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On conformal transformations of metrics
of Riemannian paracomplex manifolds

A 2n-dimensional differentiable manifold M with
O(n,R) X O(n,R) -structure is a Riemannian almost para-

complex manifold. In the present paper, we consider con-
formal transformations of metrics of Riemannian para-
complex manifolds. In particular, a number of vanishing
theorems for such transformations are proved using the
Bochner technique.

Keywords: almost paracomplex manifold, conformal transformations,
Bochner technique, mixed scalar curvature.

§ 1. Introduction and results

A Riemannian almost product structure on an m-dimensional
Riemannian manifold (M ,g) is a (1, 1)-tensor field J on M such
that J* =id and g(J,J)zg. The triplet (M,J,g) is called a
Riemannian almost product manifold (see [1]). As a result, at every
point x € M, the horizontal subspace /  and the vertical sub-
space V, of the tangent space 7' M that correspond to the eigen-
values —1 and + 1 of the tensor J must be orthogonal. A Riemanni-

Tlocmynuna 6 peoaxyuro 09.03.2021 e.
© Stepanov S.E., Tsyganok I.1., Rovenski V., 2021

117


https://orcid.org/0000-0003-1734-8874
https://orcid.org/0000-0001-9186-3992
https://orcid.org/0000-0003-0591-8307

IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

an almost paracomplex manifold is a Riemannian almost product
manifold (M ,J ,g) such that traceJ =0 (see [2]). In this case, the
two eigenbundles H and V' of the tangent bundle 7M have the
same rank, i.e., dim/ =dim/V at any point x € M. Note that the
dimension of an almost paracomplex manifold (M WA g) is neces-

sarily even, i.e., m =2n.
A Riemannian almost paracomplex structure on 2n-dimensio-
nal differentiable manifold M may alternatively be defined as a

O(Zn,R) -structure on M with structural orthogonal group
O(Zn,R) = O(n,R) xO(n,R). This structure is the antipode of an

almost complex structure (see [3]).
There are three kinds of sectional curvature for a Riemannian
almost product manifold (M WA g): horizontal, vertical, and

mixed. The mixed plane is spanned by two vectors such that the
first vector is horizontal and the second vector is vertical at an arbi-
trary x € M. Mixed curvatures stand for the sectional curvatures
of mixed planes. This concept has a long history and many applica-
tions (see, e. g., [4] and [5]).

Let { €. ,ep} be an adapted local orthonormal frame of A and
{ep+l,...,em} be an adapted local orthonormal frame of V. Then
mixed scalar curvature of a Riemannian almost product manifold
(M ,J, g) is an averaged mixed sectional curvature, i.e., the fol-
lowing function on M:

Z Zg (e:re.)ene),
..p a=p+l,..

where R is the curvature tensor of the metric g.
We will assume below that there is a conformal transformation
f: (M »J, g) - (M ,J ,§) of a Riemannian almost paracomplex

manifold (M,J,g) such that the metrics g and g are conformal-
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ly equivalent, that is, the following ordinary condition
f*g=e" g for some smooth scalar function o is satisfied (see
[6, p. 269]). This transformation preserves the angles between any
pair of curves (see [6, p. 267]). Therefore, the almost paracomplex
structure of (M ,J, g) is also preserved. In particular, if o is con-
stant then f'is called homothetic transformation. In this case, the
following theorem holds.

Theorem 1. Let (M,J,g) be a 2n-dimensional parabolic Rie-
mannian almost paracomplex manifold with the mixed scalar cur-
vature s_,<0. Then there are no non-homothetic conformal trans-

formations of the metric g such that s, > 0.

A complete Riemannian manifold of finite volume is an exam-
ple of parabolic manifolds (see [7]). Using this fact, we can formu-
late a corollary of Theorem 1.

Corollary 1. Let (M,J,g) be a 2n-dimensional complete non-
compact Riemannian almost paracomplex manifold of finite volu-
me. If the mixed scalar curvature s_, <0, then there are no non-
homothetic conformal transformations of the metric g such that
S, 20.

In particular, if M is a compact manifold, then the following
statements hold.

Theorem 2. Let (M,J,g) be a 2n-dimensional compact Rie-
mannian almost paracomplex manifold with the mixed scalar cur-
vature s, <0 (resp. s, 20). Then there are no non-homothetic
conformal transformations of the metric g such that 5., >0 (resp.
5. <0).

