenpsl IuddepeHInanbHOH TeOMETPHA MeXaHH-
Ko-MareMatudeckoro ¢akymnprera MIY. Bces ero mampHeimas
JKU3Hb HETIPEPBIBHO CBs3aHA C POIHBIM (hakynbTeToM (kKadenpoii
nuddepeHInanbHON reoMeTpuHd, 3ateM Kadeapoi maTemarude-
ckoro ananuza (1990—2013)). 3nech oH mpolien Bech MyTh OT ac-
CUCTeHTa 70 3aciaykeHHoro mpodeccopa MI'Y, 3nmech B MOJIHOH
Mepe GopMHUpYyeTCsl U PaCKpPBIBACTCS €ro TaTaHT KaK YYEHOT0-Teo-
MeTpa U Tesjarora.

8
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JILE. Eptymuk u B. A. CagoBHuunit

[IpennoxenHoe HaydyHbIM pykoBoauTeneM I'epmanom deno-
posmueM JlanTeBbIM HampaBieHHe — wuccienoBanne nuddepen-
LUAJIbHO-T€OMETPUYECKUX CTPYKTYP BBICHIMX HOPSIAKOB Ha IJIaf-
KHX MHOT000pa3usx — ONpEeAeNiio AajdbHelIIne HayqYHble HHTe-
pecol JILE. EBrymuka. B 1961 rogy uM ycnemHo Obuta 3alnuiieHa
KaHAMJATCKas AWccepTanus Ha TeMy «l'eomerpus uHTerpana B
MIPOCTPAHCTBE AJIEMEHTOB BTOPOTO Nopsiaka», B 1980 roxy — nok-
Topckasi aucceprauus «Teopus HEIMHEHHBIX CBSI3HOCTEH U Te€o-
METPHsI HEKOTOPBIX CTPYKTYP BBICLIMX MOPSAKOBY.

Hano ormetuts, 4To K TOMY nepuony, korna Jleonun EBrennbe-
BHUY MOCTYIHJI B YHUBEPCUTET, B FEOMETPUIECKOM MHUPE IMPOUCXO-
WU BakHble coObITus. brnaromapsi TMYHOMY 3HaKOMCTBY, Hayd-
HBIM KOHTAaKTaM M HPSAMOMY OOIIEHHIO M3BECTHOTO POCCHHCKOTO
reomerpa Cepres [laBnoBnua @uHuKoBa, 3aBeaytomiero kadeapoi
IudQepeHInaNbHON T€OMETPUH MEXaHUKO-MaTeMaTH4eckoro ¢a-
kyiaprera MI'Y, ¢ BeImatommMcs (QpaHIly3CKUM Te€OMETpOM OIU

9
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Kapranom, co3maBmmM ammapar BHeImHero auddepeHInaaI»HOTo
HUCYHUCIICHUA, POXKIACTCA HACA CO3AaHHd HOBOI'O MHBAPUAHTHOI'O
METOJIa UCCIIEAOBaHUS T€OMETPUIECKHX OOBEKTOB — METOJa T0-
JIBIDKHOTO perepa.

10.U. lllunkynac, b.JI. Jlantes, B. U. biuznukac, B. C. ManaxoBcku#,
JI.E. EBtymuk, A.I1. HlupokoB — yuacthuku 4-it [Ipubanruiickoii
reoMeTpuIecKoit koHpepermu ([Jpyckunnakaii, 1978)

Pemaromryio poib B pasBUTHH U CTAHOBIIEHHMH METO/A ChIrpajia
JIeATENBHOCTh JIETeHAapHoro, crapeimero B MI'Y reomerpude-
CKOTO Hay4YHO-HMCCJIEIOBAaTEeNbCKOT0 CEeMHUHAapa IO KJIACCHYECKOH
nudhepeHnrnanbHON TeoMeTpuu mos pykoBoactBom Cepres [las-
noBuuya duHukoBa. B pabore cemuHapa akTHBHOE ydacTHE NpH-
HUMaJIN 3aMedareibHble reomeTpsl MockBsl — C. B. baxBanos,
C. . Poccunckuii, C.C. bromrenc, a Takxke 0Oojiee MOJIOAble —
A.M. BacunseB, M. A. Akusuc, T.A. lllyneman u ap. Cemunap
MOCEIIaN y4YeHbIe CO BCEX KOHIIOB CTPaHBI M 3apyOekHbIE Teo-
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MeTpbl. DTO ObllIa HACTOSIIAs Ky3HHUIA HAYYHBIX KaJpoB B 00JIaCTH
T hEepeHITUATEHON TeOMETPUH. 31eCh 00BEIUHSIINCH TPaJIUIIU-
OHHBIE METOJIbI HCCIICIOBaHMsI, OepyIlue CBOE HAYaJIOo elle ¢ paboT
Omu KapraHa, U coBpeMeHHble aOCTpaKTHBIE MOAXOIbI K U3yde-
HUIO TJIAJIKUX MHOTOOOPAa3Mil M pacCIOCHHBIX MPOCTPaHCTB. CeMu-
Hap CTaJl [VIaBHOM BO BCEM MHpE 1abopaTopuei 10 pa3BUTHIO, UC-
MOJIB30BAHUIO, a TAKXKeE MOoMyaspu3aunu uaei Jau Kaprana.

Haubonee 3ameTHBIN BKJIaa B pa3BUTHE MeTona BHec ['epmaH
®enoposuy Jlantes. IMEHHO WM OBUT CO3MaH OOIIHI YHIUBEPCATb-
HBII WHBAapHAHTHBIA TEOPETHKO-TPYIIIOBOM MeTonm muddepeHim-
aNTbHO-TEOMETPUUECKUX HCCICAOBAHUM, W3BECTHBIH B MaTeMaTH-
yeckoM Mupe kak meroj Kaprana — JlanTeBa, OCHOBaHHBIM Ha
njee TIOJBIKHOTO pernepa W BHeIIHero nu¢depeHnrnatbHOTO Hc-
yucnenust Kaprana.

Wnest MmeTona MOABMKHOTO pemepa 3aKiIovdacTcsl B U3YUCHHH
TEOMETPHICCKUX OOBEKTOB (MIOAMHOT000pa3uii OMHOPOIHBIX IPO-
CTPAHCTB) C MOMOIIBI0 JIOKAJILHOW CHUCTEMBI KOOPAWHAT, JKECTKO
MIPUBSI3aHHOW K TOYKE IMTOJMHOTO00Pa3Ns U ABMKYIIEHCS BMECTE C
Hell (MMOABMKHOM perep). DTO TMO3BOJIIECT ONMHUCHIBATH T€OMETPHYC-
CKHE CBOWCTBa MOJMHOI000pa3usi B JaHHOHM TOYKE uepe3 M3MEHe-
HUS 3JIEMEHTOB perepa, He Mpuoderas K aHalIu3y IpeoOpa3oBaHms
KOOpAWHAT B OOmIel cucteMe KoopawHaT. lIpu mcronb30BaHUU
ATOr0 METOJ[a MPEABAPUTEILHO TpeOyeTcs Mpoleaypa KaHOHU3a-
MM perepa — WHBAPHUAHTHOTO NMPHUCOCIUHEHUS K KAXKIOH TOUYKE
MMOIMHOT000pa3ns €MUHCTBEHHOTO perepa, ONpeaesIieHHOTO CaMUM
noaMHOrooopasuemM. MopMysibl, OMUCHIBAIOIINE HW3MEHEHHS DIle-
MEHTOB TIOJIBIDKHOTO PETepa, Jal0T BO3MOXXHOCTh IOIYYUTH Habop
T depeHITHaTbHIX WHBAPHAHTOB, XapaKTEPU3YIOMNUX TOIMHO-
roodpasme ¢ TOYHOCTHIO JIO MPeoOpa30BaHMII BMEIIAIOIIETO MPO-
CTpaHCTBA.

I'epmanom ®@emopoBudeM JlanTeBBIM 3TOT METOMI OBUT TOTIOJI-
HEH U pa3BUT. Ero aHaMIUTHYECKYI0 OCHOBY COCTaBIIIOT BO3HHUKA-
IOIMKAe B TOJAMHOTO00pPa3MsIX CTPYKTYpPHBIE YPaBHEHHUS MEXITY
CTpyKTypHBIMU nuddepernmanpapiMu  Gpopmamu. C TOMOIIBIO

11



[nddepeHumanbHas reomeTpus MHoroobpasui uryp

BHemHero nuddepeHnupoBanus (GOpMBI MPOTOIIKAOTC (BO3HHU-
KaloT (opMbl Oosiee BBICOKOTO MOPSIKA), a C MOMOLIbIO OXBaTa
CTPOSITCSI HOBBIE T€OMETPUUECKUE 0OBEKTHI, TO €CTh METO/] M03BO-
JITeT B MHBApHUAHTHOM (O0eCKOOpauHATHOW) (popMe IpHCOSANHATE K
JAHHON CTPYKTYpe HOBBIE CTPYKTYpPbHI, BHYTPEHHE CBS3aHHBIC C
HEH, B TOM 4Hcie HaXoIuTh ux AuddepeHraibHble HHBAPHAHTHI
(oTcroa Ha3BaHME — METOJ IPOAOHKCHHIH W OXBATOB).

B pesynbraTe nmpuMeHEHHsI METOAa BCE IIOCTPOCHUS OKa3blBa-
IOTCSl 3allUCAHHBIMU B KOOPIMHATaX MPOU3BOJILHOIO (IIOIBHXKHO-
ro) pemepa, 4YTO MPUAAET BCEM MOCTPOSHUSIM WHBAPHAHTHBIA Xa-
pakTtep, obecrieunBas BO3MOXHOCTh B clydae HEOOXOIWMOCTH
CHeNHMaIN3UPOBATh perep NHBAPUAHTHBIM 00pa3oMm.

CrnenoBatesibHO, 3TOT METOA MO3BOJIIET ABTOMAaTUYECKU TTOJTY-
4aTh B MHBAPUAaHTHOM BHUAE Au(depeHnanbHble ypaBHEHUS 00b-
€KTOB, OMPEENAOMUX Ty WIH HHYIO Tu(hepeHITnaIbHO-TEOMET-
PHUYECKYIO CTPYKTYpY, He mpuberas K KOHEUHbIM MPeoOpa3oBaHM-
SAM KOMIIOHCHT JTHX 06BCKTOB, a MCIIOJIb3ysd TOJIBKO arrmapar
CTPYKTYPHBIX ypaBHEHH.

ITo3xe B cBoel nuccepranuu Anatonuil Muxainosuu Bacu-
JEEB MOKa3al, 9To MeToa JlanTena [2] mpuMeHNM B Ha MHOT000pa-
3uAx ¢ jaedictBueM OeckoHeuHbx Tpymm Jlm — Kaprana, a sToT
KJlacc BKIIIOYAeT B ce0sl pa3iMyHble pacciIOeHHbIE MHOT000pa3us,
MHOT000pasusi, Hecylue Ha ce0e CTPYKTYPHI aHAIM3a, HAIpUMep
cucteMbl nuddepeHnnanbHbIX YPaBHEHUH C X CHMMETPHSIMH U
np. Takum oOpa3om, ObLIO JOKa3aHO, YTO 00JIACTh MPUMEHEHUS
Merona Kaprana — JlanteBa 3HaYMTENBHO LIMPE, YEM CUUTAIOCH
paHee, OH MPUMEHUM K M3yYEHHUIO CaMbIX Pa3HOOOPAa3HBIX CTPYK-
Typ. To ectb auddepeHHaIbLHO-TEOMETPHYECKHE METOIbI, Pa3pa-
6orannsle . @. JlanteBsiM 1 A. M. BacunbeBbsIM, IEpecTaroT ObITH
YUCTO TE€OMETPUUYECKUMHU, UX MPUMEHEHHe, 1o cioBam A.M. Ba-
CHJIbEBa, CTaJl0 PAaBHO3HAYHO CYLIECTBEHHOMY HCIIOJIb30BAHUIO
g epeHuanbHoro ucuucieHus. To ectb, MPUMEHAS 3TH METO-
IIbI, MBI IMEEM JIEJI0 C COBPEMEHHBIM IH((hepeHIInaTbHBIM HCUHC-
JICHHEM B ero HauboJiee COBEPIICHHOHN (opMe.
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Jleonnn EprenpeBud EBTymMK cO CTyZeHUECKHMX JIET OBLI
HEU3MEHHBIM YYaCTHUKOM, (@ TMO03Ke M COPYKOBOAMTEIEM) CEMU-
Hapa o Kjiaccudeckor qudGhepeHIuaIbHON TeOMETPUH U aKTUBHO
BKIIFOUWIICA B JESTEIHFHOCTh TI0 PAa3BUTHIO M PA3IMYHBIM TPUIIO-
KEHHSIM SIMHCTBEHHOTO YHHBEPCAIBHOTO MHBAPHUAHTHOTO METOJIA
reOMEeTPUYECKUX HCCIEJOBAaHUNH — MeToJa IMOJBHKHOIO perepa
Kaprana — JlanteBa. O0nacTb €ro HayYHBIX HHTEPECOB — Pa3BU-
THe Teopun auddepeHIaTbHO-TEOMETPUIECKUX CTPYKTYDP BBIC-
IIero TMOpSJIKa Ha TJIAJAKUX MHOT000pasusax, CPeiAd KOTOPBIX OC-
HOBHBIMU OOBEKTAMH HM3yUEHHUS W3HAYANBHO ObUTH WM30paHbI Jia-
TpaHXHaHbl ¥ CHCTEMBbI MU (epeHIINANbHBIX YpaBHEHUH (B 4acT-
HOCTH, TaMUJIbTOHOBBI) BBICIIMX IOPSIKOB. VMIMEHHO 31eCh YHH-
BepCcaIbHOCTh M AU dhepeHITnaNTbHO-aNredpandeckas MOIIb METO-
na Kaprana — JlanreBa npuobpena ocoOyro akTyaabHOCTb.

Ete Oymyun CTyIeHTOM, OH HaYMHAET paboTaTh B 3TOM ITOYTH
HEU3yYEeHHOM HAIpPaBJICHNH, MPUBJIEKAIOIIEM OOJBITIMH BO3MOXK-
HOCTSIMU TIPWJIOKEHUH K HEIMHEHHOMY aHAIHM3Y BBICHIMX ITOPSI-
koB. Mimenno 3xech JI. E. EBTymmk mocTur ¢hyHIaMEeHTAILHBIX pe-
3yJbTAaTOB, TOJIYYHBIINX NpHU3HAHWE Ha MEXTyHapOTHOM KOH-
kypce B yectsb 200-netus H. U. JlobaueBckoro.

CosepuieHCcTBY# 1 pa3BuBas meton Kaprana — Jlanresa, Jleo-
Hua EBrenpeBud pemmi paa GyHIaMEHTAIbHBIX TPOOIIEM.

1. beina pa3paboTtana u Janexo MPOJABUHYTA COBEPIIEHHO HO-
Bas TEOPHUS TaK HA3bIBAEMBIX HEJIMHEHHBIX CTAOMIIBHBIX CBS3HO-
CTeH B POM3BOJIEHBIX TJIABHBIX U aCCOIMUPOBAHHBIX PACCIOCHUIX
penepoB CKOJIb YTOAHO BBICOKOTO MOPSIKA.

2. DTOT KJIacC CBA3HOCTEH OKa3ayics WICATBHO MPUCIIOCOOICH-
HBIM K TE€OMETPHUYECKOMY OMHCAHHUIO JIOOBIX CHCTEM OOBIKHOBEH-
HbIX UG (EepeHINANTBHBIX YPaBHCHHI, WHBAPUAHTHBIX OTHOCH-
TEJIHHO 3aMEHBI BPEMEHHOTO apryMeHTa.

Ha sToif ocHOBe maH Hambollee €CTECTBEHHBIN MOAXOX K TO-
CTPOEHHIO TEOMETPHH OOBIKHOBEHHBIX NU((PEpEeHINANBEHBIX YPaB-
HEHHUI BBICIINX MOPSIKOB M €r0 peayn3alus I TPEThEero, 4er-
BEPTOTO U MATOTO MOPSIKOB.
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3. C IOMOIIBI0 TEOPHH HEIMHEWHBIX CBS3HOCTEH yIalOCh pe-
IIUTHh B MHBAPHAHTHOW (hopMe MpoOIeMy TaMHIbTOHU3AIUN ypaB-
HeHui Dinepa — Jlarpanka 1uis 100BIX PeryJsIpHbIX JIarpaHKua-
HOB, COJIEpIKaIMX CKOPOCTH CKOJIb YTOJHO BBICOKOTO MOPSIKA.

4. Meton Kaprana — JlanTeBa OBIT mepepaboOTaH Ha COBpe-
MEHHOM 0a3e TeOpuH pPACCIOCHHBIX MPOCTPAHCTB. BbIT BbIAETCH
BOXHEHIIMN KJIacC YaCTUYHBIX CBSI3HOCTEM — CBS3HOCTH JIH.
OyHKTOp CBSI3HOCTH JIM ompeneneH UMb Ha KPUBBIX HEKOTOPOTO
JIOKaJBHOTO BEKTOPHOTO MOJIS Ha 0a3sMCHOM MHOrooopasuu. Kosa-
puantHoe nuddhepeHIrpOBaHNEe TEOMETPHUECKUX 00BEKTOB OTHO-
CUTENBHO CBs3HOCTH JIm mipencraBiiser coboit nuddepermmpona-
nue Jlu. Takum oOpasom, Obula BBISIBIEHA MPOCTAasi CBSI3b MEXKIY
anmapatoM nuddepernupoBanus JIu u anmmapaToM CTPYKTYPHBIX
ypaBHeHu#t. O6mas teopus nuddepernrpoBannii Jlu B cBoelt nH-
BapUaHTHOH (OopMe OKazanach aBTOMAaTHYECKH BCTPOCHHOH B TEO-
PHIO CBSI3HOCTEW U €€ CTPYKTYPHBIX YPaBHEHUI.

5. loutu He U3y4aBIIMECS BBUAY UX aHAJUTUUYECKOU CIOKHO-
CTH JarpaHXuaHbl W cucTeMbl AuddepeHnranbHpIX ypaBHEHUH
BBICIINX MOPSAIKOB OKA3aJINCh €CTECTBEHHO BKIIOYEHHBIMU B T€O-
METPUYECKYI0 TEOPHUI0 HEMMHEWHBIX CBS3HOCTEH B PACCIIOCHHSX
pEenepoB COOTBETCTBYIOIIETO MOpPsAKa, MOJYyUYUB TaM IOJIHOE OIH-
CaHMe CBOMX HMHBApWAHTOB B TEPMUHAX BHEUIHHX Iu(epeHiu-
aNBHBIX anreOp, 00pa30BaHHBIX CTPYKTYPHBIMH AuQQepeHIrnaib-
HBIMU (POpMaMU M MX BHEIIHUMH IU(PepeHIHaANbHBIMU ypaBHE-
HUSAMHU.

6. ®yHIaMEHTANBHYIO POJb IIPH ATOM CHITPANIO IMIMPOKOE TIPH-
BJICUCHHUE arIapara TEOpUH CTpyH DpecMaHa, Tak Kak 3T0 He00X0-
JIMO TSI OTIMCAHUS KaTerOpHH PACCIIOCHUH penepoB BBICIINX TI0-
PSAAKOB M €€ TeOMETPHUECKUX OOBEKTOB — TaKHUX IPEXIe BCEro,
KaK HeJIMHEeWHbIE CTAOMIIbHBIE CBI3HOCTH BBICIIHMX MOPSIKOB.

ITomuMoO 3TOTO ClexyeT OTMETUTH AL IPYTHX JOCTHKEHHIA:

— NOCTPOEHA reoMeTprudecKas TEOPHsI TOBEPXHOCTHBIX WHTE-
rpajoB, 3aBUCSIIMX OT YaCTHBIX MPOU3BOJHBIX BBICIINX MOPAIKOB
¥ COOTBETCTBYIOIIMX BapHUAIlHOHHBIX 33/1a4;
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— I MHOTOMEPHBIX JIarpaH)XKHaHOB BTOPOTO IOpPsIKa IIO-
CTpO€HA MHBapUaHTHAsl CBA3HOCTb KapTAaHOBA THUIIA B CIICLHAJIBHO
CKOHCTPYMPOBAaHHOM TJIABHOM PACCIOCHHH C TOJHOW CHCTEMOH
CTPYKTYpPHBIX YPaBHEHHUI U COOTBETCTBYIOIIUX HHBAPHAHTOB;

— JJaHO 3aKOHYEHHOE IOCTpoeHHe mnpocTpancTB Kaparytu
(manbomnee OOUIMX METPHUYECKUX MPOCTPAHCTB, B KOTOPBIX IJIMHA
KPHBOH BBIPAXKAETCSI MHTEIPAJIOM, 3aBUCSIIEM OT IPOM3BOIHBIX
BBICIIINX TTOPSIIKOB);

— naH 0osiee eCTeCTBEHHBIN, YeM KapTaHOBCKUH, CIIOCOO HH-
BapUaHTHBIX (OPM M CTPYKTYpPHBIX YpaBHEHHI IICEBIOTPYIIII Mpe-
o0pa3oBaHui.

