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On the differentiable sphere theorem for manifolds
with Ricci curvatures bounded from above

In the present paper, we prove that if (M, g) is an n-
dimensional (n = 3) compact Riemannian manifold and if
Ricmax(x) < 1 Kiin(x), where Kpin(x) = infm:TxMK(T[)a
Ricmax(x) = Ricxer mRic(X),K (") and Ric(:) are the sec-
tional and Ricci curvatures of (M, g) respectively, then
(M, g) is diffeomorphic to a spherical space form S§"/T
where I is a finite group of isometries acting freely. In par-
ticular, if (M, g) is simply connected, then it is diffeomor-
phic to the Euclidian sphere S™.

Keywords: Riemannian manifold, sectional curvature, Ricci curvatu-
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1. Introduction: Sphere theorems

Let (M, g) be an n-dimensional (n = 2) Riemannian manifold
and x € M. The sectional curvature in x of a 2-plane m(x) spanned
by an orthonormal basis X,Y € T,M is given by K(X,Y) =
Rm(X,Y,X,Y) where Rm denotes the Riemannian curvature tensor.

Denote by Kpin (x) the minimum of the sectional curvature of
a Riemannian manifold (M, g) at a point x € M. Since the unit
sphere in T, M is a compact set, there exists a 2-plane w(x) c T,,M
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such that K, (x) = K(m(x)) — the sectional curvature in the di-
rection of m(x) < T, M. In other words,

Kpmin (x): = infn'(x)chMK(”(x))-

Since (M, g) is a compact manifold, we can define a scalar in-
variant Kpin: = inf,ep K (x) of (M, g).

In a similar way we can define the maximum of the sectional
curvature of (M, g) at a point x € M. Namely, we let K4 (x): =
P = SUPr(x)er,mK (m(x))-Next, to determine Kpax(x) we use the
condition K ,: = sup,ep K (x).

Berger proved in [1] the following “topological sphere theo-
rem”: a compact, simply connected Riemannian manifold (M, g)
whose sectional curvatures satisfy the condition 0 <Ky, <
< K(x) < Kpax = 4Kpinat an arbitrary point x € M, is either ho-
meomorphic to $™ or isometric to a compact symmetric space of
rank one.

On other hands, Brendle and Shoen proved in [2] “the differen-
tial sphere theorem”: if a compact, simply connected Riemannian
manifold (M, g) is not locally symmetric space and its sectional
curvatures satisfy the condition

0 < Kmin(x) < K(x) < Kpax (%) = 4Kpyin(x)

at an arbitrary point x € M, then (M, g) is diffeomorphic to a
spherical space form.
Contractions of sectional curvature leads to the Ricci curvature

Ric. Namely, it can be show that

n

Ric(X) = K(X,ez)

a=2
for given any unit vector X € T,M, pick an orthonormal basis
{eq, ...,en} for T,M such that X = e,. Therefore, the Ricci tensor
Ric can be interpreted as the sum of sectional curvatures of planes
spanned by a unit vector X in the tangent space and other elements
of an orthonormal basis to which X belongs. In this case, we can
obtain the well-known double inequality
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(n — DKpin(x) < Ric(X) £ (n — DKpyax(x) (1

where X € T, )M is an arbitrary unit vector at x € M. Since the unit
sphere in T,M at an arbitrary point x € M is a compact set, there
exists Ricmin (%) = infyer yRic(X).

Xu and Gu proved in [3] the following “differentiable sphere
theorem”: a compact Riemannian manifold whose Ricci curvature
and sectional curvatures satisfy the inequality

Ricyin(x) > ((Tl -1 - 6/5)Kmax(x) (2)

for any unit vector X € T,,M at an arbitrary point x € M is diffeo-
morphic to a spherical space form S$™/I', where I' is a finite group
of isometries acting freely. In particular, if (M, g) is simply con-
nected, then (M, g) is diffeomorphic to the standard Euclidian n-
sphere S™.
From (1) and (2) we obtain the double inequality
(M — D Kmax(x) — 6/5 Kpax (x) < Ric(X) < (n — 1)Kpax (),

where X € TyM is an arbitrary unit vector at x € M. At the same
time, one can obtain from (1) and (2) that the Ricci curvature
Ric(-) > 0 at each point x € M. Therefore, the above theorem is

called “the differentiable sphere theorem for manifolds with posi-
tive Ricci curvature” (see [3]).