Theorem 3. Let (M J, g) and (M ,J ,g) be two 2n-dimensio-

nal compact almost paracomplex manifolds with conformally equi-
valent metrics g and g. If their mixed scalar curvatures s_, and
s are not equal to zero everywhere on M, then these curvatures

mix

have the same sing.
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§ 2. Proofs of Theorems

Let (M ,J, g) be a 2n-dimensional Riemannian almost para-
complex manifold. We will assume that f'is a conformal transfor-
mation such that §:u4/('”’2)g, 1.e., O'Z(Z/(m72)) Inu, for some
smooth function u >0 and f~adjusted common coordinates on M
(see [5, p. 269]). In this case, we get (see [8])

m+2

Auz'"T_2 us,. —u"’s (1)

mix |°

where Au :div(grad u) is the Beltrami Laplacian. Therefore, if
S <0 and 5, >0 then Au<O0, i.e., uis a superharmonic func-
tion. We recall here that a complete Riemannian manifold is pa-
rabolic if it does not admit non-constant positive superharmonic
functions (see e. g., [9, p. 313]). Using this fact, we prove our Theo-
rem 1.

If a manifold M is compact, then integrating (1) over (M, g)

and using Green theorem J.MAudvg =0 gives

m+2

J‘Musmix dv, = IMum*ZE dv, . 2)

mix g

Using (2), we prove our Theorems 2 and 3.
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O KoHOPMHbIX Npeobpa3oBaHMsX METPUK
PUMaHOBbIX NapakoMMIIEKCHbIX MHOr006pa3uil

[Moctynuna B pepakmuro 09.03.2021 r.

2n-MepHOE nuddepenunpyemoe MHOT000pasue M c
O(n,R) x O(n,R) -CTPYKTYpO# HAa3bIBACTCS PHUMAHOBBIM IaPAKOMII-

JIEKCHBIM MHOTOOOpa3ueM. B cTatbe m3ydarorcs KoH(pOpMHBIE TIpeodpa-
30BaHUSI METPHK MapaKOMIUIEKCHBIX MHOTooOpa3uid. B wacTHOCTH, MOKa-
3bIBa€TCS C ITOMOLIbI0O TEXHUKU BoxHepa psm TeopeM HMCYE3HOBEHUS IS
TaKHX MMpeoOpa3oBaHuil.

Knrouesvle crosa: moutH MapakOMILIEKCHOE MHOT0O0OpasueM, KOH-
(dbopMHBIE TIpeoOpa3oBaHus, TEXHHKAa bBOXHepa, CMellaHHas CKalspHas
KpPHBH3HA.

121


https://orcid.org/0000-0003-1734-8874
https://orcid.org/0000-0001-9186-3992
https://orcid.org/0000-0003-0591-8307

IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

Cnucox numepanypul

1. Stepanov S. E. Riemannian almost product manifolds and submer-
sions // J. Math. Sci. 2000. Vol. 99, Ne6. P. 1788—1810.

2. Cruceanu V., Fortuny P., Gadea P.M. A survey on paracomplex
geometry // Rocky Mountain J. Math. 1996. Vol. 26, Ne 1, 83—115.

3. Hsiung C.C. Almost complex and complex structures. Singapore,
1995.

4. Rovenski V. Foliations on Riemannian Manifolds and Submani-
folds. Birkhauser, 1998.

5. Stepanov S.E., Tsyganok I.I. A remark on the mixed scalar curva-
ture of a manifold with two orthogonal totally umbilical distributions //
Advance in Geom. 2019. Vol. 19, Ne3. P. 291—296.

6. Mikes J., Stepanova E., Vanzurova A. et al. Differential geometry
of special mappings. Olomouc, 2019.

7. Adams S. R. Superharmonic functions on foliations // Trans. Amer.
Math. Soc. 1992. Vol. 330, Ne2. P. 625—635.

8. Rovenski V. On solutions to equations with partial Ricci curvature //
J. Geom. and Physics. 2014. Vol. 86. P. 370—382.

9. Grigor’yan A. Heat kernel and analysis on manifolds. Boston, 2009.

mnPEﬂCTABﬂEHD ANA BOSMOXHOW NYBNUKALIMW B OTKPLITOM AOCTYMNE B COOTBETCTBUM C YCNOBUAMM
NULEH3WW CREATIVE COMMONS ATTRIBUTION (CC BY) (HTTP://CREATIVECOMMONS ORG/LICENSES/BY/4.0/)

122