B monorpadpun «Teopust nuddepeHnmanbHO-TeOMeTPHIECKUX
CTPYKTYp Ha TIAAKUX MHOT000pas3msx» («IIpobmemsr reomeTpum»,
T. 9) naHo coBpeMeHHoe mocTpoenne meroaa Kaprana — Jlantesa
KaK ammapara CTPyKTYpHBIX OuddepeHIuanbHbX GopM U CTPYK-
TYPHBIX YpaBHEHUH A7t M PepeHInanbHO-TeOMETPUUECKUX CTPYK-
Typ B HaubOosee ux oOIIeM TOHUMaHUK Ha OCHOBE TEOPHUHU Pacciio-
€HHBIX IMPOCTPAHCTB W HMHBAPUAHTHOTO HCUUCIECHUSA IuQdepeH-
IUaIbHBIX (OPM U CTPYyH OTOOpa)KeHHUi, a Takke TEOPETHKO-Ka-
TErOpHOT0 MOAX0/a.

Co BpemeneM Jleonun EBrenbeBnu EBTymmMK cTanm mpu3HaH-
HBIM JIMAEPOM M HElpepeKaeMbIM aBTOPUTETOM B TeOpUHU Iu(de-
PEHIMATBHO-TEOMETPHIECKUX CTPYKTYpP BBICIIMX MOpsAAKoB. Ilo-
cine koHunHBI I'epmana ®PenopoBuya JlanteBa u Anaromus Mu-
xainoBuda Bacunbesa Jleonnn EBrenseBuu Obul Hanbosiee Bbloa-
IOLIMMCSI YYEHBIM B Teopud AuddepeHnaabHO-reoOMeTPHYECKIX
CTPYKTYp BBICIIMX NOpPsAKOB u Meroaa Kaprana — Jlanresa: Hu-
KTO HE MOT CPaBHUTBCS C HUM B 3PYIHULWHU U TIyOHHE TOHUMAHHUS
aToro merozaa. YtoOsl mouTuth mamsaTe Jiu Kaprana, oH ABaXKIbI,
B 2010 m 2011 romax, moObIBaJ Ha €ro MOTHJIE B MaJICHBKOM
(dpanIy3ckoM ropoake J[omoMbE.
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JILE. EBtymuk ([lonoMsé)

B nocnennue ronel HayuHas gearenbHocTh JILE. EBTyminka
ObLTa HallpaBlieHa Ha pellIeHne OYeHb BAKHOW M TAaBHO Ha3peBIIeH
B TEOMETPHUYECKOM MHUpE MpPOOIEMbl — CTPYKTYPHPOBAaHHE U CO-
BPEMEHHOE ONUCaHUe yHUBepcaibHOro meroga Kaprana — Jlam-
TE€Ba M €ro BAXHEHWIINX NPHIOKECHUI K MHBApPUAHTHBIM CTPYKTY-
paM aHaiM3a U T€OMETPUHU CKOJIb YIOAHO BBICOKOTO IOpsJIKa Ha
rIagKux MHOrooOpasusax. Vim Oblna 3amymMaHa IBYXTOMHAs MOHO-
rpadus, BepBble Jarolias MOJIHOE M COBPEMEHHOE ONHMCaHUE Me-
toaa Kaprana — JlanTeBa U ero mpujioKeHUM K MallOM3y4eHHOU
obmactu auddepeHIaTbHO-TEOMETPHUECKIX CTPYKTYP BBICLIETO
nopsinka. K BeIMKoMy cokalleHHIO, 3THM IIJIaHaM HE CY>KIEHO ObI-
JIO OCYIIIECTBUTHCSI B CBsI3U C Oe3BpeMeHHON kKoH4YnHOU JleoHuma
EsrenbeBuua B ¢eBpane 2013 roma. KiroueBble MOMEHTHI ILTaHHU-
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pyemoii MoHorpaduu ObuM H3MOXKEHB B 9-M Tome «lIpoGiem
reoMeTpuu» U B kHure [1], u3nanHoit yxxe nocie cMmeptu Jleonuaa
EBrenbeBnya.

MHoroneTHsss LeneHanpasieHHas JesrenbHocTs JILE. EBTy-
IIMKA B UCCJICAOBAaHUU MHBAPUAHTHBIX CTPYKTYpP BBICLIEIO MOPSI-
Ka Ha TJIaJKUX MHOTrOOOpa3msAxX MONydHiIa MEKAyHapOIHOE IpH-
3HaHue. OH ObII yYaCTHUKOM MEXIyHApPOAHBIX MaTeMaTHUECKHX
koHTpeccoB B Llopuxe n bepnune, konpepennmii B Utamnu, ['pe-
uuu, ABctpum, Benrpuu, [lomsime, UexocnmoBakuu, FOrocnasuu,
BCEX BCECOIO3HBIX I'€OMETPUYECKUX KOH(EpEeHUHH U MaTeMaTHye-
CKUX CHE3/I0B.

Ycnemnas HaywHas gearensHocTh JIE. EBTymmka Oputa ot-
MEUYeHa Ha MEXIYHApOJHOM KOHKypce mo ciaydaro 200-netus co
nmHs poxneHuss Hukonas Meanoeuua JloGauerckoro (1992), mno
JIOCTOMHCTBY OILIGHEHa 3BaHUEeM 3aciykeHHoro mpogeccopa MI'Y
(2001), mpucyxaeaueM TpaBuTeNbcTBeHHONW [IpemMnn Amaccuia-
oca (Uranus, Pemxo-au-Kanadpus, 2009) u psiga ipyrux Harpam.

JI.E. EBrymuk (IleH3eHCKHU Teqarorndaeckuii yHuBepcurer, [1ensa)
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He menee MHOroo0pasHa Hay4HO-OpraHU3aLlMOHHAs U [ENaro-
rudeckas nearenbHocTh Jleonnna EBrenpeBuua EBTyminka: opra-
HU3aLMA 1eJIOH cepuu mepuoanveckux JIanTeBCKUX YTEHHH, MHO-
rojeTHss paboTa mpencenateneM MeToauueckold komuccuun Bce-
COI03HOM 3a04YHOM MaTeMaTHYeCKoU 1mkosbl pu MI'Y, uneHcTBO B
nmuccepranoHHbIx CoBetax mpu MI'Y u MI'TIU (apmre MIITY),
paboTa Mo COBMECTHTEIBLCTBY 3aBeNyIOIINM Kadenpoil nadopma-
THKM B TBepckoM yHHUBepcuteTe, npodeccopoM B IleHzeHCKOM
HeJarorndeckoM yHUBEPCUTETE U PodeccopoM Kadenpbl reomMeT-
puu MIIT'Y, pabora momomHrkoMm dwieHa Komurera mo oOpa3osa-
HUIO U Hayke [ocymapctBenHoil aymbl Poccum, pazHooOpasnas
MpernoiaBaTenbckas AesTeNbHOCTh M0 TEOMETPUH U MaTeMaTh4e-
CKOMY aHaJIU3y, PyKOBOACTBO aCIIMPAHTaAMU U CTaKE€paMU U T. 1.

JI.E. EBtymuk (Kanununrpan, 19.02.2008)

IIpu Bceit yBneuenHoctu Jleonuna EBreHpreBuda BbICIIEH Cy-
MIEPCOBPEMEHHON T'€OMETPUEH, 3JIEMEHTapHYI0 MaTeMaTUKy, 0CO-
OEHHO reOMETPHIO, OH OYEHB JIOOWI U CIYKHJ €i BCIO CBOIO «Ma-
TEMaTU4eCKyI0» JKu3Hb. JIFOOOBh K 3JIeMEHTapHOH reOMETpHH, 3a-
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JokeHHad B roHoro JIEHI0 EBTyIIMKa mpoCcThIM yUHuTelIeM MaTeMa-
TuKU 1WKoJael Nel roponka Ilpunyku, ocranach ¢ HUM Ha BCHO
JKU3HB.

178 Mukem, JI. E. EBrymuk, B. C. Manaxosckuii, A.T'. Ilonos
(Mocksa, MI'Y, 2009)

JI.E. EBTymuk ¢ yyactaukamu koHdepenunu (Ilensa, cenrsiops 2011)
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10. 1. leBuenko, C. E. Crenanos, O.O. benoga, JI. E. EBrymuk
(ITensa, cents16ps 2011)

[IpakTrueckn ¢ ocHoBanus (B 1964 romy) BcecorosHoit 3a04-
HOW MaTemaTHueckod mkojiel npu MIY («Majoro mexmaray)
JI.E. EBTymIMK akTUBHO NPWHUMAJ y9acTHE B €€ paboTe, MHOTO
jeT OblT mpencenaTesieM METOANYECKOM KOMHMCCHHM 3TOH IIKOJEI,
Y9acTBOBAJI B ITOATOTOBKE M MPOBEIEHUH MATEMaTHYECKHUX OJMM-
MUaJI IS TIKOJIEHUKOB, OBIT aBTOPOM IIEJIOTO PAIa METOINIECKIX
pa3paboTok (Hampumep, «3aJaHuil M0 cTepeoMeTpum»). JleoHun
EBrenpeBny akTHBHO COTPYTHHYAI C IIMPOKO HW3BECTHBIM, YHU-
KaJbHBIM B CBOEM jKaHpe KypHaioMm «KBaHT» — Hay4YHO-IIOITY-
JISIPHBIM (PH3UKO-MAaTEMATHYECKUM JKYPHAJIOM JJISl IIKOJIBHUKOB U
CTYJCHTOB, paCCUMTaHHBIM Ha MaccoBoro yuratens. Hanpumep, B
Ne4 3a 1972 rox omyOnukoBaHa ero crathsi «IIpsMble M ILUIOCKO-
CTH», B KOTOPOI OH MPOBOIUT MOAPOOHBIN pa3dop psga HecTaH-
JApTHBIX 3a7a4 10 CTEpeOMEeTpuH. Y Hero Oblia MpeKpacHas Ireo-
MeTrprudeckas WHTynnusa. OH TOHKO YyBCTBOBAJ M IEHHI H3SIIE-
CTBO ¥ OPUTHHAILHOCTH pEIICHHs TOH WM MHOW 3amayn. OH Mor
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HECKOJIBKO JHEH AyMaTh HaJ OJTHOH «3JIEeMEHTapHONY 3aJadyel uiu
«TIeperHaYNBaTh» U3BECTHYIO 3a/1a4y Ha CBOM JIa.

Pemenuto HecTaHIAPTHBIX 33134 [0 CTEPEOMETPHH ObLIA ITOCBSI-
IeHa 1 ero OoJiee YeM TPUALATHICTHSS AesATenbHOCTh (¢ 1963 ro-
na) B Llentpansaom nektopun ipua MI'Y (1oaroToBUTENBHBIE Kyp-
cbl Ha MexmaT MI'Y). OcTaiock MHOTO HECHCTEMAaTH3HPOBAHHBIX,
HO OYEeHb aKKypaTHBIX, C NPEKPacHBIMH dYepTexamu HaOpOCKOB
peLIeHUs TAKUX HETPUBUAIBHBIX 33J1a4 110 CTEPEOMETPHH.

JI.E. EBtymuk (bpno, centsiops 2012)

Jleonnna EBrenveBuua He crano 15 ¢espans 2013 roga. On
ITOXOPOHEH Ha XOBaHCKOM KiIamouine MOCKBBI PSAIOM C MOTHIION
€ro MaMsbl.

Hawm ocTanace mamsTh 0 HEM Kak O 3aMe4YaTebHOM, YBJIEKalo-
mieMcsi, 00asTEeIbHOM YeJIOBEKE, BBIAAIOMIEMCS YYEHOM U MyApOM
megarore. A ero MccieoBaHus 1Mo AuQQepeHnaTbHO-T€OMETPH-
YECKHM CTPYKTypaM BBICIIMX TOPSAIKOB, HECOMHEHHO, HaWIyT
JanbHelIIee pa3BUTHE W Pa3HOOOpa3Hble MPHUIIOKEHUS Kak B ca-
MOH MaTeMaTHKe, TaK U B TCOPETHIECCKOH (pr3uKe.
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This paper is dedicated to the outstanding geometer Leonid
Evgenievich Evtushik, who was a member of the editorial board of
the journal DGMF from 1990 to 2013.

The paper presents L.E. Evtushik’s biography and the main
stages of his scientific work. His research interests included prob-
lems of modern geometry, connection theory, the theory of diffe-
rential equations, and higher-order Lagrangians.

L.E. Evtushik taught the following courses at Moscow State
University: “Mathematical Analysis”, “Linear Algebra and Analyt-
ic Geometry”, “Geometric Structures of Analysis on Manifolds”,
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“Invariant Methods in Geometry and Analysis”, “Lagrangians and
Higher-Order Hamiltonian Systems”, “Connection Theory”, and
“Higher-Order Structures”.

L.E. Evtushik supervised 14 PhD students and authored 66 scien-
tific papers.

Keywords: differential geometry, Cartan — Laptev method, differen-
tial-geometric structures, manifold

References

1. Evtushik, L. E.: Higher-order structures. Moscow (2014). 424 p.
2. Evtushik, L. E., Malakhovsky, V.S.: German Fedorovich Laptev:
An Outstanding Geometer of the 20" Century. DGMF, 40, 7—10 (2009).

For citation: Guseva, N.I., Mikes, J.: Professor L.E. Evtushik — a
scientist and a teacher. DGMF, 57 (1), 5—27 (2026). https://doi.org/10.
5922/0321-4796-2026-57-1-1.

@ @ SUBMITTED FOR POSSIBLE OPEN ACCESS PUBLICATION UNDER THE TERMS AND CONDITIONS OF THE CREATIVE
COMMONS ATTRIBUTION (CC BY) LICENSE (HTTP://CREATIVECOMMONS.ORG/LICENSES/BY/4.0/)



YK 514.76

M.B. BaHapy!, I'. A.baHapy?
1.2 CMoneHcKuli 2ocy0apcmeeHHbIl yHusepcumem
mihail.banaru@yahoo.com
1 SPIN-kog: 1392-5918, AuthorID: 128852
2 SPIN-kog: 9011-7084, AuthorlD: 652570
doi: 10.5922/0321-4796-2026-57-1-2

O reoge3nyeckux Toukax
ynnowarowmxca 6-MepHbIX 3pMUTOBbLIX NOAMHOroo6pasumn
anrebpbl OKTaB

B nmaHHO¥ cTaThe M3y4aloTCs YIUTOLIAIOUIMECS 6-MEpHBIE 3p-
MHUTOBBI TTOAMHOT000Opa3ust anredpsl Koamm. PaccmarpuBarorcs
Te0/Ie3UUECKIe TOYKM TaKUX IMOJMHOroo0pasuii, TO €CTb TaKHe
TOYKH, B KOTOPHIX KOH(QUTYPAHMOHHBIA TEH30p ITOJMHOT000pa3ns
oOpaiaercsi B HyJIb. YCTAHOBJIEHO, YTO B T€OAE3NYECKUX TOYKAX
YILIOIIAIOIIUXCS 6-MEPHBIX SPMHUTOBBIX MOJMHOT000pa3uii anred-
PBI OKTaB OOpararoTcsl B HyJIb ¥ TeH30p Belnsa kondopmHOi kpu-
BH3HBI, U TEH30p KOHTapMOHUYECKON KPUBU3HEL.

Kniouegvie cnosa: mouTn 3pMUTOBA CTPYKTYpa, SPMUTOBA CTPYKTY-
pa, reoqe3nyecKas Touka, 6-MepHoe o gMHOrooopasue anreopsl Kamu

1. Bergaromerocst amepukanckoro MareMatnka Anbdpena I'pes
M0 MPABy CYMTAIOT OCHOBATENIEeM SPMHUTOBON I'€OMETPUH O-MEpPHBIX
noaAMHOT000pasuit anredpsl Komu. Dta Teopus, 3aloXeHHas ero
pabotamu B 60-e romasl mpomioro Beka (cMm., Hampumep, [1; 2]),
aKTHBHO pa3BUBaeTcs U ceifuac. OTMETHM, YTO B HACTOSALIEE BpPEMs
OoJipllIasi yacTh BBIXOASAIIMX PadOT CBsA3aHA C OG-MEPHBIMHU MpPU-
ONMIDKEHHO KEJIEPOBBIMH [TOJIMHOT000pa3usiMu  ainreOpbl  OKTaB.
OcobeHHO «HomyJsipHa» y TeoMeTpoB 6-MepHasi cepa, ocHalIeH-

Hocmynuna 6 peoakyuro 28.03.2026 2.
© Bbanapy M. b., banapy I'. A., 2026
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Hasi KAHOHWYECKOW MPUOIMHKEHHO KeNepoBoi CTpyKTypoid. O0pa-
TUM BHUMaHHE Ha JBE OYEHb IIyOOKHE CTaTbU O THIIEPIIOBEPXHO-
ctax cepnl S°, omybnukoBanHble B mpouwioM roy [3; 4].

HccnenoBannii 0 6-MepHBIX MMOJAMHOT000pa3uax anreOpbl OK-
TaB C IPMUTOBOH (TO €CThb HMHTErpUPYEMON MOUYTH 3PMHUTOBOI)
CTPYKTYpOU BBIXOAMUT TrOPa3fo MEHbIIE, HECMOTPSL Ha TO YTO U B
3TOH obsacTr paboTany MHOTHE W3BECTHBIE TE€OMETPHI, CPEIH KOTO-
pPBIX MBI 0c000 BBIIENUM OTedecTBeHHOro creruanucta B. ®. Ku-
PUYEHKO, TOMYUYMBILIETO B KOHIE MPOLUIOr0 BEKa psAll OYCHb 3Ha-
YUTETHHBIX PE3yHTATOB (CM., HATpuUMep, [5; 6]).

B naHHOW cTaThe MBI paccMaTpUBaeM TI€0JIE3UYECKHE TOUYKU
YIUTOIAIONUXCcsl 6-MepHBIX TogMHOT000pa3uii anredpsr Kamu. Ta-
KHe TOIMHOrooOpa3usi ObUIM BBEACHBI B paccMOTpeHHe Ooiee
30 ner nazag no uHuuuatuee B.®. Kupuuenko [7; §8]. Cnenyer
OTMETHUTh, YTO UMEHHO €My MpHUHAJJIeKaNa UIes «IepeUuMEHO-
BaTh» B I€0JIE3NYECKUE T€ TOUKH, KOTOPHIE JO PTOTO HA3BIBAIHNCH
TOYKAMH YIUIOIIEHUS (MHAUYe TEPMUH «YIUIOUIAFOIIUNACSY YIIO-
TpeOisicss Obl, HalpuMep, B Ha3BaHWUU JaHHOM 3aMETKH B JIBYX
Pa3HBIX CMBICIIAX).

2. HartomanMm (cM.: [1]), 9TO TOYTH 3pMUTOBOI CTPYKTYpOH Ha
MHOroo6pasun  M2"™  ueTHOH pa3MEpPHOCTH Ha3bIBA€TCSA Mapa
{/,g = (--)}, rne J — mouTn KOMIUIEKCHAs CTPYKTYpa, a g = (+,*) —
puMaHoBa Metpuka. [Ipu atoM J 1 g = (-,*) JOJKHBI OBITH COTJIa-
COBaHBI YCIOBUEM

JX,JY) =(X,Y),X,Y € R(M?*™),

rae R(M?™) — Momynb rIaJKUX BEKTOPHBIX MOJIEH Ha paccMaTpH-
BaeMoM MHOroo6paszuu M2"™. MHoroo6pasue ¢ 3aJaHHOH Ha HeM
HOYTH 3PMUTOBOM CTPYKTYpOH HasblBaeTCs noumu spmumosvim. C
KaX/I0# TI0YTH SPMHUTOBOM CTpYKTYpoit {/,g = (-,')} Ha MHOr006-
pasun M2™ cps3aHa Tak HasbiBaeMas (yHaaMeHTanbHas (opma,
KOTOpast OIPE/IeNIACTCS PABEHCTBOM

F(X,Y) =(X,JY), X,Y € R(M?>*"),
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WHTerpupyemMasi mouTH SPMUTOBA CTPYKTypa HA3bIBAETCS 9p-
Mumoeoti; B TaKOM cityudae ee TeH3op Helienxeiica

1
NX,Y) = ZUZ[X. Y1+ X, JY] = JUX, Y] = JIX,JY])
oOpataeTcs B HyJb; K€IEPOBY CTPYKTYPY ONPEAETSeT PAaBEHCTBO
VF = 0.

JlaBHO M3BECTHO, YTO TaK HA3bIBAEMbIE 3-BEKTOPHBIE MTPOU3BE-
nenns B anre6pe okraB O = R® mopoxnaror Ha BesikoM 6-MepHOM
OPHMEHTHPYEMOM TIOAMHOrooOpasun M® € O moutu >pMHTOBY
CTpyKTypy. COOTBETCTBYIOMIAs KOHCTPYKIIHMS MPUBOIUTCS B Jie-
CATKax CTaTei; ee KpaTkoe M TIpPU ITOM aKKypaTHOE M CTpOroe
OmHMCcaHue comepikar cTaTthbh [2] u [5], a 6osee moapoOHOE HU3I0kKe-
HHE MOXXHO HaWTH B [7] umu [9].