2. New version of the Sphere theorem

Since the unit sphere in T,)M at an arbitrary point x € M is a
compact set, there exists Ricmax(x) := infyer yRic(X). Then we,
in turn, will be able to prove our “differentiable sphere theorem” for
Riemannian manifolds with Ricci curvatures bounded from above.

Theorem. Let (M, g) be an n-dimensional (n = 3) compact
Riemannian manifold and Ric be its Ricci tensor satisfying the ine-
quality

Ricmax(x) < nKmin(x) (3)
at each point x € M. Then (M, g) is diffeomorphic to a spherical

space form S™ /. In particular, if (M, g) is simply connected, then
(M, g) is diffeomorphic to the Euclidian sphere S™.
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Proof. First, from (1) and (3) we obtain the double inequality

(n — DKpin(x) < Ric(X) < (n — DKpin (%) + Kppyin ()
where X € T, )M is an arbitrary unit vector at x € M. At the same
time, one can obtain from (1) and (3) that the sectional curvature
K(-) > 0 at each point x € M.

Second, we recall the definition of the curvature operator of
the second kind (see [4]). Namely, the Riemann curvature tensor

Rm induces an algebraic curvature operator R:SEM — SEM for
the space SZM of trace-free symmetric two-tensor fields (see, for

example, [4]). The symmetries of Rm imply that R is a selfadjoint
operator, with respect to the point-wise inner product on SZM. In

this case, R is called as the curvature operator of the second kind

(see [4]). Moreover, the map R:SGM — SZM induces a bilinear
form ®:SZM x S2M — R, which is defined by the equlity

P(p)=g (R(go),go) for an arbitrary @ € SEM. Accordingly, we
will say that R> 0 if the eigenvalues of R as a bilinear form on
SEM are positive.

Thirdly, we will prove our theorem. The bilinear form ® satis-
fies the inequality (see [5])

D(g) = nKpin()ll@llI*> — Rij0™ ;. 4)

for the local components ¢ and (p,iof an arbitrary ¢ € S3(T, M)

at each point x € M. In addition, the following inequality

Rl-jfpikq),]( < Ricpax(®)|l@||? holds. Then from (4) we deduce the
inequality

D(p) = (nKpmin (x) = Ricmay (X)) lloll1%. (5

In this case, we conclude from (5) that R > 0 if Ricp.(x) <
n Kpin(x) at each point x € M. At the same time, we know from
[3] that if (M, g) be an n-dimensional (n > 3) compact Riemanni-

an manifold such that R is strictly positive, then M is diffeo-
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morphic to a spherical space form S™/T. In this case, if (M, g) is
simply connected, then (M, g) is diffeomorphic to the Euclidian
n-sphere S™. Therefore, our theorem holds.
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TeopeMmbl 0 anddepeHUMpyembix cepax ans MHoroobpasui
C OrpaHNYEHHbIMU CBEPXY KpUBM3HAMK Puyyn

INoctynuna B pegaxmuro 05.01.2024 r.

B mpecrasiieHHO# craTthe MBI IOKa3biBaeM, uto eciu (M, g) — 10 -
MepHoe (n =>3) KOMIIAKTHOE pPHMAHOBO MHOr0OOpasde M  €CIiH
Ricmax(x) < nKpin(x), tme Kpin(x) = infnchMK(T[)s Ricymax(x) =
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= Ricyer,mRic(X), K(*) u Ric(*) — ceKMOHHAas KPUBU3HA M KPUBU3HA
Puaun MmuHOTOO0GOpasus (M, g), To oHo Oyner aupdeoMopdHHBIM chepude-
CKOM mpocTpaHcTBeHHO# popme S™/T'. B wactHocTH, eciu (M, g) omHoO-
CBsI3HOE, TO OHO audheomopdHO eBKIHI0BOI chepe S™.

Kniouesvie cnosa: puMaHoBO MHOr0oOpa3ue, CEKI[MOHHAsI KPHUBU3HA,
KpuBH3Ha Puyum, Teopema o cdepe, chepuueckas mpocTpaHCTBEHHAs
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