B pabore [5] B.®. Kupnuenko momy4uia CTpyKTypHBIE ypaB-
HEHUS TIOYTH SPMHUTOBOW CTPYKTYphl Ha 6-MEPHOM OpPHEHTHUpYE-
MOM TIOJMHOT000pa3uu anredpsl OKTaB (B pernepe, aganTHpOBaH-
HOM IIOYTH 3PMHUTOBOH CTPYKTYype):

1
do® = 0 A w? + —&*"Dy w° A wy, +
V2
1 ah[bp cl
+ﬁs Dy  wy N wg;

dwg, = —wl Awy, +—= sath we A w? + )

N

+ —sah[thC]wb A wS;

V2
dw? = wd A 0§, — Sthh kDY) +ZTa[k i w* A w/,

rie yepes {w*} 0603HaUEHBI KOMIOHEHTHI (JOPM CMEIEHHS, Yepes
k o
{wj} — xomnoHenTbI hopM pUMaHOBOIA CBSI3HOCTH.
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3xech U nanee
©=178;, ab,cd g h = 1,23;
d=a+3; k,j=1,27345,6.
Kak B [6]u [7], w, = w?. [Ipu aTOM
Eabc = £ahes €
— KOMIIOHEHTHI TeH30pa KpoHekepa nopsiaka Tpu;
Spy = 658 — 8361
— KPOHEKepOBa JIENIbTa BTOPOTO MOPSIKA;
D" = Dge, Dp° =Dpe, D"c = Dy
D¢j = TS +iT;, Dej = FTE, —iT],

éj’
rae {T,g.} — KOMIIOHEHTH! KOH(HUTYpaIlioHHOTO TeH3o0pa (B Tep-

MUHOJIOTHH ['pest), Wi BTOpOit OCHOBHO# (pOPMBI TOTPYKEHHS MO~
MHOroo6pasus M® c O (cm.: [7]). 6-MepHOe HOIMHOrooOpasue
M® c O nasbiBaercs ymiomarommmcs (planar, uxoraa flattening),
€CII OHO COJEPXHTCS B runepriiockoctd anreopel Kamm. Oxasza-
JIOCh, YTO K YHCIY YIUIOIIAIONINXCS OTHOCSTCS BCE O-MEpHBIE Ke-
JIEpOBHI MOAMHOT000pa3usi alre0pbl OKTaB, KOTOpPbIE MOJTHOCTBHIO
knaccupunuposansl B. @. Kupuuenko [5]. Ilpu 3ToM Hy)XHO 0051-
3aTeIbHO OTMETUTH, YTO M3BECTHBI MPUMEPHI 6-MEPHBIX YIUIOIIA-
IOMMXCST TTOAMHOT000pa3uidl anredpsl Konm ¢ modtu spMUTOBOM
CTPYKTYpOH, OTIIMYHOHU OT KenepoBoit [9—11].

Touka p € M® naswiBaeTcs reomesudeckoii (cm.: [7; 8]), ecu
BCE KOMITOHEHTHI KOH(PHUTYPAIIIOHHOTO TEH30pa B ATON TOYKE paB-
Hbl Hymo. OKa3anock, YTO B T€0AE€3MUECKUX TOUKAX M TOJBKO B
HUX 00pamaroTcs B HyJb TooMopdHas CEKIMOHHAS U ToIoMOpGh-
Has OHMCEeKIMOHHAS KPWUBU3HBI JPMHUTOBA TIOAMHOT000pa3us
M® c 0 [8;9].

Vike NaBHO CTPYKTypHble ypaBHeHHUsS (1) MOYTH 3PMHUTOBOH
CTPYKTYpBl Ha 6-MEPHOM OPHEHTHPYEMOM IOIAMHOI000pa3uu ai-
reOpsl Konmu netanm3upoBaHbl IMEHHO AJISL SPMHTOBOW CTPYKTYPHI
Ha yromatormemes M6 c O [8]:
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dw?®

1
0l A w? + ﬁgathhcwc A wp;

1
dw, = —w? Aw, + \/—EsathwaC A wP; (2)

dwi = 0w A wj, — %S%thDgc + Z TSI |we A wb.
¢

Ha ocHoBe ypaBHeHHW# (2) MONydeHBI CHEKTPHl Ba)KHEHIINX
TEH30POB YIUIOIIAOIINXCS 6-MEPHBIX I)PMHUTOBBIX MOJMHOT000pa-
3uii anreOpsl Konmm — TeH30pa prMaHOBOW KPHWBH3HBI, TEH30pa
Puaun, Tenzopa Beitnsa kondopmHON KpUBU3HE (cM.: [12]), a Tak-
K€ TeH30pa KOHrapMOHUYECKON KpuBU3HEI (cM.: [13]). Hamomuum,
9TO TeH30pbI Beitns koHpopMHOH KpuBH3HEL W 1 TEH30p KOHTap-
MOHHUYECKOW KpUBH3HBI Ch ONpenessifoTcsl CIEAYIONIUMH PaBeH-
CTBaMH:

1 . .
Wijki = Riji + m(rwikgjl + ricigik —
—ricpgjk — Ticirgu) +

K
Y aDm-2) Gjk9i — 9jGir)

1
Chijki = Ryji - Z(ncjlgik + ricpgj —
—Ticigu — Ticugji)-
31ech N — pa3MEepHOCTH MHOTOOOpasus, R — TEeH30p pUMaHO-
BOU KpUBHU3HBI, Tic — TeH30p Pudun, K — ckanspHas KpUBHU3HA.

Tenzopsr W u Ch o0mamaroT BceMH KIACCHYECKUMHU CBOHCTBAMHU,
KOTOpBIE IPUCYIIN TEH30PY PUMaHOBON KPUBHU3HBI (cM.: [14]).

3. Hamu 11051y 9€eHBI CIIEYIONINE PE3YIIbTAThI, CBSI3aHHbIE C €0~
NIE3NYECKMMU TOYKAMH yIUIOIIAKOMIETOCS SPMUTOBA TIOJMHOT000-
pasus M® c 0.
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Teopema 1. Tensop Beiins KoHOPpMHOU KpUBU3HBL 6 2€00e3U-
YecKUX mouKkax yniowaoujecocsa 6-mepHo2o 3pMumosa n0OMHO20-
0bpasus aneebpwvl Kanu obpawaemcs 8 Hymo.

Teopema 2. Tenzop KOH2APMOHUUECKOU KPUBUZHBL 8 2e00e3U-
YeCKUX MOUKax YNI0wanouezocs 6-meprHo2o 3pMumosa nOOMHO20-
obpazus aneebpvl Ksnu obpawaemces 6 Hyiub.

Teopema 3. Obpawenue 6 Hy1b CKATAPHOU KPUBU3HBL 8 HEKO-
MOpOol MouKe YNiowarue2ocs 6-MepHo20 IPMUMOBA NOOMHO20-
obpazus aneedpwvr Kanu eneuem 3a coboil oopawenue 6 5mou mou-
Ke 8 Hylb meH30pa Beiinsi KonghopMHOU KpUBU3HBL U MEH30PA KOH-
2aPMOHUYECKOU KDUBUSHDL.

CriemoBaTeNIbHO, YIUIOMIAIOIIEECS IPMUTOBO TTOJIMHOTO00pasme
M® c 0, cocrosiee TOIBKO M3 TEOE3MYECKUX TOYEK, Oyner u
KOH(QOPMHO, U KOHIAPMOHHYECKH IJIOCKUM; 3PMHTOBA CTPYKTYpa
Ha TaKOM MHOT000pa3uu HEW30eKHO OKaxeTcs: KenepoBod. M ko-
HEYHO, 00paTHM BHHUMaHHE Ha TOT (aKT, 4YTO U3 TeopeM | u 2 BO-
BCE HE cleyeT, uto TeH3opbl W u Ch obOpariatorcsi B HyJb TOJIBKO
B T€0JIE3UYECKUX TOUYKaX (Kak roioMopdHasi CEKIMOHHAS U TOJIOo-
MopdHas OMCEKIMOHHAsI KPUBU3HBI TAKUX TIOAMHOT000pa3nii).

WHTepecHBIMU 3a1a4aMU, CBSA3aHHBIMH C T€0JIE3NYECKUMH TOY-
KaM{ YIUTOINAOIINXCS DPMHUTOBBIX TOAMHOTOOOPa3Hil anreOpbl
OKTaB, MPEJICTABIISIOTCS CIIEAYIOIINE:

1) Kak BIMSAIOT TaKHe TOYKH HA MOYTH KOHTAKTHYIO METpHUe-
CKYIO CTPYKTYpy (HampuMmep, Ha KaKyro-TH00 U3 BaKHBIX U XOPO-
IO W3YyYEHHBIX CTPYKTYD, TAKMX KaK KOCHMILIEKTHYECKas, Ci1ado
KOCUMILIEKTHYECKasl, cacakueBa W T.11.), HHAYIUPYEMYIO Ha TH-
MEPIOBEPXHOCTH YIUIOMIAIOIIETOCS 3PMHUTOBA ITOJAMHOI000pa3us
M c 0;

2) HaCKOJIBKO HAJIMYUE Te0e3NUECKIX TOUYEK B YIUIOIAIOIIEM-
csi 6-MEpPHOM 3PMHUTOBOM TOJAMHOT000pa3uy anreOpbl OKTaB IpH-
OJIMDKaeT CBOMCTBA TAaKOTO ITOJMHOTO00paswsi K CBOWCTBaM Kelle-
poBbIx M® C 0, KOTOpblE MOJHOCTBIO MPOKIACCU(DHIUPOBAHBI H
W3y4YeHBI IETaIbHO?

Jns npoaBukeHMs B peLIEHUMM IEpBOM 3aJauyM, OYEBUJIHO,
MOJKHO HUCTIONIB30BaTh YIIOMSHYTHIE B Hauayie Hamleil 3aMeTKH HO-
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BbIe paboTsl [3] u [4], a Takxke ctateu [10; 11; 15—17]. dus pe-
LICHUS] BTOPOH 3aJaud HaMH, Ka3aloch Obl, HAKOIJICHO HeMajo
MaTepuaiga — 3a 25 jer omyOumkoBaHo 6omnee 20 paboT 00 yruio-
MIAFOINUXCS O-MEpPHBIX SPMHUTOBBIX MOJIMHOT000pa3uAX anreopsl
Konu. Ecnu coBceM KpaTKO MOJBITOXKHUTH YXKE€ IOJYYEHHBIE pe-
3yNbTaThl 00 YIUIOMAIOMIKMXCS DPMHUTOBBIX MOJMHOTO00pa3UsIX
M® c 0, To MOXKHO CKa3aTh, 4TO BCE MX CBOICTBA B TOI WM MHON
CTETIeHN OJTM3KH CBOWCTBAM KEJIEPOBBIX MOIMHOT000pasuii anreo-
pbl okTaB. OfHAKO BCE IMOMBITKH TONXYYUTh PE3YJbTaThl, CBS3aH-
HBIE C KJaccu(uKanueld Takux MOJAMHOT000pa3nii, K JAHHOMY MO-
MEHTY OKa3alliCh HE CTOJNb YCIENIHBIMH, KakK JOCTIKEHUS
B. ®. Kupuuenko s 6-MEpHBIX KEJIEPOBBIX MOAMHOr000pa3uit
anreOpsl OKTaB B [5].
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On geodesic points
of six-dimensional planar Hermitian submanifolds of Cayley algebra
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In this short note, we study six-dimensional planar submani-
folds of Cayley algebra on which the so-called Brown — Gray
three-fold vector cross products in the octave algebra induce a
Hermitian structure. Such submanifolds of the octave algebra were
introduced into consideration by the Russian geometer V.F. Kiri-
chenko in the 90s of the last century. In such six-dimensional pla-
nar Hermitian submanifolds, we consider geodesic points, that is,
points at which the configuration tensor of the submanifold va-
nishes. We establish that at geodesic points of six-dimensional pla-
nar Hermitian submanifolds of the octave algebra, both the Weyl
tensor of conformal curvature and the conharmonic curvature ten-
sor vanish. We also establish that the vanishing of the scalar cur-
vature of a six-dimensional planar submanifold of Cayley algebra
implies the vanishing of both the Weyl tensor of conformal curva-
ture and the conharmonic curvature tensor.

Two problems related to geodesic points of six-dimensional
planar submanifolds of the octave algebra are formulated. Solu-
tions, or significant advances in solving of these problems, appear
entirely possible.

Keywords: almost Hermitian structure, Hermitian structure, geodesic
point, six-dimensional submanifold of Cayley algebra
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Flag manifolds without one codimensional strata

In this paper, we propose a classification of finite-dimensional
real Lie algebras that admit subalgebras of codimension two, but
no subalgebra of codimension one, which leads to a description of
homogeneous spaces without isotropy subgroups of codimension
one. This study expands upon the existing body of research on co-
dimension-one subalgebras, aiming to extend the analysis to a new
setting. The result of this expansion is a comprehensive description
of the relevant families. It is demonstrated that a such Lie algebra
g contains an ideal u, containing the radical of g, such that g/u be-
longs to a list £, consisting of one compact and two non compact
Lie algebras.

Keywords: homogeneous spaces, Lie algebras, codimension two su-
balgebras, simple Lie algebras, compact real forms

1. Introduction

Homogeneous geometries G/H with minimal isotropy H of
codimension 2 are considered via the study of real Lie algebras
containing a subalgebra of codimension two. Indeed, in the study
of Lie groups and their actions on manifolds, understanding the
structure of subalgebras of small codimension in their Lie algebras
plays a central role. The case of Lie algebras admitting 1-codimen-
sional subalgebras has been comprehensively investigated and is
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well understood (see, e.g., Hofmann [5]). The latter’s applications
range from the classification of transitive group actions with 1-di-
mensional orbits to the analysis of boundaries of certain topolo-
gical semigroups. Recently, there has been a renewed interest in
the lattice structure of subalgebras of simple Lie algebras [1—3],
motivated by applications in representation theory, geometry, and
mathematical physics. This has led to a more detailed classification
of subalgebras with specific codimensions, inspiring the present
study focused on Lie algebras admitting subalgebras of codimen-
sion two but not of codimension one.

Building on previous work on the classification of Lie algebras
by subalgebra codimension, we focus on the real finite-dimensio-
nal case where subalgebras of codimension 2 exist, while none of
codimension 1 do. We provide a detailed analysis and classifica-
tion of such Lie algebras, highlighting the algebraic constraints im-
posed by the absence of codimension one subalgebras, and des-
cribing the possible structures that arise in this intermediate setting.
This study fills a gap in the literature between the classical codi-
mension-one case and the broader theory of maximal subalgebras:
whereas Hofmann’s Theorem 1 [5, p. 638] establishes that if a real
Lie algebra g has a subalgebra ) of codimension 1, then either b is
an ideal of g, or h contains an ideal i of g such that g/i is iso-
morphic to the 2-dimensional non-abelian Lie algebra, we show
(Theorem 3.2) that if g admits a subalgebra of codimension 2 but
none of codimension 1, then it contains an ideal u, containing the
radical of g and lying inside the given subalgebra, such that g/u
belongs to the list £ = {su(2), sI(2, C)®, sI(3, R)}. This work con-
sists essentially of two sections, in addition to this introduction. In
Section 2 we recall some definitions and results to provide auto-
nomy and self-consistency to the present work, since the state-
ments referenced in this section will be used throughout the proofs
of our new results in Section 3. In the latter, we present interme-
diate results, as well as the complete family of Lie algebras under
consideration, culminating in the main theorem of this work.
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The results obtained in this study contribute to a deeper un-
derstanding of the lattice of subalgebras in low codimension, with
potential applications in geometry and representation theory.

2. Preliminaries

Let g be a Lie algebra over R. We denote by g® the comple-
xification of g, that is, g*: = ¢ @ C. The complexification is ob-
tained by extending the scalar field from R to C, resulting in a
complex vector space endowed with the naturally extended Lie
bracket.

Now, let g be a Lie algebra over C. A real form of a complex
Lie algebra g is a real Lie subalgebra gy < g such that

3=80Digo
as a direct sum of real vector spaces. Here, the realification g® is
defined by considering the same underlying vector space of g but
viewed as a vector space over R, with the Lie bracket extended by
R-bilinearity. In other words, g® is the Lie algebra over R obtained
by forgetting the complex scalar multiplication on g.

Notice that the real dimension of g® is twice the complex
dimension of g, that is,

dimg (¢*) = 2dimc(g).

Moreover, it is useful for this work to recall this result (as a
reference, see, for example, [8]).

Theorem 2.1 [8, Theorem 1, p. 9]. Let g be a real Lie algebra.
q is abelian (resp. nilpotent, solvable, semisimple) if and only if g©
is.

Furthermore, we also have the following.

Theorem 2.2. g€ is simple if and only if either g is simple, or g
is isomorphic to s @ s, where s and s are simple complex Lie al-
gebras that are conjugate to each other.

Proof: See [8, discursive remark following Theorem 9, p. 9].
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In this work, as well as in all the references we will cite and/or
refer to, a finite-dimensional Lie algebra g over R is said to be
compact if there exists a positive definite scalar product on g which
is invariant under the adjoint representation. Any subalgebra of a
compact Lie algebra is itself compact.

Proposition 2.1 [7, Proposition 1.3, p. 131]. The Killing form
of a compact Lie algebra is nonpositive definite. Moreover, a real
Lie algebra is semisimple and compact if and only if its Killing
form is negative definite.

The following result states a sufficient condition for a complex
Lie algebra to admit a compact real form.

Theorem 2.3 [6, Theorem 6.11, p. 353]. If g is a complex semi-
simple Lie algebra, then g has a real compact form g.

After briefly summarising the necessary definitions and
recalling some results on real forms and compact Lie algebras,
what remains is to state a lemma from the 1965 work of K. H. Hof-
mann. This result will be invoked to prove certain statements in the
next section.

Lemma 2.2 [5, Lemma 1]. If g is a n-dimensional real com-
pact simple Lie algebra, containing a d-codimensional subalgebra

h+0, thennS@.

3. Main Results

In this section we present the new results of this work, pro-
viding a complete list of Lie algebras that admit a subalgebra of co-
dimension 2 but no subalgebra of codimension 1. Furthermore, the
final theorem describes the precise structure of such Lie algebras.
Throughout the paper, when writing dim without a subscript, the
underlying field will be clear from the context. When the field
needs to be specified, we shall write dimp, where F denotes the
field over which the dimension is taken.

Lemma 3.1. If g is a n-dimensional real simple Lie algebra,
containing a 2-codimensional subalgebra ) # 0, then n < 10.
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Proof. If g is compact, there is nothing more to prove, as
Lemma 2.2 ensures that n < 3. If g is not compact, then two cases
arise.

* Case 1: g is not a realification of a complex Lie algebra. Then
by Theorem 2.2, g is simple, and then semisimple. Hence, by
Theorem 2.3 there exists a real compact form, namely g.. This real
compact form is also simple (see point b) of Theorem 3.1) and
dimg, = n. Let us now consider h¢ and the subalgebra £: = h¢ N g,.
We first note that f is a proper subalgebra of g.. Indeed, if this
were not the case, i.e., if ¢ N g, = g, then it would follow that
ac € HC. This would imply that g, is the complex vector space ge-
nerated by its compact real form, which is the whole gC. However,
this leads to a contradiction due to dimension considerations. The
dimension of f is given by

dimf = dimp® + dimg, — dim(p® +g.) = 2n—4) +n —¢,
where
n: = dimg, = dimg,
and
t:= dim(p® + g.) = max{2n — 4,n}.

Thus, if n > 4, then dimt < n — 4, and again by Lemma 2.2,
we obtain

_ . 4.5
dimg = dimg, < — = 10.

* Case 2: g is the realification of a complex Lie algebra ®, that
is g = GR, with dim¢® = n. Clearly, since g is simple, it follows
that ® is also simple. Hence, ® is semisimple and, by Theorem 2.3,
it contains a compact real form, which we denote by &, (so that
®¢ = ®). Hence we have dimg®, = n, whereas dimgh = 2n — 2,
and dimgg = 2dim¢® = 2n. Let now T =phnN G,. Similarly to
what was done in Case 1, one can show that f is a proper
subalgebra of ®.. Indeed, if by contradiction we assume that
t = G, then it would follow that ®, € . Considering these vector
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spaces over C, this would imply ® S €, which is impossible since
dimgh = 2n — 2, so dimch® = n — 1, whereas dim¢® = n. Pro-
ceeding with similar arguments as above and applying again Lem-
ma 2.2, we conclude that dimgg < 6.

The following result gives, up to isomorphism, the complete
list of real simple Lie algebras.

Theorem 3.1 [6, Theorem 6.105, p. 421]. Up to isomorphism,
every simple real Lie algebra is contained in the following list, and
every Lie algebra in the list is simple:

(a) The Lie algebra g®, where g is a complex simple Lie
algebra of type A, forn > 1, B, forn = 2, C,, for n = 3, D,, for
n =4, Eg, E;, Eg, Fy, or G,.

(b) The compact real form of any g as in (a).

(c) The following classical matrix Lie algebras:

su(p, q)withp = q > Oandp + q > 2,
with p>¢q >0, p+gqoddandp+q=5,
so(p, q) {or withp = q >0, p+qevenandp +q =8,
sp(p,q) withp = q > Oandp +q =3,
sp(n, R) withn > 3,
s0*(2n) withn > 4,
sl(n, R) with n > 3,
sl(n, H) with n > 2.

(d) The 12 exceptional, non-complex, non-compact, simple Lie
algebras listed in Figures 6.2 and 6.3 of [6].
The only isomorphism among Lie algebras in the list above is
s0™(8) = s0(6,2).
Recalling that
dimsu(p,q) = (p+q)?>—1, with p>q >0,
+p+q-1)
2
dimsp(p,q) = (p + q)(2p + 2q + 1), with p =2 ¢ >0,

dim so(p, q) = , with p>¢q >0,
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dim sp(n, R) = n(2n + 1), with n >3,
dim s0*(2n) = n(2n — 1), with n = 4,
dim sl(n,R) = n? — 1, with n > 3,
dim sl(n, H) = 4n?% — 1, with n > 2,

we deduce that, given Lemma 3.1, the Lie algebras that may arise
in our investigation are precisely those appearing in Table.

List of simple real Lie algebras of dimension less than or equal to 10,
relevant for our analysis. Isomorphisms are indicated

when applicable
Lie Algebra Dimension Isomorphisms

su(2) 3 sp(1) = s0(3)

su(3) 8 —

s0(5) 10 sp(2)
sl(2, O® 6 s0(3,1)
su(2,1) 8 -
s0(3,2) 10 —
s0(4,1) 10 —
sl(2,R) 3 -
sl(3,R) 8 -

Lemma 3.2. If the real simple Lie algebra g contains a 2-codi-
mensional subalgebra by # 0, but does not contain any 1-codimen-
sional subalgebra, then it is isomorphic to one of the list

L = {su(2),sl(2, O)R,sI(3, R)}.

Proof. If g is compact, then by Lemma 2.2 it has dimension 3,
hence it must be isomorphic to su(2). It is well known that su(2)
is isomorphic to the 3-dimensional Lie algebra on R3 with Lie
bracket given by the vector cross product. Since the cross product
of two nonzero vectors in R3 is always orthogonal to the plane
spanned by those vectors, it follows that su(2) cannot have a su-
balgebra of codimension 1. Indeed, the product of any two inde-
pendent vectors yields a third vector independent of the first two,
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preventing the existence of a 2-dimensional subalgebra. Moreover,
for dimensional reasons, we must also exclude in the compact case
both su(3) and so(5) from Table.

From now on, let us assume that g is not compact. The Lie
algebra sl(2, C)®, which is isomorphic to s0(3,1), appears in our
list L by [4] (see Sections 6 and 7). In particular, the authors
construct in Section 6 a 4-dimensional Borel subalgebra of
s0(3,1), and prove in Section 7 that no 5-dimensional subalgebras
exist.

The Lie algebra su(2,1) does not belong to £, as it admits
neither subalgebras of codimension 1 nor subalgebras of codimen-
sion 2 (see [3]).

Regarding the Lie algebra s0(3,2), the authors in [1] proved
that its maximal subalgebras fall into three categories: maximal
parabolic subalgebras, the reducible subalgebra so(4), and a simple
irreducible subalgebra sI3(C) defined by the natural action on
§$4(C?). However, none of the subalgebras listed in their work has
dimension 8 or 9. Therefore, s0(3,2) does not belong to the family
L.

We now prove that so(4,1) € L by showing that it does not
possess any subalgebras of codimension 1 or codimension 2.

Suppose b € s0(4,1) is a subalgebra with dimp = t, where
t € {8,9}. Consider the subalgebra

m= {(‘3 g) A € 50(4)}.

Recall here that the matrices in s0(4,1) are of the form
(ve o)
Yt o/
with X € so(4). Obviously, m = so(4), so m is compact and
dimm = 6. Then, by Lemma 2.2, m contains neither subalgebras
of codimension 1 nor codimension 2. If m €}, then for every
A € s0(4) and every
X Y
(Yt 0) € b
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with Y # 0, we have

A 0\ (X Y\_/(lAX] AY)
[(0 0)’(Yt 0)] B (—YtA 0 €D
which would imply that § = so(4,1), a contradiction.

The Lie algebra sl(2, R) is not included in the family £ be-
cause it contains a subalgebra of codimension 1, for example

620G o)

Finally, the Lie algebra sl(3, R) belongs to the family £ since,
according to [2, Theorem 20, p. 18]: it has subalgebras of dimen-
sion 6 but no subalgebras of dimension 7.

We are now in a position to prove the main theorem of this
work.

Theorem 3.2. If'Y +# 0 has codimension two in g and there is
no subalgebra t of codimension one in g, then g has an ideal u,
contained in V), such that g/u is isomorphic to one of the list L.
Moreover, u contains the radical t of g.

Proof- By contradiction, let g be a counterexample of minimal
dimension. First, observe that h cannot contain any non-zero ideal
v of g, for otherwise the quotient g/v would yield a countere-
xample of smaller dimension. In particular, g cannot have a one-
dimensional ideal u, since in that case b + u would be a subalgebra
of g of codimension one.

Note that g must be perfect; otherwise, any codimension-1 su-
balgebra of the abelian quotient g/g" would correspond to a codi-
mension-1 subalgebra of g. However, by Lemma 3.2, g is not
simple. Moreover, g is not semisimple. Indeed, if

=95, P ..P s,
is semisimple (with s; simple and s > 1), then each g; is not con-
tained in b, admits no subalgebra of codimension 1, and h N s; has
codimension 2 in g;, since g =P+ s;. Hence, 5; € L. Now we
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show that one of the ideals g; is contained in b, leading to a contra-
diction. Indeed, let

By = {X11, s Xt,15 X125 s Xey25 s Xasy s Xegss Vio -ees Vas )

be a basis of b such that, for each j, the set {x}, ..., xtjj} is a basis

of h Ns;. Write y; = y11 + ... + ¥ with y;; € 5. Then, for any
Xij € h N s;, we have

[V xi] = [y1j,xi5] €H N

There exists at least one index j such that y,; € b; otherwise y,;
would be a linear combination of the vectors in
{x11, e Xp 15 X125 s Xy23 -5 Xig ...,xtss}, which is impossible.
But then (y;;) + (b Ns;) would be a subalgebra of s; of codi-
mension one, contradicting s; € L. In particular, the nilradical n of
g is nonzero. Setting v = h Nn, we have g = + 1, and hence v
has codimension 2 in 1.

Let v # 0. If v is maximal in n, then it is an ideal of the
nilpotent algebra n, and hence also an ideal of g = § + n, which is
impossible since v € §. Therefore there exists v < u £ n, and
again ¢ = b + u. Since v is maximal in u, it is an ideal of u, and
thus also of g = § + u, which is again a contradiction. Thus v = 0,
and g = b x n with dimn = 2. Hence n is abelian and ) = g/n is
reductive. Moreover, since g is perfect and g = § x n, the subal-
gebra b is perfect as well, and thus semisimple. At least one simple
component s; of h must act non-trivially on the 2-dimensional abe-
lian ideal n, which forces s; = sl,. But sl, contains the 1-codimen-
sional subalgebra of traceless triangular matrices; hence b contains
a 1-codimensional subalgebra w, and g contains the 1-codimensio-
nal subalgebra w X n — a final contradiction.

Finally, to prove that the ideal u contains the radical r of g, it
suffices to observe that g/u is simple; therefore the solvable ideal
(r + u) /u must vanish.
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B nanHO# pabote mpemnaraercs kiaccuuKaiys KOHEYHO-
MEpPHBIX BEIIECTBCHHBIX anreOp JIu, MOMyCKAaIoMMX MMomaireOpsl
KOpPa3MEPHOCTH JBa, HO HE JOMYCKAIOIIHMX MOAaIredp KopasMepHo-
CTH OIWH, YTO TPUBOAWT K OIMCAHUIO ONHOPOJHBIX MPOCTPAHCTB
0€3 M30TPOIHBIX MOArPYII KOPa3MEepHOCTH oauH. JlaHHOe Hccie-
JIOBaHUE PACIIUPSET CYIIESCTBYIOUIYIO OCHOBY HCCIICIOBAHUHN ITO-
Janredp KOpasMEepHOCTU OJUH, CTPEMSCH PaclIpOCTPAHUTh aHAN3
Ha HOBYIO 00JIacTh. Pe3ymbTaToM 3TOTO pacmipeHus sSBISIETCS UC-
YEpIbIBAIOIEE OMKMCAHUE COOTBETCTBYHIOIIMX cemeicTB. [lokaza-
HO, 4TO Takas anredpa Jlu g comepKuT uaean u, coaepkamuni pa-
JIUKAJT alnreOphl ¢ TaKOH, 4TO /U MPUHAIIEKUT CIUCKY L, COCTO-
SIMEMY U3 OJHOH KOMIIAKTHOM U ABYX HEKOMITAKTHBIX anreop Ju.
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O nocTpoeHnn BTOpOI OCHOBHOM (hOPMbI MOBEPXHOCTH
NOYTU OFPAHUYEHHOTO UCKPUBNEHUA
NONOXMTENbHON KPUBU3HDI

B cratbe npeanaraercst ciocod MoCTpOEHHs: BTOPOi OCHOBHOM
¢opMBbI TIOBepXHOCTH Kiacca C! monoxkutensHol kpuBu3HbL Mc-
MIOJIb3YETCS BEPOSITHOCTHBIN MOAXOJ K ATOH 3ajgaue, naeTcs MOHs-
THE BTOPOH MPOM3BOHOI MTO BIOJIE HarpaBieHUst OpOYHOBCKOTO
JIBIKCHHUSL.

Kntouesvle cnosa: rnaBHasi IOBEPXHOCTh MOYTH OIPaHHYESHHOTO HC-
KPHBIICHHS, rayccoBa KpUBH3HA, BTOpas pou3BoaHas Uto mo Hampasie-
HUIO OPOYHOBCKOTO JIBIDKEHHS, BTOpas (popMa IOBEPXHOCTH

1. IIpeaBapuTesibHbIE CBEAEHUSA

[ycTh S — MOBEPXHOCTH MOJOKUTENBHONW KPHBHU3HBI KJacca
C! B poctpanctse E3.

Onpenenenne 0.1. IToBepxHocTh Kacca C1 Mbl OyeM Hazbl-
BATh NOGEPXHOCMbBIO NOYMU 02PAHUYCHHO20 UCKPUGTEHUSL.

BBenem crenyromue 0003HauEHHs: apaMETPU3aIKs MOBEPX-
noctu 7 = 7(x1,x2); 7 — HOpManb K HoBepXHOCTU S; D — 06-
nacth u3menenus napamerpos (x1,x2); B, (B}, B?) — xaHoHHue-
ckoe OpoyHOBCKOe nBmxkeHue Ha D. He orpanwdmBas oOIIHOCTH,

Hocmynuna 6 peoakyuro 26.12.2025 2.
© Kmumentos /1. C., 2026
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OyZeM cuuTaTh, YTO BTOpasi OCHOBHAsS (hopMa MOBEPXHOCTH S TIPH-
BeJIeHa K N30 TEPMUIECKOMY BHILY:

I = u((dxY)? + (dx?)?).

[lpuBemeM HEKOTOpBIC MOHATHUS U3 TCOPHUM MEPbl U TEOPUHU
CIly4allHbIX IIPOLIECCOB.

Onpenenenne 1.1. g-norem (c-ancebpoii) Hal MHOXKECTBOM ()
OyseM Ha3bIBaTh CEMEHCTBO MHOXECTB, 3aMKHYTOE OTHOCHUTEIHHO
omepauuii N u U, comepskaiiee MuHOkecTBa @ 1 Q (cMm.: [2, c. 145]).
MunumaneHoe o-none Haj T, comepkamiee Bce OTKpbIThie B T
MHOJKECTBa, HA3bIBACTCA 0OOpenescKuM O-noiem W 0003HAYAETCS
B(T).

3ameuanue 1.1. Ilpu onpederenuu 6openesckoeo G-nojsi Mol
ucnoavzosanu npocmparcmeo T, a ne (), nomomy umo na T yorce
3a0aHa monoocust (MoNnoI02us, NOPONCOEHHAST MEMPUKOLL), a Ha
() makou cmpykmypsl mul He 3adanu. Oouaxo ecau cyumamo {2
MONONI02UYECKUM NPOCMPAHCHBOM, MO OnpedeneHue OopeiescKo-
20 O-N0JI8 MOJICHO POpMYAUposams u 015 He2o. B danvHetiuem mol
OyO0em UCnoONb308amb NOHAMUS KAK MHOMCECmed, max u npocm-
pancmea ). Taxas mepmunonocus obycrosiena mpaouyuei 8
meopuu CyYatiHblX NPOYeccos.

Omnpenenenune 1.2. MuoxectBo () BMecte ¢ o-noneMm F Han
HUM HAa30BEM UzMepumbim npocmparcmeom [2, c. 145].

Paccmorpum Temeps m3Mepumoe mpoctpancTBo (2, F, P) ¢
o-nonem F, Mepoil P 1 HEKOTOPBIM NIPOCTPAHCTBOM (1.

Onpenenenne 1.3. Mepy P Oynem Ha3bIBaTh G-a00umueHoU
[2, c. 145], ecnu mnsg He Oojee YeM CYETHOTO HAOOpa MHOXKECTB,
MOTIAPHO He Tepecekatommxcs mojuem A,, n € N, umeer mecto pa-
BerctBo P(U,, 4,) = X, P(4,).

Onpenenenne 1.4. Jlo0yio o-anautuBHyl0 Mepy P Ha mpo-
ctpanctBe ({1, F) mMbl OyeM Ha3bIBATh 8ePOAMHOCMHOL MepOoU Ha
Q, ecu P(Q) = 1, a tpoiiky (Q, F, P) — seposmuocmmuvim npo-
cmpancmeom. MHoxecTBa U3 F OyaeM HasblBaTh coObimusmu [2,
c. 145].
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Jlanum Tenepsb omnpeseseHre cayqaiHoro mpoiecca.

[Tycts (Q, F, P) — BeposaTHOCTHOE MPOCTPAHCTBO U (Fy)s0 —
BO3pacTarolee ceMencTso noa-o-nojed u3 F, to ectb Fy € F
npu 0 < t < s. CemeiictBo (F;)i»o Oy/eM Ha3bIBATH NOMOKOM HA
Q u mpeamnonarath, YTO MOTOK HempepsiBeH cmpasa: [1, c.29]:
Ft = Neso Fre

Omnpenenenne 1.5. Habop (, F, F;, P) mb1 Oynem Ha3bIBaTh
cmoxacmudeckum oasucom Ha ().

Onpenenenne 1.6. Oyukuuio ¢ = ¢(w) co 3HAYECHUSIMU B He-
KOTOPOM TOTIOJIOTUYECKOM HM3MEpPHMOM IpocTpaHcTBe U, ompene-
nennyto Ha (), F, P), Ha30BeM cryuatiHou seaudunol [2, c. 184],
eciu 1y moboro B € B(U)

{w:é(w) E B} EF.

Onpenenenne 1.7. Jlnsg uHTErprpyEeMOii (I€HCTBUTENEHON WITH
KOMIUIEKCHOI) CITy9aifHOM BETTMYUHBI  YMCIIO

E@©) = [, ¢(@)P(dw),

T7ie MHTETpajJ Mbl TIOHUMaeM B cMeiciie Jlebera, HazoBeM Mmame-
MaAmMu4ecKuM 0A4cUOaHUemM dTOU CIIy4aliHOW BennuuHsI [1, c. 20].

Mycrs W% = ([0, 0] - R?) — MHOXeCTBO BCEX HEPEPbIB-
HeIX QyHKmuit w:[0,00] 3t — w(t) € R Onpenenum na W
METPUKY pW ciexytommM odpasom (cm.: [1, c. 25]):

wWw@=iK&%MmrwmmA¢
n=1

rie a Ab—min(a, b) uw;,w, € W,

MoXHO TIOKa3aTh, uTo HpocTpaHcTBo WY momHo u cemapa-
OenbHO B 3TOM Metpuke [1, c. 25]. Uepes SB(Wd) MBI OyJieM 000-
3HaYaTh OOpPENEBCKOE O-TI0JIe, HATSHYTOe Ha mpocTpaHcTtBo W4 ¢
TOIOJIOTHUEN, TOPOXKICHHOU METPUKOH pW.
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Omnpenenenne 1.8. Henpepuignvim -meprvim cayuainvim npo-
yeccom, 3amanubM Ha (Q, F, P) ¢ $ha3zoBbIM TpocTpancTBOM RY,
Mbl OyZleM Ha3blBaTh CIy4YalHYI0 BEIWYMHY CO 3HAUYEHHSIMHU BO
muoxectee W% = C([0,0] - R?) Bcex HenpepblBHBIX (QyHKUMit

w:[0,00] 3t — w(t) € R 10 ectb U3MEpPUMOE 0TOOpa-

F
B(wd)
xerne X: Q — W? (em.: [1, c. 25]). TIpu BesikoM GUKCHPOBAHHOM
w € Q ¢yskuus X (t,w) Ha3pIBaeTCS mpaexmopuell CIy4aliHOTO
npouecca. [Iporiecc Ha30BeM HenpepulgHbIM CHpAsa, €CIIN ero Tpa-
eKTOPHUHU HENIPEPBIBHBI CIIPABA.

3ameuanue 1.2. B onpedenenuu -MepHO2O CAYYAUHO20 NPO-
yecca pazosoe npocmparncmeo R mooicno samenums xaxum-1u6o
opyaum mononozudeckum npocmpancmeom W u 2060pums o ciy-
yaiinom npoyecce ¢ gazosvim npocmparcmeom U.

Omnpenesienue 1.9. JlelicTBUTENBHBIN Cly4ailHBIA Mpolecc
X = (X¢)ter HA3BIBACTCS MAPMUHEANOM OMHOCUMETbHO HOMOKA
o-noneit u3 (F;) (cm.: [1, c. 34]), ecau BHINOIHAIOTCS CIEAYIOINE
YCIIOBUSL:

1) cnyyaifHas BenuuuHa X; MHTErpupyema s kaxaoro t € T;

2) mponecc X = (X;)¢er cornacoBad ¢ (Fy);

3) E(X¢|F;) = X5 . v, st miobbix t,s €T, s < t.

3nech W Janee COKpalleHUE «II.H.» 03HayaeT «IOYTH HaBep-
HOE», TO €CTh PAaBEHCTBO BBINOJIHSIETCS C BEPOSITHOCTHIO 1.

Beenem crenytomme 0603HauCHHS:

e M — mpoCTpaHCTBO BCEX HEMPEPHIBHBIX JOKAIBHO KBaJpa-
THYHO MHTETPUPYEMBIX MapTuHrajioB M = M, otHocutenbHo (F),
cMy=0mn;

e A, — ceMeilcTBO Bcex HenpepbiBHBIX (F;)-COracoBaHHBIX
npoueccoB A = A; Takux, uto Ay = 0 ut — A; 1. H. He YOBIBaeT;

e A — cemeiicTBO Bcex HempepbiBHBIX (F;)-COraacoBaHHBIX
mporieccoB A = A; takux, uro Ag =0 u t > A; sBiusercs QyHK-
Uel ¢ KOHEYHOW BapHalueld Ha KaXXJIOM KOHEYHOM HHTEepBaie
M.H.;
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e B — ceMeiicTBO Bcex HempepbiBHBIX (F;)-peacKa3yeMbix
npoueccoB @ = @, Takux, 4TO C BEPOSTHOCTHIO enuHULA t — D,
ABJISIETCS. OTPaHMYEHHON (YHKUMEH Ha KaXIOM KOHEYHOM HH-
TepBaJe.

Omnpenenenue 1.10. Ilycte X = X, — cayualinelii npouecc,
npenacTaBuMblil B Buae (cm.: [1, c. 105])

Xt:XO+Mt+AtJ

rne Xy, — Fo — m3mepumas ciydaiiHas sennauaa, M € M, A € A.
Bbynem HasbIBaTh Takoil mpouecc xeasumapmuneanrom. CoBo-
KYIHOCTb BCEX KBa3UMAPTHHTAJIOB 0003HAUNM Q.
Omnpenesienue 1.11. byaem ropoputh, YTO KBa3UMapTUHIAJIbI
X,Y € Q skeusanenmmol, €CIIN C BEPOSTHOCTHIO €IUHUIIA

—X; =Y, + Y

miaBeex 0 < s <t (em.: [1, c. 106]).

Kracc skBuBaneHTHOCTH, comepxkammii X, Oyaem o003HadaTh
dX v Ha3pIBaTh cmoxacmudeckum ouggepenyuanom X.

[Togpobree o cBolicTBax croxacTudeckoro muddepeHInara
MOKHO TTOCMOTPETH, Harpumep, B [1].

[IpuBenem Tenepp OAHY W3 BO3MOXHBIX (POPMYIHUPOBOK (hop-
Mysl UTo:

Teopema 1.1 (®opmyna Hro) [2, c.26]. Ilycmb -mepHuvlil
npoyecc Xy umeem cmoxacmudeckuil ouggepenyuan, u(x) —
08adicobl HenpepvleHo Ouggepenyupyemasn Gynrxyus. Toeoa cny-
yaiinsill npoyecc U(X,) umeem cmoxacmudeckuil Ougghepenyuan u

du(X,) = du(X)dX{ + 0 u(X,)dX{dX].

30ece mwr ucnoawvsyem obwviunoe 8 Ooughgepenyuanvhol 2eo-
Mempuu coenauenue 0 CYMMUpOSanuu, 20e no noGMOPSIOUWUMCS
uHOeKcam uoem CrodiceHue om eOuHuybl 00 pPA3ZMEPHOCHU NPO-
cmpancmea.

ITonpoOHee o Teopuu cIy4yalHBIX MPOLECCOB CM., HATPUMED, B

[3].
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2. OcHOBHOl pe3yJbTaT

2.1. Bmopas npouseoonas Hmo é0ons mpaexmopuu
OpOYHOBCKO20 08UIICCHUA

Ha moepxuocTu S mMmeet Mecto ¢popmyna Mto [1, c. 73]
df (Z,) = 0:f (2)dZ} +30:0;f (Z0)dzidz],

rne d — croxactuiyeckuid auddepeniman, f — ABaXAbI qudde-
peHimpyemas GyHkuus, Z; — nuddy3uoHHsI nporecc Ha S. He-
00XO0IMMO OTMETHTh, YTO MBI paccMmarpuBaeM IUh(Y3HOHHBII
MPOIIECC C HYJIEBBIMUA CHOCOM U BEPOSTHOCTHIO OOPHIBA.

Bo3pMem BMecTO ciydallHOro mnpouecca Z; KaHOHHYECKOE
OpOYHOBCKOE JBIKEHHE, KOTOPOE COBMAIAET ¢ mporieccom X, [2]:

df (By) = 8;f (B)dB} + (811 f (B)dt + 85 f (B)dt]. (1)

3nmech MBI BOCIOJIB30BAINCH CBOWCTBOM OPOYHOBCKOTO JIBH-
xenust dB'dB) = dUdt [2, c. 21].

PaccmoTpum nocnenHior GopmyIty At ABYX YaCTHBIX CIY4acB:

1)Zy = (B}, v);

2) Z, = (u, BY).

3meck u,v € R — uymcna w3 o6NacTH TMapamMeTpU3alul TI0-
BepxHocTHU. [logcraBum miponeccsl Z; u Z, B hopmyy (1):

1
df (Z,) = 01f(Z,)dB} + 5511f(z1)dt'
1
df (Z,) = 01f(Z;)dB¢ + Eazzf(zz)dt-
BhIpasuM 0TCI0Ia BTOPbIE TIPOU3BOIHbIE:

011f (Z1)dt = 2(df (Z1)—0.f(Z1)dB}),
022f (Zp)dt = 2(df (Z,)—01f (Z,)dB?).
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Onpenenenne 2.1. Bmopoii npouzeoonoi Umo 60016 mpaek-
mopuu 6poynoscko2o osudcenus B (B?) HazoBem

0111f (Z1)dt = 2(df (Z,)—01f (Z1)dBy), 2)
O221f (Z)dt = 2(df (Z2)—0:f (Z2)dBP).
B nmanpHeliniem BTOpy Npou3BOAHYIO WTO BHOIB COOTBETCT-

BYIOLIEH Tpaekropuu Oynem 0003HayaTh fiq;;, BAOJIb TPAECKTOPUH
By W f5,1, BIOMB TpaekTopuu B,.

2.2. Hocmpoenue emopoit hopmul nosepxnocmu
ROUMU 0ZPAHUYEHHO20 UCKPUGTCHUS
ROJ10)CUMENbHOU KDUGUZHbL

Bynem npuaepxuBaThes cneayomux ooozHauenuit. [lycts § —
TJIaKasi TIOBEPXHOCTh TayCCOBOW KPUBU3HBI (MOXHO CUHTATh, UTO
ee BTOpas (hopMa MOIOKUTENILHO onpeseneHa) knacca C3 ¢ ocHOB-
HEIMU popmamu | = gijdxidxj, I = bl-jdx"dxf. [o-mipexxaemy
i dysun, UMU TIOpOKICHHBIE, OyneM o0o3HavaTh X, Y. Ilepe-
XOZHAasl TUIOTHOCTh W MepexonHas (QyHKIHUsS COOTBETCTBYIOLIETO
ciydaiiHoro mpomecca obosmauaercs pi(%,y), Pi(t,%,I), rme
i = 1 cooTBeTcTBYET NIEpBOI opme, i = 2 — BTOpOH, ' — Oope-
JIEBCKOE€ MHOKECTBO Ha Hameil noepxHoctu. Hopmans k moBepx-
HoCTH S OyseM 0603HauaTh 71 = 7 X 7.

He orpanmumnBas o0mHocTH, Oy/ieM CUUTaTh, YTO BTOpas (hop-
Ma MMOBEPXHOCTH S MpUBEACHA K H30TEPMHUYECKOMY BULY:

I = pu ((dx1)? + (dx?)?).
Nwmeer mecTo
Teopema 2.1. ITycmb S — noeepxnocme xnacca C3 nonoscu-

menbHoU kpusususl. Toeoa na mpaexmopusax npoyeccog Zi u Z,
6mopas opma nogepXHOCMuU Modicem Obims 3aNUCAHA 8 UOe

1t = CHL (dx)? + (dxD)?),

eoe |I| — ouckpumunarnm nepeoii popmuvl nOGEPXHOCMU, PABEHC-
80 6epHO HA Mpaekmopusax npoyecca Z;

58



[.C. KnumeHToB

dt = CEL (dx)? + (dxD)?),

eoe |I| — Oucxkpumunanm nepeoii ghopmei nogepxHoCmuU, pAGeH-
CMB0 8ePHO HA MPAeKMOpUsAX npoyecca Zo.

Jlokazamenvcmeo. B cvily HamMX MpeAoNoXeHuii Bropas ¢hop-
Ma MOBEPXHOCTH MPHUBEJCHA K H30TEPMUUECKOMY BUY:

II = p((dx")? + (dx?)?). 3)

Xopomo wu3BecTHa ¢opmyna st KO3(h(GUIIUSHTOB BTOPOH
dhopmsl moBepxHOCTH (CM.: [4, c. 237]):

(FiijFI’FZ) _ (FijI’FlvFZ)

U 2 0 @
911922—912

[MockonbKy B BeIpakeHUU (3) OTCYTCTBYET CMEIIaHHAS TIPOU3-
BOJIHAs, TO HAC MHTEPECYIOT TOJIBKO BBIPKEHUS IS b1 U by,.

Cysum paBeHCTBO (4) Ha MHoxkecTBO Z; = (B}, c), rme ¢ —
MOCTOSHHAST M3 00JacTH oOmpejaeNieHus] MOBepxXxHOCTH. Ha 3tom
MHOKECTBE MBI MOKEM 3aMEHHUTH MPOU3BOIHYIO Ti; MO (hopmyJe
(2), npenBapurenbHO YMHOXKUB (4) Ha dt:

(Frydt, 7,75)  (2(d7(Zy) — 0,7(Z,)dBi)dt, 7y, 75)
b dt = = :
1] 1]

[ToxcraBuMm mocienHee BBIpaKEHUE B PaBEHCTBO (3) U moiy-
YHIM [IEPBOE YTBEPKICHHE TEOPEMBI.

Bropas gacTe TeOpeMbI TOKa3bIBAECTCS aHAIOTUYHO. O

PaccMoTpuM MOBepXHOCTh S Kiacca C! (OBEPXHOCTH MOYTH
OTPaHUYCHHOTO MCKPHBIICHUS) TOJIOXKUTEIFHOW KPUBHU3HBI (371€Ch
MO/l TIOJOXHUTENbHOW KpHWBHU3HOW OyJeM NOHHMAaTh KpPUBH3HY,
oTpe/ieJICHHYI0 B padote [7], IS MPOCTOTHI MOXHO CUYHTATh, YTO
ANMpPOKCUMUPYIOIINE TOBEPXHOCTH UMEIOT MOJIOKUTENBHYIO rayc-
COBY KpHWBH3HY). /151 Hee ompenennM BTOPYIO OCHOBHYIO (hopMy
Ha TPAeKTOPHUSIX MPOUECCOB Zq U Z,.

Janee Oynem cumTaTh, 9TO S — MOBEPXHOCTH MOJIOKUTEITLHOMN
KpHMBH3HBI K1acca Cl ¢ mepBoit ocHOBHOI dopmoit I = g; jdxidxj

b

u mapamerpusanueii 7 = 7(x1,x2). Io-npexnemy auddysuro,
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MTOPOKICHHYIO TIepBOil popmoii, Oynmem ob6o3Havate X;. [lepexon-
HYIO TUIOTHOCTh W TMEPEXOAHYI0 (YHKIHUIO CIy4allHOTO Mmpolecca
X, o6o3naunm p}(X,y), P1(t, X, T), HopMaah K HOBEPXHOCTH S —
1 = #, X 7,, OpoyHoBckoe aBxkenue Ha E2 — B, = (B}, Bf).

Bynem paccmartpuBaTh mocCiIenoBaTeNbHOCTh BEKTOP-(PYHKIINI
{7 (xt, x?)}, cxonauryrocs x Bektop-pynkuuu 7(x1, x?) B MmeTpu-
ke Cl. Kpome Toro, GyleM cuMTaTh, 4TO BCEe BEKTOP-(QYHKIHH
oInpeJieNieHbl Ha 0JIHO# obmactu D © E2.

OmnpexnenuM BTOpYIO (GopMy MOBEPXHOCTH S Ha TPACKTOPHUSX
mporeccoB Z; u Z, ¢opManpHO, 1m0 (popmyiaM, BEIBEICHHBIM B
Teopeme 2.1.

He orpannumuBas oOmHOCTH, Oy/ieM CUMTATh, YTO Ha ANIpOK-
CUMHPYIOIIMX ToBepXHOCTAX 7" = 7™ (x1,x?) BTOpas ocHoBHas
(opma npuBeeHa K N30TEPMUIECKOMY BHILY

1Im = p"((dx)? + (dx?)?).

Teopema 2.2. Ha mpaexmopusax (Bt,v) u (u, B?) umeem me-

€Mo pageHcmeo
lim,, o u" = .

Hokazamenvcmeo. JIokaxkeM HaIly T€OpeMmy ISl TPACKTOPHiA
(B, v). Cnyuait nna tpaextopuii (u, B?) mokasbiBaeTcs aHaso-
TUYHO.

Ha tpaektopusix (B, v) xosdduiment Bropoii Gopmbl UMeeT
BH/I
(P11, 71,72)

1]

u 77111 = (Z(dF(Zl) - alf(Zl)ng), Fl,?z). ITo MMPEATIOJIOKECHUIO,

u(Bt, v)dt =

r_"l.(k) -7, dFf®) > d7 B cumay ompesmeNneHHs CTOXAaCTHYECKOTO
muddepenmana.

B camom zene, obosmaumm AF = 7K (7, (1)) — 7 (Z,(s)),
k=0,..,00. PaccMoTpuM pa3HOCTb Ak — A, OueBUIHO, YTO
A¥ — 0 npu k — o0, 10 ectb d7) - d7.
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Takum o6pazom, MbI moxyunny, uto u* (B, v) - u(BE,v).

Teopema noka3zaHa. O

Wtak, Mpl mony4mnu, 9yTo (OpMaNTbHOE ONpEIeNIEHHE BTOPOM
(opMBI TOBEPXHOCTH S 3aKOHHO, U KO3 PUIIHMEHTH BTOPBIX (popm
ANMPOKCUMHPYIOUINX MTOBEPXHOCTEH CXOASATCS K (hOpMaLHO OIpe-
neneHHoOMY K03 punmeHTy BTOpoii (hOpMBI TOBEPXHOCTH S.
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This article proposes a method for constructing the second
fundamental form of a C! surface of positive curvature. It is well
known that constructing the second fundamental form of a surface
requires at least a twice continuously differentiable parametriza-
tion. This paper uses a probabilistic approach to this problem, in-
troducing the concept of the second It6 derivative along the direc-
tion of Brownian motion. In more detail, we define the second de-
rivative “without the second derivative”. For this, we use the Itd
formula, restricted to special random processes. Using the pro-
posed construction, we can write Weingarten's equations for surfa-
ces of almost bounded curvature (the paper has been accepted for
publication in the Ufa Mathematical Journal) and determine the
mean curvature almost surely over the entire surface pointwise. To
some extent, this paper can be viewed as a generalization of
1. Ya. Bakelman’s work “Differential Geometry of Smooth Irregu-
lar Surfaces” (see [5]). In the author’s opinion, further reduction of
surface smoothness is difficult to achieve using analytical methods
(the technique developed in [5]), and new research methods are
needed. This paper proposes one such method: a stochastic frame-
work for studying low-smoothness surfaces. Previously, a slightly
different approach was used, based on transition functions and
transition densities of random processes; see, for example, [6]
(which also contains references to earlier works).
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06 ogHOM noaknacce KOMMAEKCOB 3NAUMNCOUAOB,
ponyckarowem 6esbiHTerpanbLHoe npeacTaBneHne

C HCHOJB30BaHMEM TEOPETHKO-TPYHIIOBOTO MeTona audde-
PEHLMAIBHO-TEOMETpUUECKUX uccaenoBanuil . @. JlanTesa, a Tak-
K€ METOJUKH HAYYHBIX HCCIEAOBaHUHM 1o nuddepeHnuanbHoiM
reomeTtpun B.C. ManaxoBckoro mpooinKaeTcsl U3yuyeHHe KOMII-
JIEKCOB (TpexmapaMeTpU4ecKUX CEeMEHCTB) 3JUTUIICOMIOB CO Clie-
LUaJbHBIMU CBOMCTBAaMH aCCOLMHPOBAHHBIX C HUMH au(depeH-
LUPYEMBIX OTOOpaX€HHH B TpexMepHOM ad(UHHOM NPOCTpaH-
crBe. KoMIIIeke 2/IIMICOUA0B paccMaTpuBaeTcs Kak o0pa3 cooT-
BETCTBYIOIIEro oTobpaxkeHus. Mceienyercs moakinacc panee u3y-
YEHHBIX KOMITIEKCOB 3JUTUIICONAOB, KOT/Ia MHIANKATPUCA Pa3HOCTH
BTOPOTO M TPETHETO KOOPAWHATHBIX BEKTOPOB SIBISETCS MPSIMOH,
NapaJijIeNIbHON MEPBOMY KOOpAMHATHOMY BekTopy. HaiineHsl uH-
TEpECHBIE TEOMETPHUYECKUE CBOWCTBA HCCIEAYEMOTO MHOT000pa-
3Ms, KOTOPbIE MO3BOJIIIOT CKOHCTPYHPOBATh €r0, TO €CTh HAWTH
ero Oe3bIHTErpaIbHOE IPEACTABICHHUE.

Knrouegvie cnosa: Mmuoroodpasue, KOMILIEKC, perep, SJUIUICOH, ad-
(bMHHOE IPOCTPAHCTBO, MHAMKATPHUCA, (OKAIEHOE MHOT000pasue, 6e3bIH-
TerpajbHOE IPE/ICTaBICHUE

Paccmotpum TpexmepHoe addunoe mpoctpancTtBo. OTHeceM
ero K mojaBmxkHOMY pernepy R = {4,e&,,6,, 3}, cocrosiuemy wus3

TOYKH A W TUHEWHO HEe3aBUCHUMBIX BEKTOpoB €, (a,f,.. =1, 3).

Hocmynuna 6 peoakyuro 16.02.2026 2.
© Kpetos M. B., Kperosa E.M., 2026
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WuduunTesumanbHbie nepemenienus penepa R = {4, &,} omnpene-
JISIOTCS YpaBHEHUAMU

d4 = w'e,, de,=wheg, (1)
npuuem popmbl [padda w®, a)g YIOBJIETBOPSIIOT CTPYKTYPHBIM
ypaBHenussM Kaprana:

Dw* = wP A wg, Dwg = wg A wy, )

BBIPKAIONIAM YCIIOBHS TTOJIHOW MHTETPHUPYEMOCTH CHCTEMBI JH (-
(epeHnnanbHBIX ypaBHeHHH (1).

[Mycts G — ¢dyHpameHTanbHas rpymmna TpexmepHoro adduH-
HOTO ITPOCTPAHCTBA HAJ TI0JIeM JCHCTBUTENBHBIX YHCEll, ¢ — LEeH-
TpajbHasi HEBBIPOXKACHHAsI THIIEPKBagpUKa TpexmepHoro addun-
HOro mpocTpaHcTBa U C — ee LEeHTp. [ unepkBanpuka q sBuseTcs
uHAynupyomei gurypoii panra 9 nnaekca 3 (cm.: [1]). Ee ypas-
HEHHE 3alMLIEM B BHJIE

agpx®xP + 2a,x* —1 =0, €)
npuyeM
ag

det(aqp) # 0, agp = apy, det (a;'g 1) 0. (4
. -

MuoxecTBo R(q) Ansi BceX TMIEPKBAIPUK, apPUHHO SKBUBA-
JIEHTHBIX TUNEepKBaapuke (3), SBISAETCS OTHOPOTHBIM IPOCTPAH-
CTBOM [2]. DTO JETKO MOKA3hIBACTCSA B YACTUYHO KAaHOHU3MPOBAH-
HOM penepe R, KOTOpbIi cTpomtcs u3 penepa R, korma a, = 0.
B aTOM ciydae ero BepiMHa MOMEIIAETCS B IEHTP THIEPKBAIPUKU
q.

CrpykTypHbIe HOpMBI TpEXMEPHOTO a)PMHHOTO MPOCTPAHCTBA
A3 n MHOXecTBa R(q) B peniepe Ry COOTBETCTBEHHO UMEIOT BUA

Ax® = dx® + xﬁw‘é‘ + w?, ®)
w%, Vagg, (6)

rae Vagp = dagp — am,(og - ayﬁmz.
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Torma muddepennnanpaple ypaBHeHU auddepeHIrpyeMoro
orobpaxenust F: A3 — R(q) 3anuceiBatorcs B Buzae (cMm.: [3])

Vaaﬁ = AaByAXy, (7)
w® = AFAxP, (8)

THe Agp U Agpy, ABIAIOTCS KOMIOHEHTaMU (yHIaMEHTAIbLHOTO
00BEKTa MTEePBOTO MOPSIKA TSI OTOOpaKCHHUS.

Iycth f — Takoe muddepenuupyemoe otodpakenue F, KoTo-
poe kaxJ0i Touke A € A3 CTaBUT B COOTBETCTBHE TMIIEPKBAJIPUKY
q c uentpom B Touke A. Torna Ax* = w?, a ypaBuenust (8) obpa-
MaroTCsA B TOXAecTBa M muddepeHInaibHble YpaBHEHHS 0TOOpa-
XKEHUs f MPUMYT BUJI

Aaaﬁ = Aaﬁya)y. (9)

O6o3naunm uepe3 I, f oOpa3 orobpaxkenus f B R(q). Orpa-
HUYHBASICh CIIy4aeM MaKCUMAJIBHOTO paHTa OTOOpaKeHUs [ B KaxkK-
JION TOYKe OOJIACTH OINpeNeNieHHs, ONydnM, uto K3 = I, f sBis-
ercst nudepeHIIPyEMBIM MHOTO00pa3reM pa3MEpHOCTH 3, KOTO-
poe B JanmpHeWeM OyaeT Ha3bIBAThCS KOMNIEKCOM YEHMPATbHbIX
HEBbIPOINCOCHHBIX SUNEPKBAOPUK.

B nanpHelimem wrccienoBaHUs TPOBOIMINCH B COOTBETCTBUH C
METOMKOM, U3JI0KEHHOU B paboTrax [4—7].

YpaBHEHHE TUNIEPKBAJIPUKU ¢ U cUcTeMa AuQQepeHITHaTEHBIX
ypaBHeHUH KoMIuiekca K3 B penepe Ry IpUHUMAKOT COOTBETCTBEH-
HO BHJ

agpx®xf —1=0, (10)
Vaaﬁ = Aaﬂyaﬂ’. (11)
3amkHyTas cuctema auddepeHnmanbHpIx ypasHeHui [lpadda
KomIuiekca K3 3anuiiercst B BUIE
Vaaﬁ = Aaﬁya)y, VAO{B)/ AwY =0, (12)
rae VAaﬁy = dAaB]/ - Aa/;(ga)]‘f - Aaﬁng - A(gﬁya)g.
Cucrema (12) onpenenseT KOMIUIEKC K3 ¢ MPOM3BOJIOM IIECTH
(GyHKIHMA Tpex apryMeHToB (cM.: [6]).
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I'.®. JlanrteB ycTaHoBWII B [8], 9TO MOTpyKEHHOE MHOT000pa-
3ue 00NafaeT B OOILIEeM ciIydae OCHOBHBIM 00BEKTOM ((pyHIaMeH-
TaJbHBIM OOBEKTOM HAaMHM3ILIETO MOpsIKa, cucTeMa auddepeHu-
ATFHBIX YPaBHEHHH KOTOPOTO airedpandecku pa3permMa OTHOCH-
TEJTHHO BCEX BTOPUYHEIX opM). Hammexamee 3amanne KOMIIOHEHT
OMH pa3 MPOJOLKEHHOIO OCHOBHOTO OOBEKTa OIpenesnser Io-
rpy’KeHHOe MHOTo0oOpa3ue C TOYHOCTBIO 10 KOHCTAaHT. OCHOBHBIM
00BEeKTOM KoMIuIekca K3 siBrsieTcs GyHIaMEeHTaIbHbBIN 00BEKT

Ty ={aup Aapy}- (13)
IIponomxas cucremy (12) nBaXabl, MOIyYUM

VAaﬁy = Aaﬁyawaa

VAgpys Aw® =0, (14)

— &
VAaﬁy8 = Aaﬁy&gw >
rae kodphuunenTsl Aggys, Aqpyse, cornacHo nemme Kaprana

(cm.: [9]), CMMMETPUYHBI IO COOTBETCTBYIOIINM HHIEKCAM.

B pabotax [10—13] uccnenoBaHbl mECTh MOAKIACCOB OTOO-
pakeHus f:

1) orobpaxenue f;, Korna 1y KOMIOHEHT Agp,5 GyHnamen-

TaJbHOTO 00BEKTa BTOPOTO IMOPSIKa KOMIUIEKca K3 BBITIOTHIETCS
yCIIOBHE
Aapys = 24apyrs), (15)
rae T, — HEeKOTOpBIN TEH30p;
2) ortoOpaxenue f,, KOraa Juis KOMIOHEHT A,p, QyHmamen-
TaJHHOTO OOBEKTA MEPBOTO MOPSAKA KOMITIeKca K3 UMEeT MecTo

Aaﬂy = aaﬂS , (16)
rae S, — HEeKOTOPBIH TeH30p;
3) orobpakenue f3, Koraa Juis KOMINOHEHT Agp, (yHnamen-
TaIbHOTO 00BEKTa MEPBOr0 MOpsIKa KOMIUIeKca K3 BBIMONHSETCS
ycloBHe

Aapy = Aa(py); (17)
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4) oroGpaxeHue f,, Korja OCHOBHbIE THIEpILIOCKoCcTH 1, M
[Ty, [10] mapannenbHsi;

5) orobpaxeHnue f;, eciu 1) — OCHOBHAs TUTIEPILIOCKOCTD, Ta-
pajuienbpHas AMaMeTPaIbHOM T'MIEPINIOCKOCTH;

6) oToOpakeHue fg, €CIM ) — OCHOBHAS THIEPILIOCKOCTD, Ia-
payenbHas IuaMeTpaIbHON TUMIEPILIOCKOCTH.

B paborax [10—13] npoBeaeHa nanbpHeWIas KaHOHU3AIUSA
penepa R,. HoBbli pemep R, CTpOWTCS CIEAYIOUINM 00pa3oM:
BEpIIMHA perepa COBMEIEHa ¢ LEHTPOM 3JUTUIICOMIA (¢, BEKTOPHI
€, HaIlpaBJIEHbI IO TPOMKE COMPSKEHHBIX JTUAMETPOB JLUIUIICOU 1A
q, IprYeM KOHIIBI MX JISKAT Ha AJUTUIICOUIE M COBMAAIOT ¢ (o-
KaJbHBIMHU TOYKaMu [14].

PaccmoTpens! MHOT00Opa3us 3JUTHIICOUIOB, KOT/Ia HHINKATPH-
ca BEKTOpa €; SABISIETCS MPSMOM, MapaJuIeTbHON €, ACUMITOTHYe-
CKHE JIMHUW Ha OBEPXHOCTH (A + ;) SBISIOTCS KOOPAWHATHBIMU
Y TIpY ABMKEHUH TOYKH A 110 HHBapHUAHTHOW IMOBEPXHOCTH, TIPOXO0-
IsIei depe3 QoKanbHbIE TOYKH, KacaTelnbHas Ha WHIUKaTpHCe
BEKTOpa €, MapalieNibHa IIIOCKOCTH (4, €1, €5).

B nmannoii pabote uccnemyercs moakiace K* KOMIUIEKCOB 2J1-
mumncounos K91, paccmorpennsix B pa6ote [15], B ciydae, korzaa
WHJUKAaTpUCa BEKTOpa €, — €3 SBISETCS HMPsIMOH, IapajulesIbHON
BEKTODY €.

YpaBHeHHE DJJUIMIICOMIA ¢ W cucTeMa TUuQQepeHInaTbHBIX
ypaBuenuii [1padda kommiekca smmunconor K* OyayT COOTBET-
CTBEHHO UMETh BU]

()2 +(x*)? + (x*)? =1 =0, (18)
0§ = -0 wf=0]=0, 0;=PF0? w=pfuw?
wi=-wd wi=-0? dnf=o'tw?+wd (19

Amnanmusupys cuctemy ypaBHeHuil (19), yOexnmaemcs B TOM,
9TO KOMIUIEKCHl K™ CyIIECTBYIOT M OIPEAENSAIOTCS BIIOJHE WHTE-
TpUpPYEeMON CHCTEMON ypaBHEHHI ¢ MPOU3BOJIOM AECATU MOCTOSH-
HBIX (cM.: [6]).
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O6o3Ha4nM Kak A, KOHIIBI BEKTOPOB €,, | — mpsamyro (As,
€1), m — mpsamyio (A4, €3), Y1 U Y, — aCUMITOTUYECKHUEC JTUHUH
Ha ToBepXHOCTH (A;), M; — Tekyuyo TOYKy mnpsmoii [, M, =
=A; +x3e; u My = A+ x'é; + x3&; — Texymmue Touku npAMOit
M ¥ KOOPJAMHATHOM TUIOCKOCTH (A, €;,83) COOTBETCTBEHHO.

Teopema. Komnnexcor asnnuncoudos K* obradarom credyro-
WUMU 2e0MeMPUYECKUMU CEOUCMBAMIL:

1) npsimas | nenoosuoicna;

2) npu dsudiceruu mouxu A, 8001b ACUMIIMOMUYECKOU TUHUU V4
npamas m u KOOpOUHAmMHasl NI0CKocmy (A, €1, €3) HenoosuUdICHbL,

3) nogepxnocmo (Az) 6bipodicoaemcst @ NPAMYIO, NaAPAaINEIbHYIO
8EKMopy €4,

4) mouka P = A + é; + &, HenodsudicHa npu 0BUICEHUU MOY-
Ku Ay 800b ACUMNMOMUYECKOU TUHUU Vo,

5) Kknacc omobpasicenuil, NOPOACOCHHBIN PACCMAMPUBAEMBIM
KOMNIEKCOM, He nepecekaemcs ¢ Kiaccamu omoopasicenutl fo. ,

fays ...,faﬁ.
JHokazamenvcmeo.
1. Ucnons3ys cuctemy (19), Haxomum
dM; = (dx* + (1 — xDw + fw?)é;, (20)
OTKY/1a HEMTOCPEJCTBEHHO CIEAYEeT MEPBOE YTBEPKICHUE TEOPEMBI.
2. Haxonum

dM, = fx3w?e; + (1 — x> w?é, + (dx3 + (1 — x3)w3)e;, (21)
dM; = (dx' + (1 — xDwt + fxiw?)e; + (1 — x3)w?e, +
+ (dx3®+ (1 —x¥w?)es. (22)

U3 popmyn (21) u (22) cnemyer, 4TO MIpH ABIKEHUH TOUKU A
BJIOJIb ACUMITOTHYECCKOM JIMHUM Y, TpsIMas M ¥ KOOpPJWHATHAS
wIocKocTh (A, €, €3) HEIOIBIKHBI.

3. YTBepxKIeHUE TEOPEMBI CIeayeT U3 (OPMYIIBI

dd; = (! + fw?)e,. 23)
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4. meem
dP = fw3eé, (24)
OTKYyJa CJIelyeT COOTBETCTBYIOIIEE YTBEPKACHNUE TEOPEMBI.
5. YpaBHEHHS OCHOBHBIX THIIEPIUIOCKOCTEH ¢ W 1P, acCOINH-

POBaHHBIX C UCCIEAYEMBIM KOMIUIEKCOM, COOTBETCTBEHHO MMEIOT
BHJT

4x1 +5x2 +5x3 -4 =0, (25)

3(3B* + 1082 + 8)x + (58* + 24B% + 32)x? +
+(58% + 2462 +32)x3 = 4(B2 + 2)(B* + 4).  (26)
W3 onpeneneHust orodpakeHus f, 10;5..qp W AHAIM3A ypaBHE-

Hul (25) u (26) cnemyeT mocieaHee YTBEPKICHHE TEOPEMBI.

Halinennple reoMeTpUyeCKUe CBOMCTBA KOMILJIEKCA 3JUIMIICOU-
noB K* mo ananoruu ¢ paboroii [16] mO3BOJSAIOT MOCTPOUTH €0
Oe3pIHTErpasibHOe MPEACTaBICHUE, TO €CTh €r0 T€OMETPUUYECKYIO
MOJIETTb.

Jist 3TOrO0 MpOBENEM CIIENYIOLINE IOCTPOCHHS:

1) 3amaemM TpoM3BOJBHYIO MpsiMylo [, u (uKcupyeM Ha Hel
TOYKy P;

2) mpoBOIMM HpsAMYIO [, mapauienbHy0 IpsMoii [, 1 BeIOHpa-
€M Ha Hell TOuKy Aj;

3) 3amaeM IJIOCKOCTh 71, IPOXOMAIIYIO Yepe3 mpsaAMyro | u He
coziepkaniyo l*;

4) npoBOAMM Ha IUIOCKOCTH 7Ty Yepe3 TOUKY P mpsmyio m;

5) B IUIOCKOCTH TT; BBIOMpaeM TOUKY A, He HHIMIACHTHYIO Mpsi-
MBIM | 1 m; "yepe3 3Ty TOUKY MPOBOJHM TIPSIMBIE, MapajuiesibHbIe
U M; B IEPECCUCHUHN C MPSMBIMH M U | MOIyYUM COOTBETCTBEHHO
Touku A; 1 A,.

C Tekyme#l TOUKOH TIOCKOCTH 7T; COBMeIlaeM perep R =
={0,¢&,,é,, 5} Takoii, uto 0 = A, &, = AA,. O6pasyomuii de-
MEHT KOMIUIEKCa — 3JUIMIICOU (¢, COOTBETCTBYIOLIUHA LIEHTPY A,
OJTHO3HAYHO OIIpeNeNnsieTcs ToukaMu A,, HEHTPOM A U CONpsIKeH-
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HBIMH HanpasneHusMu AA . TIpu IBUKeHUH TOYKH A B TIIIOCKOCTH
T TOJydyaeM JBYNapaMETPUUYECKOE CEMEHCTBO 3JUIMIICOUIOB (, a
MPH NEPEMEIICHUU TOUYKH Az MO TPSIMOH | — KOMILJICKC 3JUIUIICO-
UJIOB G, KOTOPBIA MBI Ha30BeM Komniekcom K.

JlokaxxeM, YTO TIOCTPOCHHBIN TaKUM 0O0pPa30M KOMIUIEKC 3JI-
JIUTICOUIOB (¢ COBIMAJAeT C KOMIUIEKCOM K™, TO eCTh omnpenensiercs
B penepe R cucremoii ypasuenuit (19).

IMockoabKy npsiMasi [ 3aaeTcst ypaBHEHUAMHU

x3=0, x?=1,
TO U3 yCJIOBUS HEMOABM>KHOCTH 3TOU MPSIMOU MOTy4Yaem

3 _

w3 =0, w3=-wd

2 _ 2 _ 2
, w1 =0, w; =—-w".

Ipsimas [* mapasiebHa IIOCKOCTH T, IO3TOMY
w3 = —w3. 27)

W3 ycnoBuil HEMOABMKHOCTHU NPSIMOM M, ONIpEAENIeMO ypaBs-
HEHUSMHU

x3=0, x'=1,
TP IBMKEHHHN TOYKH A; BJIOJb JIMHUHM Y, CIELYET, 9TO
wl =-w!, wl=kod (28)
IIpsiMast m ompenensercs ypaBHEHHAMH
x1=1, x2=0.

Tak kak sTa mpsiMasi HEMOJABW)KHA IIPU JIBHOKEHHH TOYKU A
BIOJIb JIMHUH Y1, TO
15,2 2 _ . 2
w3 = 0w, w; =yw”.

Huddepennupys ypasuenue (27), Haxogum y = —1. Cneno-
BaTeINBHO,

w3 = —w?.
3ambIkas ypaBHEHHUS (28), MOTydInM

0l = kw?, dk = ko' + ko? + fwd.
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Juddepenuupys ypaBHerue wi = kw?, Haxomum
k=p.
3HaunT, cuctemMa qudQepeHInanbHbIX YpaBHEHHH KOMILIEKca

Ky nmeer Buz

a

a— — )3 = 1_p5,2 1 _ 73,2
wy =—-w% wi=wi;=0, w; =LFw*, w;=LFw,

w3 =—w3, 0wi=-w? dinf =o'+ w?+ wd

49TO U Tpe60BaJ'IOCI> J0Ka3aThb.
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On a subclass of ellipsoid complexes
that admits a non-integral representation

Submitted on February 16, 2026

Using the group-theoretic method of differential geometric re-
search by G.F. Laptev, as well as the methodology of scientific re-
search on differential geometry by V.S. Malakhovsky, the study of
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complexes (three-parameter families) of ellipsoids with special
properties of differentiable maps associated with them in a three-
dimensional affine space. The complex of ellipsoids is considered
as an image of the corresponding mapping. A subclass of previous-
ly studied ellipsoid complexes is investigated when the difference
indicatrix of the second and third coordinate vectors is a straight
line parallel to the first coordinate vector. Interesting geometric
properties of the studied manifold are found, which make it possi-
ble to construct it, that is, to find its integral representation.

Keywords: manifold, complex, reference point, ellipsoid, affine spa-
ce, indicatrix, focal manifold, non-integral representation
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On harmonic sections of tangent bundle
equipped with the Sasaki metric

Let (TM, gs) be the tangent bundle of a complete Riemannian
manifold (M,g) equipped with the Sasaki metric gs and
X:(M,g) — (TM, gs) be a horizontal-harmonic map from (M, g)
to (TM, gs). If ||X|| € LP(M) for at least one positive number
p#*1, then X:(M,g) — (TM,gs) is a harmonic map from

M, g) to (TM, gs).

Keywords: complete Riemannian manifold, tangent bundle, Sasaki
metric, horizontal-harmonic map

1. Introduction and Main Theorem

Let (TM, gs) be the tangent bundle of a Riemanian manifold
(M,g) equipped with the Sasaki metric gs defined by
gs(X"Y") = gs(X7,Y") = g(X,Y) o and gs(X™,YV) =0 for
all X,Y € C*(TM), where m is the natural projection from TM on-
to M, and X" (resp. XV) is 1the horizontal (resp. vertical) lift of a
vector field X on M to TM (see [1] and [2]).
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The tension field of the map X: (M, g) — (TM, gs) is given by
(see [3, p. 146])

X)) ="X) + ' (X) = (tracegR(X, vX) -)h + (tracegVZX)v.

Consequently, X is defined as a horizontal-harmonic (respec-
tively, vertical-harmonic) map from (M, g) to (TM, gs) if and only
if AX:= trace,V2X = 0 (resp, tracegR(X,VX)-=0) (see also
[3, p. 146]). Furthermore, X is a harmonic map from (M, g) to
(TM, gs) if and only if it is a horizontal-harmonic and vertical-
harmonic map at the same time (see [4]). If (M, g) is compact and
X:(M,g) — (TM, gs) is a horizontal-harmonic map from (M, g)
to (TM, gs), then X is a harmonic map since from AX = 0 implies
VX = 0 and hence traceyR(X,VX) - = 0. Formulate the main the-
orem.

Theorem. Let (TM, gs) be the tangent bundle of a complete
Riemannian manifold (M, g) equipped with the Sasaki metric gs
and X:(M,g) — (TM, gs) be a horizontal-harmonic map from
(M, g) to (TM, gs). If || X|| € LP (M) for at least one positive num-
ber p#1, then X:(M,g) — (TM,gs) is a harmonic map
from(M, g) to (TM, gs).

2. Proof of the theorem

Let X: (M, g) — (TM, gs) is a horizontal-harmonic map, then
we deduce

1
54 IX117 = g(AX, X) + [[VX||* = |[VX]|?
since AX = 0. On the other hand, we have
1 2
54 X102 = X1 Al + [[vixI||” <

< lIxIl AlX1l + lIvxil?
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by the Kato inequality ||V||X I ||2 < ||VX||? that is a classical tool in
Riemannian geometry. As a result, we have the following inequality:

X1l Allx1l = o.

In turn, Yau proved the following theorem (see [5]): Let u be a
smooth function defined on a complete Riemannian manifold so
that u > 0 and (p — 1)u Au > 0 where p is a positive number.
Then for p # 1, either [, uPdv, = o or u = const. Therefore,
if [ ulIX1Pdvy < oo for at least one positive number p # 1, then
[|X]| = const. In this case, the equation VX = 0 holds. As a con-
sequence of the above, we obtain that trace;R(X,VX)-= 0 and
hence X:(M,g) — (TM, gs) is also a vertical-harmonic map.
Consequently, X is a harmonic map from (M, g) to (TM, gs).
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Iycts (TM, gs) OyneT kacaTenbHbIM PacCIOCHUEM IIOJIHOTO
pumaHoBa MHoroobpasus (M,g) c¢ wmerpukoit Cacaku gg u
X:(M,g) — (TM,gs) Oyner TOPU3OHTAIBHO-TAPMOHUYECKIM
orobpaxennem. Ecmu || X|| € LP (M) mo kpaiiHeit Mepe B OmHOI
TOYKe JUIsl TOoJNoKUTeNnbHoro p # 1, Torna X: (M, g) — (TM, gs)
OyneT rapMOHHYECKUM OTOOpaKEHHEM.

Kniouesvie cnosa: moiHoe puMaHOBO MHOT00Opa3ue, KacaTeIbHOE pac-
cioeHue, MeTprka Cacaku, TOpH30HTaIbHO-TapMOHUUECKOE OTOOpaKeHUE
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O HecocTaBHbIX RR-MHOrorpaHHUKax ¢ yCnoBHbIMU pebpamu

RR-MHOTOIpaHHUK — 3aMKHYTBIA BBITYKJIBIH MHOTOTPAHHHUK
B E’, MHOXECTBO rpaHeil KOTOpPOTrO MOKHO Pa30UTh Ha JIBa HEIy-
CTBIX HEIEPECeKaroNMXCsi MHOXKECTBA — MHOXECTBO I'paHel, 00-
pasyroluX H30JIMPOBAaHHBIE TIPaHHBIE 3BE3Ibl CUMMETPUYHBIX
POMOMYECKMX BEPIIMH M MHOXKECTBO NPaBHJIBHBIX rpaHeil. Ecim
MIPABUIIBHBIE TPAaHU TAKOTO MHOTOTPaHHHMKA OJHOTO THUIIA, TO OH
OTHOCHTCSl K NEPBOMY THIy RR-MHOTOTPAaHHUKOB; €CIH Pa3iInd-
HOTO — KO BTOpoMy THITy. B HacTosimed pabore mokasaHO, YTO
CYLIECTBYIOT TOJNBKO INECTh HECOCTaBHBIX RR-MHOTOTPaHHUKOB
MIEpPBOTO THIA C YCIOBHBIMH pebpamu. JlBa w3 HalaeHHBIX RR-
MHOTOTPAaHHUKOB MOTYT OBITH Pa3OHMTHI IUIOCKOCTSIMH, HMPOXOAS-
IIMMH Yepe3 YCJIOBHBbIE pedpa poMOMUEeCKHX I'paHeil, Ha MpaBUIlb-
HOTPaHHbIE YaCTH, & OJIUH U3 RR-MHOTOIpaHHUKOB — Ha JIBE POM-
OMYECKUE MTUPAMUJIBIL.

Knrouegwie cnosa: RR-MHOTOTpaHHUK, COCTaBHOM MHOTOTPaHHHK C
YCIIOBHBIMH peOpaMu, CHMMETPUYHAs pOMOMUYECKasl BepIInHA, POMOMUe-
CKasl mIpamuza

1. BBeagenue
N3ydenne KiIacCOB MHOTOTPAHHUKOB, CBSI3aHHBIX C TNPABHIIb-

HBIMH (TUTATOHOBBIMH) MHOTOTPaHHUKAaMH 3aHUMAaeT Ba)KHOE Me-
CTO B COBPEMEHHOH reomeTpuu (cm., Hampumep, [1—3]). B cepe-

Hocmynuna 6 peoakyuro 28.03.2026 2.
© Cy66otun B.H., 2026
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nuHe XX Beka i 0000IIeHNs IPaBHIIBHBIX U apXHUMEIOBBIX (I10-
JYNPaBUIBHBIX) MHOTOTPAaHHUKOB BO3HHKIIA HEOOXOIUMOCTH MOJI-
HOT'O [EPEUHCIICHHS BHITYK/IbIX MHOTOIPAHHHKOB B E° C YCIOBHEM
npaBwiIbHOCTH WX TpaHedt. H. J[oHcoHOM B [4] OBLIM HaIEeHBI
92 TaKuX npasunbHOSPAHHLIX MHOTOTpaHHUKA (HE CUMTas IJIaTo-
HOBBIX MHOTOTPaHHUKOB, apXHUMEIOBBIX MHOTOTPAaHHUKOB, MPHU3M
W aHTUOpuU3M). BrepBble m0Ka3aTelabcTBO MOJHOTHI CIUCKAa Haii-
neHabx H. J[PKOHCOHOM MHOTOTpPaHHHMKOB OBLTO TIpoBeacHO B. 3ai-
rajuiepom B MoHorpaduu [5]. MHpopMamuio o npaBHIbHOIPaHHBIX
MHOTOTpaHHHUKaX CM., Hampumep, B [6—S8]. B uwactHoCcTH, B [8]
ONYCaHbl MHOTOTPAHHUKH, ABOMCTBEHHbIE NPaBUJILHOIPAaHHBIM, U
MIpUBEIEHBI KOOPAMHATHI X BEPIIIHH.

JanpHenmuM pa3zutueM pesyiabratoB H. Jlxoncona u B. 3an-
rajuiepa SBUJIOCH IOJHOE IEPEYUCICHHE BBIMYKIbIX MPAaBUIBHO-
I'PaHHBIX MHOTOTPaHHUKOB C YCIOBHBIMH pedpamu (cm.: [9; 10]),
CIMCOK KOTOPBIX NpencTanieH B [13].

Bbimyknblii  IpaBUIIBHOTPAHHBIH ~ MHOTOTPAHHHUK, KOTOPBIH
TUIOCKOCTSIMHU, IPOXOSIIIMMHU Yepe3 pedpa, MOXKeT ObITh pa3OuT Ha
MpaBUIBHOTPaHHBIE YacTh, B pabore [5, c. 14] Ha3piBaeTcs co-
CMABHBIM.

Jng RR-MHOTOTpaHHUKOB TIOHATHE COCTAaBHOTO MHOTOTPaHHHM-
Ka HY)XIAaeTcsl B U3MEHEHUH, TaK Kak B RR-MHOTOTpaHHUKE HMe-
I0TCSI TPaHM, OTJIMYHBIE OT NpaBWIbHBIX. 1losTOMy nanee mpuBo-
JUTCS IPYTrOe ONpeneNeHNe COCTaBHOTO RR-MHOTOTpaHHUKaA.

B Hacrosmieil paboTe OOKa3aHO CYLIECTBOBAHWE M IOJIHOTA
CIMCKa U3 mecTd RR-MHOTOIPaHHUKOB NEPBOTO TUIIA C YCJIOBHBI-
MH peOpaMHu.

2. Onpenenenust

36e3001i Star(V) eepwunvt V MHOTOTpaHHUKA HA3BIBACTCS CO-
BOKYITHOCTh BCEX TPaHEH, KOTOPbIE KMEIOT OJIHY OOIIYI0 BEPIIHHY,
coBIaanlyto c V.
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Ecnu 3Be3na Star(V) cocTouT U3 n paBHBIX U OAMHAKOBO pac-
MOJIOKEHHBIX (TO €CTh CXOMIIMXCS B BeplinHe V nubo cBOMMHU
OCTPBIMH, JTHOO TYIIBIMH YTJIaMH) POMOOB, TO BepIIrHa V Ha3bIBa-
eTCSI N-pOMOUYECKOIL.

Ecnu V pacnonosxeHa Ha ocH BpallleHUs MOPAAKa # MHOKECTBA
Star(V), To V Ha3BIBaCTCA CUMMEMPUUHOU N-POMOULECKOU 8epulil-
HOII.

PomOurdeckas 3Be3/1a Ha3bIBACTCS UZOAUPOBAHHOLL, €CITH OHA HE
uMeeT o0IuX pedep ¢ APYTUMU pOMOMYECKIMU 3BE3IaMU.

3aMKHyTHIi BBITYK/IbIii MHOTOIPAaHHHK B £’ HasbiBaercs RR-vHo-
202PaHHUKOM, €CIT MHOKECTBO €r0 TpaHel sBisieTcss 00beJUHEHH-
€M [BYX HEIEPeCcEeKaroIUXCsl HEMyCThIX MHOXKECTB: MHOXECTBA
rpaHeil (poMOOB, HE KBaapaToOB), 0OPa3yIOIIMX H3OJUPOBAHHBIE
3BE3JIbl CHMMETPHYHBIX POMOMYECKHUX BEPIIMH, 1 MHOKECTBA Ipa-
BUJIbHBIX IpaHeil. Ecny yka3zaHHBIE MpaBUIIbHBIE TPAaHU — OAMHA-
KOBOTO BHJa, TO MHOTOI'PaHHUK Ha3bIBAeTCsI RR-MHOTOTpaHHUKOM
nepeo2o muna; €ClIW NpPaBUWIbHBIE T'PaHM PA3JIMYHOTO BHIA, TO
MHOTOTPAaHHUK Ha3bIBaeTca RR-MHOTOTPaHHUKOM 81MOp020 MUnd.

C600600HbIMU yenamu POMOUYECKON 3Be3lbl Oy/JeM Ha3bIBaTh
yIJIbl C BEpIIMHAMH, COBMAJAIOUIMMM C OOIIEeH BEpIIMHON ABYX
TYTNBIX YIJIOB ABYX COCEIHUX POMOOB 3BE3/BL.

Ecnn nmoMecTuts B CBOOOIHBIE YINIBI n-POMOHMYECKOM 3BE3.bI
paBHBIE TIpaBUIIbHbIE MHOTOYTOJIBHBIE TpaHu M, i =1,..,n, 10
MOJTyYUM MHOTOTPAaHHYIO TIOBEPXHOCTb C KpaeM — poMOUUeCcKyIo
WAanouxy.

Ecnu rpanu M; ABISIIOTCS IPaBUIILHBIMU TPEYTOJIBHUKAMH U K
IpaHUIIE IAMOYKY OyAET MOJKICCH IPaBUIbHBIN N-yTOJIbHUK, IOITY-
YUM BBIIYKJIbIM MHOTOI'PaHHMK, KOTOPBIH Jajiee Ha3bIBACTCS H-POM-
buneckol nUpamuool.

JlnaroHan, HENpPaBWILHOW TpaHU F MHOTOTpaHHHMKA, pa3ou-
Barolas [ Ha Ba MPaBWIBHBIX MHOTOYTOJIbHUKA, HAa3bIBAETCS yC-
JIOBHBIM pebpOM MHOTOTPAHHHKA.

Panee B [11] aBTOpOM OBUIO JaHO OIpeAENEHHWE COCTABHBIX
RR-MHOTOrpaHHUKOB KaK TaKUX MHOTOTPaHHHUKOB, KOTOPBIE MOX-
HO Pa30HUTh IUIOCKOCTSMH Ha pOMOHMYECKHE MHUPaMUIbl U MHOTO-
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TpaHHUKHU C MPaBWIBHBIME TpaHAMU. B ciydae RR-MHOTOTpaHHU-
KOB C YCIIOBHBIMHU peOpaMu €CTECTBEHHO JIaTh ONPECICHUE B Clie-
IYIOIIEM BHUJE:

CocmasnvimM  RR-MHO202paHHUKOM ¢ YCIOGHBIMU pedpamu
HA30BEM TaKOil RR-MHOTOTpaHHUK C YCIOBHBIMH peOpamu, KOTO-
pBIi MOKHO Pa30UTh IIOCKOCTSIMH, MPOXOJAIIMMU 4epe3 pedpa
WJIH YCJIOBHBIE pedpa, Ha CIIeAYIoNIie YacTu: 1) poMOndecKue mu-
pamuabl, 2) MHOTOTPaHHUKH C MPABIIIBHBIMUA TPAHSAMHU H, BOZMOX-
HO, C YCJIOBHBIMH peOpamH.

Tlosicom epameti Ha3BIBAETCS CBS3HOE MHOXECTBO rpaHen F,
F, ..., F, Takoe, uro mo0bie nBe rpanu F; Fi.;, a takxke F), F,
MMEIOT TOJBKO OJHO o0miee pedpo, a Jolbie ABE IPYyrHe IpaHu
MHOXXECTBa HE HMEIOT OOIINX pedep.

JanHoe moHsiTHe OyIeT UCIOIB30BAHO Jlaee sl CIIydas pOM-
Oudeckux rpaneit £, F, ..., F, B J0Ka3aTENbCTBE CYIICCTBOBAHMS
HEKOTOPBIX RR-MHOTOTPaHHUKOB.

3. OcHoBHas Teopema

Jlnsg Toro 4ToOBI HAWTH BCE COCTaBHBIE RR-MHOTOTPaHHHKH
BTOpOro THma 0e3 ycloBHBIX pedep, B padore [11] aBTOpOoM pac-
CMaTPHUBAINCH BCE BO3MOXKHBIE PHCOETUHEHUSI POMONYECKUX TIH-
pamMuI K MHOTOTPaHHUKAM U3 CIEIYIOINX KJIACCOB: 5 MPaBUIIbHBIX
(M1aTOHOBBIX) MHOTOTPAaHHMKOB, 13 MONyHpaBUIbHBIX (apXHUMeEa0-
BBIX), 92 MHOTOTpaHHNKa J[>KOHCOHA (TIPaBHIILHOTPAHHBIX) U Oec-
KOHEUYHBIE CEpUU MPAaBHIBHOTPAHHBIX MPU3M M aHTHIPH3M. Bo3-
MOKHBIMH CUUTAJIIMCh MPH 3TOM TaKHe NPUCOEAWHEHUsT poMOHye-
CKUX THpaMHUJ, B pPe3yibTaTe KOTOPBIX TOIY4YaeTCs BBITYKIBII
RR-MHOTOTpaHHUK 0€3 YCIIOBHBIX pebep. YUuTHIBas Ompe/eieHue
cocTaBHOTO RR-MHOTOTpaHHWKA 0e3 yCIOBHBIX pebep, B [11] Haii-
JeHbl (He cuuTas pOMOMYECKHX MHPaMHJ, YTO €CTECTBEHHO) BCE
46 TakuX OPUCOCTUHEHUI.

Tak kak Bce RR-MHOTOTPaHHHKH 1ep6o20 muna 0e3 yCIOBHBIX
pebep nepeuncieHsl aBTOpOM paHee, Kak COCTaBHbIC, TAK U HECOCTaB-
Hble [12], cnenoBarenbHO, EpeUYrciieHbl BCe COCTaBHbIE RR-MHOTO-
TpaHHUKY (M IEPBOTO, M BTOPOTO THIA) O3 YCIOBHBIX pedep.
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UToOBI HAWTH BCE HECOCTaBHBIE RR-MHOTOTPAaHHUKH MEPBOTO
THTIA C YCIOBHBIMH peOpamu, HyKHO PaCCMOTPETh A0Ka3aTeIhCTBO
MOJTHOTBI CIUCKa RR-MHOTOTPaHHUKOB HEPBOrO THUIA 0€3 yCIIOB-
HBIX peOep U OTHEeNBbHO MPOBEPUTH B J0KA3aTEIbCTBAX CYIECTBO-
BaHUS KaXJOTO M3 24 TaKMX MHOTOTPAHHHUKOB CIIy4and BO3MOXHO-
TO BO3HUKHOBEHHS yCIOBHBIX pebdep. IIpu 3ToM HYXHO BBIIETUTH
13 BCEX BO3MOJKHBIX C YCIOBHBIMU peOpaMu HecocTaBHbIE RR-MHO-
TOrpaHHUKH.

Teopema. Cywecmayom moabko uecms HecocmasHvlx RR-muo-
202PAHHUKO8 NEPBO20 MUNA C YCIOBHbIMU PeOPAMU.

Hokasamenvcmeo. 1llectb RR-MHOTOTPaHHUKOB, O KOTOPBIX
TOBOPUTCS B TEOpEME, CIIEAYIOIIHE:

(1) ¢ nByMs TYynoyroJbHBIMH 3-pOMOMYECKMMH BEPIIMHAMH H
OOKOBHIMH TPaHSIMHU B BHJE MOsiCa TPaHEeW W3 MIECTH «IIPABHIb-
HBIX» (TO €CTh COCTaBJICHHBIX U3 JIBYX NPABHIIBHBIX TPEYTrOJIbHU-
KoB) poMm0OB (puc. 1, a; pa3BepTka Ha puc. 1, 6);

(2) 4-pombuueckas ounmpamuaa (puc. 1, g);

(3) ¢ mByms 5-poMOMYECKMMH BEpIIMHAMH, OTICICHHBIMU
Ipyr OT Jpyra MOsSCOM TpaHed W3 AECATH NpaBHIBHBIX pOMOOB
(puc. 1, 2; pa3BepTky (6€3 pomMOMUECKHX 3BE3d) CM. Ha puc. 1, e;
BHJ] «CBEPXY», CO CTOPOHBI OJTHOW W3 3BE3]1, CM. Ha pucC. 1, 0);

(4—>5) nBa MHOrOrpaHHHMKa C TPaBHJIBHBIMH poMOamH: Hapa-
HIEHHBIN oKkTa’ap (puc. 1, o) U ABaXIbl HapaleHHbIH KyOOOKTa-
aap (puc. 1, 3);

(6) MHOTOTpaHHUK C TYNOYTOJBHON M OCTPOYTOJIBHOH S5-pom-
Oudeckoil BepnHoii (puc. 1, u).

Ha pucynke 1 poMOuueckie BEpIIMHBL, TO €CTh BEPUIMHBI POM-
OMYEeCKHX 3Be3J1, 0003HAUYCHKI V' u W.

Mmuororpanuuk (1) mosBisieTcs B pe3yabTaTe aHaIu3a MoCTpo-
€HHsI OTHOTO M3 RR-MHOTOrpaHHHMKOB IepBoro tuna — 19-rpan-
HUKa C TYNOYTOJIbHOI BEPIIMHON, CBSI3aHHOTO C MKOCA3APOM (CM.:
[12]). HdeiictBurensHo, B [12, c. 197] ykazanHsli 19-rpaHHUK 1MO-
Jy4eH IyTeM yJalleHus OJHOW TPeyrojlbHOM IpaHu, KOTOPYIO 000-
3HauuM F, a Takxke Tpex rpaeii, cocequux c¢ F mo pebpy. anee
ITyTeM M3TUOAHNs OCTABIIEICSI MHOTOTpPaHHON MOBEPXHOCTH B [12]
JI0OKa3aHO CYIIECTBOBAHUE 19-rpaHHUKA.
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Puc. 1. HecoctaBabie RR-MHOTOTpaHHHUKH MIEPBOTO THIIA
C YCJIOBHBIMH peOpamu

Ecnmu B mpenpinymeM mnocTpoeHHu 19-rpaHHuKa yJoaauTh
rpaHb, IPOTHBOIOJIOXKHYIO F B MKOCa3[pe, a TakKe TpU TpaHy,
coceqHre ¢ HeW mo pebpam, TO MOIYYUM |2-TpaHHYIO TOBEpX-
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HOCTh @ C IBYMsI KpasiMH U C 3€pKaJbHOH OChI0 CUMMETPHUH Ile-
ctoro mnopsaka. [lokaxem, 4To cyIiecTByeT 6-rpaHHas MOBEpX-
HOCTh @' Cc Takoil xe, Kak U P, CHMMETpUEH, HO Y KOTOPOH I'paHu
COCTaBJICHBI U3 LIECTH Map TPEYTrOJbHUKOB TAK, YTO ITOBEPXHOCTH
@' OyneTr UMeTh IIeCTh YCIOBHBIX pebep. Ha pucynke 1, a, 6 atn
pebpa mokazaHbl TYHKTHPOM.

s nokaszaTenscTBa CyIIECTBOBaHHMA @' ¢ €AMHUYHBIMU PEO-
paMu pacCMOTPUM OOKOBYIO MOBEPXHOCTH IMPABMIHBHOU O-yTOJb-

o . 3 o
HOU TPU3MBI C BBICOTOU E CTOpOHI)I OCHOBAaHUUN NPHU3MBI 6YI[6M

CUNUTaTh €AUHUYHBIMU.

OTcedeM IUIOCKOCTSIMH TPEXTPAHHBIE YIINIbI Y€pe3 OAWH BEpX-
HETO ¥ HWKHETO OCHOBAHUS MPU3MBI TaK, YTOOBI IIOBEPXHOCTH IO-
clle OTCEYEHUs UMejla 3€pKalbHyI0 OCb CUMMETPHUM ILIECTOrO IO-
psaaka. Otceuenne OyneM IMPOBOAWTH TaK, YTOOBI OTCEKAroOIIHe

1
TUIOCKOCTH Tepecekad pedpa Ha PacCTOSTHHU > OT COOTBETCTBY-

IOIIETO OCHOBAHUS MPU3MBI U YTOOBI TPH OTCEKAIOIINE TTOCKOCTH
KaOKIOr0 M3 OCHOBaHWI Nepecekananch IO NpPaBUIBHOMY Tpe-
YTOJIBHUKY C BepIIMHAMU Ha OOKOBBIX peOpax mpu3mbl. OueBUAHO,
K K&KIOMY Kpaio MOBEPXHOCTH D' MOKHO MOJAKIEUTH TYHOYTOJb-
Hble pomOudeckue 3Be3abl (puc. 1, 6). Ilomyunm RR-MHOTOTpaH-
HUK (puc. 1, a).

Hatinem Tymble yribl a poMOOB poMOUYECKUX 3Be37 RR-MHO-
rorparauka (1).

, 2TC _, 2T o
cosa = cos ?+ sin ?cosa) = —-0,125; a = 97,181°,
1
rle COSW = —, TaK Kak MHOTOTPAHHHMK B 5TOM Cly4ae MOIy4eH

OTCEYEHNEM NPaBUIBHON 6-yTrOJbHONW MPU3MBI.

Cy1ecTBoBaHHE MHOTOIpaHHUKa (2) OYEBHAHO, TaK Kak Tpe-
YTOJbHBIE TpaHU 4-poOMOMYECKON MHpaMUABI TEePHIEHINKYIISPHBI
OCHOBaHHIO ITUPAMUJIBL.

JokaxeM cymiecTBoBaHHEe MHOTOrpanHuka (3). OH nomydaercs
IIPY aHAJIM3€ I0Ka3aTelbCTBa CYLIECTBOBAHUS RR-MHOIOIpaHHUKA
C IBYMS 5-poMOMUYECKMMH BepIIMHAMH 0€3 YCIOBHBIX pebep (cwm.
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cceuiky Ha [18, ¢. 300] B pabore [12]). bputo nokazaHo, 9TO TaKoM
MHOTOTPaHHUK He cymiecTByeT. CyIIeCTBEHHBIM B TOM JIOKa3a-
TEJBCTBE OBLIO TO, YTO Mapbl PABHOCTOPOHHHUX TPEYTOJIHHUKOB B
CBOOONIHBIX YTIIaX ff He 00pa3yoT yCIOBHBIE pedpa.
CrnemoBaTenbHO, TeTIEph HEOOXOANMO MMPOBEPUTH CYIIECTBOBA-
HUEe RR-MHOrOrpaHHMKA B CIIy4ae, KOIr1a JBYTPAHHBIM yroi MEXIy
MPaBWILHBIMU TPEYTOJBHUKAMH B KQXKJIOM CBOOOJTHOM YTy paBeH

7. PaccmoTpum S-poMOMYecKyio 3Be3qy CO CBOOOIAHBIMHU yTIaMHU
2

p=-m.

3

Brruncnenue yrioB o poMOOB S-poMOMyecKkux 3Be3s RR-MHO-
rorpanHuka (3) maer o~ 64.719°.

2
[HonknenBast B yritel f poMOBI C TYIIBIMH YTJIAMHU 37T, TIOTydiM

POMOMYECKYIO MIANOYKY, KOTOpyto o0o3HaunM K. [Tokaxkem, 4To B
CBOOOJHBIE YIJIBI MEXIY IBYMS poMOamu manoykd K MOXKHO

2
IOAKJICUTh TAKHUEC KCE p0M6BI C TyIbIMHU yTJIaMH 57'[ " MOJYYUTH

TakuM 00pa3oM MOsIC TPaHel U3 IECATH MPABUIILHBIX POMOOB.

Paccmorpum pucysHok 1, 0, Ha KOTOpOM MHOTOTpaHHHK (3)
M300paKEH CO CTOPOHBI OJTHOM M3 poMOMUeckux 38e31. OT 0HOTO
yriia f§ Ha 5TOM PHCYHKE K JPYromy yriy f MOKHO MEpeuTH MO
napajuieIbHbIM pedpaM, W300paKEHHBIMH TOJICTBIMU JTHHUSMU.
Takum 006pa3om, B CBOOOIHBIC YTIIBI MEXKITY ABYMsI pOMOaMH IIia-
nmouku K MOXXHO TOJKJICUTh TaKHE K€ POMOBI C TYIBIMH YIJIAMHU
%n. Ha pucyske 1, 2 BUAHO TakKe, 4TO IMPOU3BOJBHBIN IUIOCKHMA
OCTpBIH YTOJl ¢ C BEPIIHMHON B IIEHTPE pOMONYECKOMN 3BE3/IbI U CTO-
poHaMu, 0003HaYeHHBIME udpamu 1 U 2, paBeH OCTPOMY YTITy C
BEpIIMHOW H M CTOpOHaMH, 0003HAYEHHBIMH MyHKTUPOM Ha PH-
CyHKe 1, 2. DTO Jerko BHIETh, €CIU MEPEXOIUTh MO pebpam, ma-
payieabHBIM cTOpoHaM 1 u 2 yrna a.

Takum oOpa3zoMm, manodke K COOTBETCTBYET 3€pKaBHO-

9 VA
MMOBOpOTHAs el mamodka K'. Yros moBopoTa paBeH = CymectBo-

BaHHWE MHOTOTpaHHHKA (3) TOKa3aHo.
Yucno poMOOB B pOMOMYECKHX BEpIIMHAX HEJH3sl YBEIUYUTD,

T
TaK Kak Ipy n = 6 MONyYuM o = 3
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Muororpanuuku (4) u (5) — 3T0 M3BECTHbIE MHOTOTPAaHHUKHU
P;33u Py 313 cnucka [13].

MsuororpanHuk (6) mosydaeTcs NpH JOKa3aTeNIbCTBE CyIle-
CTBOBaHUs OJIHOTO, 0003HAYaeMoro naiee M, u3 AByx RR-MHOrO-
TPaHHUKOB TIEPBOTO THIIA, CBI3aHHBIX C MKOCAYIPOM U MMEIOIINX
TYNOYTOJIbHBIE POMOMYECKHE BEPIUIUHBI. M TONy4yaeTcsl Cleaylo-
UM 00pa3oM: yAaluM M3 MKOca’Jpa AECSITh TPEYrojbHBIX Ipa-
HEH, CUMMETPUYHO pPAaCIOJIOKEHHBIX OTHOCUTEIIBHO HEKOTOPOH
(bMKCHPOBAaHHOW IpaHH, U K TpaHHIe Moy4deHHoi 10-rpaHHOM mo-
BEPXHOCTH TNOAKJIEHUM POMOMYECKYIO TYIOYTOJBHYIO 3BE3Ly C

. 3
BEpIINHOW W U TymnbIM yIioM poM06a, paBHBIM PLS IToaxneennyro

3Be3ay 0003HaUNM S.

PaccmoTtpum Tpu BepmmHbl RR-MHOTOTpaHHUKa M, B KOTOPBIX
CXOISITCA 1O TSTH TPEYTONBHBIX rpaHel. Bribepem omHY K3 3THX
BepInH, U, 1 0TCeYeM IIOCKOCTHIO MPAaBUIBHYIO 5-YTOIBHYIO MH-
pamuny ¢ BepmuHoi U. Ilogknenm BMecTo Hee S5-poMOMYECKYIO
nUpaMHIy, KOTopyto o6o3HaunM P. I[lomyuum MHOrorpanHuk (6) ¢
IBYMSI POMOMYECKMMH BEpUIMHAMH — TYHOYTOJBHOH M OCTpO-
yroJeHOH. JIJIT OCTPBIX YTJIOB 0. pOMOOB 5-poMOMUYECKON 3BE3MIbI
nupamusl P, Tae cBoOoaHbBIe YTIbl f = %’ MOJTyYUM @ = %

OcHoBaHue nupamMuasl P Oyner uMeTs Tpu oomux pebdpa s, S;
U S3 C TpEMs TPEYTOJbHBIMU PAaHSAMH U ABa OoOIUX pedpa r; U 7;
CO CTOpPOHaMH JIByX poMOOB pomOudeckoil 3Be3abl S. O003HauUUM
aTH 1Ba poMba R; u R,. Kak nokazano B [11, c. 105], peOpa s;, 52 1
§3 OyIOyT YCIOBHBIMH IOCJIe TpucoeanHenns nupamuasl P. Ilycts
(; — IBYTPaHHBIE YTJIBI C pedpaMu 7 U ¥2 , KOTOPBIE TPEYTOJIbHBIE
rpanu nupamusl P oOpasytoT ¢ pombamu R; U R,.

[TokakeM, 4TO Halle TOCTPOEHHE AACT BBIMTYKIJIBIII MHOTOTpaH-
HHUK, TO €CTh 4YTO ¢ < . J[eHCTBUTENBHO, HA MECTE KaKIOIo U3
poMOOB R; u R, paHee B MKOCa’Ape HAXOAWIOCH IO mape (cocen-
HUX N0 pedpy) TpeyroiapHBIX rpaHeil. J[Be U3 3TUX TPeyTOJbHBIX
TpaHel, KOTOphIE UMEIOT 00IIHe pedpa 7; U r; ¢ OCHOBAaHUEM ITHpa-
muzbl P, o6o3raunm 7; u 75 O003Ha4nM \y IBYTPaHHBIE YTJIIBI, KO-
Topble cocTaBisitoT 7; U T, ¢ (cocegHuMH 1o pedpam #; U #2) Tpe-
YTOJIBHBIMU IpaHsiMu nupamuasl P. Tak kak y =, ¢; <y, TO @; < .
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Hcueprnianbl Bce BO3MOXKHBIE CIydad BO3HHUKHOBEHHS YCIIOB-
HBIX pebep mpu nepedyncieHur RR-MHOTOIPaHHUKOB TEPBOTO TH-
na. IToaToMy npyrux HecocTaBHBIX RR-MHOIOIpaHHUKOB IEPBOTO
THUIIA HE CYILECTBYET.

Teopema nokazaHa.
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On non-composite RR-polytopes with conditional edges
Submitted on March 28, 2026

An RR-polyhedron is a closed convex polyhedron in E* whose
face set can be partitioned into two non-empty disjoint sets: the set
of faces forming isolated faceted stars of symmetric rhombic verti-
ces and the set of regular faces. If the regular faces of such a poly-
hedron are of the same type, then it belongs to the first type; if they
are different, then it belongs to the second type of RR-polyhedron.
In the present paper, it is proved that there exist only six non-
composite RR-polyhedrons of the first type with conditional edges.
Two of the found RR-polyhedrons can be partitioned by planes
passing through the conditional edges of the rhombic faces into
regular parts, and one of the RR-polyhedrons can be partitioned in-
to two rhombic pyramids.

Keywords: RR polyhedron, composite polyhedron with conditional
edges, symmetric thombic vertex, rhombic pyramid
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MHAyUMpOBaHHbIe CBA3HOCTU ABYX TUNOB
Ha pacnpegeneHuun 2-ro poaa

B mpoexTHBHOM MpocTpaHCTBE P, TMPOBEICHO HCCIICIOBAHHE
pacupeneneHus 2-ro poja, He OMHparoIieecss Ha TEOMETPHIO pac-
npenenennii 1-ro poxa. [lox pacupenenennem 2-ro poga HOHUMA-
0T n-MEpHOE MHOT000Opa3ne MHOTOMEPHBIX IDIOCKOCTEH, IMOITy-
YEHHOE COMOCTaBIIEHUEM KaXKJ0M TOUKE MPOCTPAHCTBA, HE MPOXO-
JISTIIel yepe3 Hee MI0CKOCTH. B TIaBHOM pacciioeHu , acCOIMUPO-
BaHHOM C paclipejieliecHHueM, 3aJaHa CBsI3HOCTh. [IoCcTpoeHO ocHa-
[ICHUE pacIpeleNieHusl 2-T0 pojia, KOTOPOe MPENCTaBIsAET COOOH
TOJIe TUTOCKOCTEH, 00pa3yIoIUX B COBOKYITHOCTH ¢ 00pa3yIOIIHMU
TOYKOW U TUIOCKOCTBIO TPEXWIEHHYIO KOMIIO3MILIUIO B CMBICIIE
Hopnena. JlokazaHo, 94TO pacrpeieiecHHe U ero OCHAIICHUE MHITY-
OUPYIOT CBA3HOCTH JBYX THIIOB B aCCOIIMUPOBAHHOM PAaCCIOCHHH.
Haiinens! ycnoBust uX coBHaieHusl.

Kniouegvie cnosa: mpoeKTUBHOE MPOCTPAHCTBO, PACIPENEICHNE 2-TO
THIIA, CBA3HOCTh, OCHAILICHHE

1. Pacnpenenenue 2-ro poaa

OTHeceM MPOEKTUBHOE MPOCTPAHCTBO P, K MOABIKHOMY pe-

nepy {4, 4;}, (I, ... = 1,n), nvHOUHUTEIUMATIHHBIC TEPEMEICHHUS
KOTOPOTO ONpeNeIsatoTes GopMyaaMu

Hocmynuna 6 peoakyuro 25.05.2026 2.
© IlleBuenxo 0. H., Banosa A.B., 2026

93


https://orcid.org/0000-0002-4471-2750
https://orcid.org/0000-0001-5170-6191

[nddepeHumanbHas reomeTpus MHoroobpasui uryp

dA=0A+ ' A, dA; =04+ w]A; + w4,

npuueMm dopmsl [padda w!, a)I] , W] YIOBIETBOPAIOT CTPYKTYp-
HBEIM ypaBHeHusM Kaprtana mpoexTuBHOW rpymmbl GP(n) (cM.,
Hanpumep, [1]):
Do' = w A wl, Dw, = w] Aw), (1)
Dw! = W Awl + wy A + 8wy A wK.

B npoextuBHOM npocTpaHcTBe P, paccMOTpUM 7-MEPHOE MHO-
roobpasue M,, nap (X, B,;,), cocrosuiee u3 TOYKH X MPOCTPaHCTBA
M COIOCTABIICHHOHN el m-MepHOU miockoctn P, (m < n — 2), He
MPOXOJsIeH uepe3 Touky. MHorooopasue M,, Ha3bIBAIOT pacmpe-
JeTICHHEM M-MEPHBIX IUIOCKOCTEH BTOPOTO poja, a TOUKy X —
LeHTpoM. BriepBrie MoHATHE pacnpeneneHus 2-ro poaa OblIo BBe-
neno H. M. Octuany [2].

3ameuanue. Pacrnpenenenue 2-ro pona M, MOpokmaeT pac-
npenenenue 1-ro poma S, (m+1)-MepHBIX TUTOCKOCTEH P, 1 =
= [X, P,,]. U3y4enuro pacrpeneneHus 1-ro poga m-MepHBIX IIOC-
KOCTeH B 7-MEPHOM MPOEKTUBHOM IPOCTPAHCTBE MOCBAIIEHBI CTa-
ThU [3; 4], a B padote [10] uccnenopanach KOKOHTPYIHIIHS M-Mep-
HBIX IJIOCKOCTEH, TO €CTh KOMIUIEKC, KOTOPBIN SIBISIETCS TOAMHO-
rooOpaszmem MHOT0o00Opa3ms I'paccmana [9].

[MpousBenem pa3dueHne 3HaUCHUN HHIEKCOB

I=(@a):a.=1m+1a..= m+2,n.

Ocy1iecTBUM CHeHATNU3AlMI0 TOIBUKHOTO pernepa, COBMeIas
TOUYKY A — BEpIIMHY penepa ¢ HeHTpoM X U MoMelasi TOUKd A, B
COOTBETCTBYIOIIYIO JAHHOMY IIEHTPY #M-MEPHYIO IIOCKOCTh By, .

VYpaBHeHust pacnpenenenus M, B pernepe HYJEBOIO MOPsIKa
HMEIOT BHU]L

a _ pAa I — I
wg = AL w, w,=Ayw,
r7ie KOMIOHEHTH (PyHIaMEeHTaJIbHOro 00beKTa 1-ro mopsaka ymuo-

BJIETBODPSIOT CIIEAYIONIMM CPaBHEHUSM I10 MOJIYJIO Oa3vCHBIX
dopm w':

ANE, =0, Ay + A% wy =0,
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nprdeM nuddepeHnrnanbHbIi onepaTop A IEWCTBYET CIEAYIOIUM
obpazom:

AN, = dA%, — A} wb — A‘é,w, +Aa,wﬁ

Yr1Bep:xknenne 1. OyHAaMeHTANbHBIM 00BEKT 1-ro mopsaka
A = {AS;, Ay} pacnpenenenus 2-ro poga M, sBIsSeTCS TEH30pOM,
coaeparmm noareHsop A%;.
IIpu obpareHur B HyJb TeH30pa A%; MONydaeTcs BBIPOXKICH-
HOe pacnpenenenue 2-ro pona MY, B KoTopom miockocTs B, na-
(A, By,) cMemiaeTcs B HMHAYUMPOBAHHOW IEHTPUPOBAHHOM
mockoctu P21 = [A, Py].
B stom ciydae 00BeKT A,; CTAaHOBHUTCS TEH30POM /_\a, =
= Aqylpg,_,, OOpallieHIe KOTOPOro B HYJIb A, = 0 Bieuer Hemo-

JBIDKHOCTD THIOCKOCTH Py, TIO3TOMY BBIPOXKICHHOE MHOTOOOpa3ue
MY, npespaiaetcs B pukcupoBannyio napy (X, By,).

2. AcconupoOBaHHOE paccI0eHne

Han pacnpenenenuem M, BO3HHMKAeT IJIABHOE PAaCCIOCHHE
G,(M,,), 6a30li KOTOPOTO SBISETCS CaMO paclpelesieHHe, a THUIIO-
BBIM CJIOEM — MOATpYyINa craiuoHapHocT G, napsl (A, By,), Tae
r=m(m+ 1) +n(n—m).

CTpyKTypHBIE ypaBHEHHUs Ii1aBHOTO paccioenus G.(M,), ac-
COIMMPOBAaHHOTO C pacHpeie]ICHUEM 2-T0 POJia, COCTOSAT U3 ypaB-
HeHuH (21) U cIeryromux:

B

dwy = Wy A wg+o' Awgy,

B

dw? = 0l Ao+l A wi + o' A wg,

dwf = wj A o+’ Awj + (Ap 5] +
+856f A" Aw/, )

dwog = B/\a)y+w A gy + 8] g’ A w/,
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e
Wor = _Aalwga (Ug] = _51‘1(‘)0(:
wpy = Apwg — 85 8[ g,
a)g, = —AZ,wE —6fwg — 6/‘;"5}/(»],,
npuyeMm 6, 8§ — o6GobOuieHnsle cuMBONIBI Kporekepa (cM., Ha-

npumep, [5]).
Yreepxknenne 2. [nasnoe paccioenue G.(My) codepocum
4 axmop-paccroenus:  {wg, 0"}, {wf, 0} {0q, wf, 0},

{wg, wg, Wp, w'} nao obweii 6azoii — pacnpedenenuem My,.

3. ‘DyH}IaMeHTaJ’ILHO-prHHOBaH CBSI3HOCTH

B rnaBHoMm paccioennu G, (M,,) 3aiaeTcs CBI3HOCTH CIIOCOOOM
JlanteBa — Jlymucre (cMm., Hapumep, [6; 7]). st aToro paccMot-
puM TIpeoOpa3oBaHus CIOEBEIX (popm:

~N = I ~a_ ,\a a .1
wa_wa_ralw , Wq _wa_ralw > (3)
~a __ a a 1 ~a __ a a 1
Wy = wp, —TIyw', g =wg =g

Breraucnsist BHemane auddepentmanst hopm (3) ¢ BCTOIB30-

BaHHEM CTPYKTYpHBIX ypaBHeHui (1, 2) u Teopemsl Kaprana —
JlaniteBa [8], momydum

ATp + wp; =0, ATg + g =0,
AT + T8 g + wyy = 0,
ATS; — T wb +T5 wf + 0l = 0.

Yreepxaenne 3. Oovexm cesznocmu T = {T'g, Fg,, | P iy

codepacum 2 npocmetiwux noooowekma: {L'y;} — nirockocmmnoi
JUHEHOU C8A3HOCmU, {F%I} — HOPMANLHOU JTUHEUHOU C8I3HOCMU

u 2 npocmeix no00OBLEKMA: YEHMPONPOEKMUSHOU CEAZHOCMU
{Car T} u agpgpunno-zpynnosoii ceasnocmu {Tg;, Ty, T3
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4. KoMno3uimuoHHOe OCHAILIEHHE

Ocy1iecTBUM OCHAIllEHUE paclpeiesieHus 2-ro pojaa, MpUco-
enuHuB K Kaxkaou nape (A, P,) paccmaTpuBaeMoro cemerictsa M,
IJIOCKOCTh Py, 5, HE MEPECEKAIOUIYI0 UHIAYLUPOBAHHYIO ILIOC-
KOCTb Py 1.

[Tnockocth Py, _ o 3aA21MM COBOKYITHOCTBIO TOUEK

By = Ag + %A, + A,A.
WHBapraHTHOCTh IUIOCKOCTH oOecmednBaeTcs auddepeHnu-
aJbHBIMHU YPaBHEHHAMH
A% + wd = 1%,0!, Ay + Wy = Ao’ 4)

YrBepxnenue 4. Ocnawarowasn niockocmov Py, o 3a0aem-
cs keazumenzopom A = {A%, 1.}, cocmosiwum uz o8yx npocmeii-
wux nooxeazumenzopos {A%},{1,}, npuuem {A%} onpeoersiem
naockocmv Pp_py 1 = Py_m_2®A, a {1,} — eunepniockocmo
Pp_1 = [Bg, Aal.

JIelicTBUTENBHO, B 3TOM HECJIOXKHO yOCIUThCS, 33aJaB TIOCKO-
ctd P,,_;,_1 ¥ P,,_1 COBOKYITHOCTSIMU TOYEK

ACy=Ay+2%A, Ay Dy =Ay+ 1A

n HafI,ZIH YCII0BUA UX MHBAPUAHTHOCTH.

5. KopapuaHTHbIi 1uddepeHumnal
¥ KOBapHaHTHbIE IPOM3BO/IHBIC

IoncraBusis B auddepeHManbHble YpaBHEHUS UII KOMIIO-
HEHT OCHAINAIONIETO KBa3UTEH30pa A BMECTO CIOEBBIX (GopM HX
BBIPQKEHHS Yepe3 COOTBETCTBYIOIIME (DOPMBI CBSA3HOCTU M TIEpe-
HOCsI cllaraemble ¢ 0a3ucHBIME (hOpMaMu BIPABO, TIOIYYUM

V)lg = VIAZ(DI, Vﬂ.a = Vlla(l)l.
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BrlpaxkeHust B JEBBIX YacTsIX YypaBHEHUH — KOBapUaHTHBIC
muddepeHIransl KOMIOHEHT OCHAIAONIECTO KBa3UTEH30pa OTHO-
CUTENBHO (HYHIAMEHTATLHO-TPYIIIIOBON CBI3HOCTH C OOBEKTOM [

VS = dA% — A%@h + 2558 + BE, VAg = dAy — A&l + @,

a copaBa ko3(duueHTs npu 6a3ucHBIX (HOpMax — KOBapUaHT-
HBIE IPOU3BOIHBIE!

Ve = + /IEFﬁI - /12 br —Tap Vide = Agr + Aﬁrgz — T

[Ipomomkast ypaBaenust (4), monyunMm nuddepeHInaIbLHbIe
cpaBHeHUs HA TIhadPOBHI MPON3BOIHBIC KOMIIOHEHT OCHAIIAIOIIE-
ro KBa3uTeH3opa A

A/’{g] + Agwgl - Agwgl + wgl = 0, AA(ZI - Aﬁ (l)gl + a)al = 0.

JlokazaHbl ClIEYIONIUE PE3yIbTATHI.

Teopema 1. Pacnpeoenenue M, u eco ocHawenue uHoyyupy-
tom 6 accoyuuposannom paccroeruu G.(My) ¢ynoamenmanvro-
2PYNnogyio ceasHocms I-2o muna ¢ 06vexmom

1 0 0 01 o01
I'={T5, Ff;‘p Can Tarss

KOMNOHEHNTbL KOMOPO2O0 OX6AHYEHbL NO d)OpMleaM

0
Fgl = A%IAZ - 51?5lal1a,

0
Fgl = —Ag,ﬂg — 51“/15 - 8[?6;//1),; %)
01 B
[or = —Agdg = 6 /15/1,1,
ol B ja4b
o= —Ablﬂﬁ/la — 0 g - (6)

Teopema 2. Pacnpeodenenue M, u e2o ocHawenue uHoyyupy-
rom 6 accoyuuposarnom pacciroenuu G.(My) ¢ynoamenmanvho-
2PYNNOBYIO CEA3HOCMb 2-20 MUNA ¢ 00bEKMoM

2 o 0,02 02
I'={Ty, Fﬁp Lo Tart,
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KOMNOHEHMbL KOMOPO2O 0X6a4eHbl no opmynam (3) u credyrouum:

02
[ ot = Aar — 205,28 — 6P 2520 — 2,6F 25,

Ra _qa _qapB 3b _ qasB b AP ja
Tar = Aar — gy Aa — Ag6; Ag — Aoy A5, @)
Comnocrasisis paBeHCTBa (6) U (7), TOIYYUM COOTHOIIECHUS
A = D228 25 + 6P 2524 — Mgy 2,
A%y = Ny ABAG + 6F 2,28 — 84,

KOTOpBIE SIBISIOTCS YCJIOBHSIMH COBITAJICHUS CBSI3HOCTEH 1-TO M
2-r0 THIIOB.
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Induced connections of two types
on a distribution of the second kind
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In a projective space a distribution of the second kind inde-
pendently of the geometry of distributions of the first kind is stu-
died. A distribution of the second kind is understood as an n-di-
mensional manifold of multidimensional planes obtained by as-
signing to each point of the space a plane not passing through that
point. In the principal bundle associated with the distribution, a
connection is given. An equipment of the distribution of the sec-
ond kind is constructed; it is a field of planes that, together with
the generating point and the generating plane, forms a three-term
composition in the sense of Norden. It is proved that the distribu-
tion and its equipment induce connections of two types in the as-
sociated bundle. Conditions for the coincidence of these connec-
tions are found.

Keywords: projective space, distribution of the second kind, connec-
tion, equipment
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