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Adapted topology in the sheaf of continuous functions 
 

The book „Introduction to differential geometry” of Sikorski is 
about differential spaces. However, this book is about the sheaves. 
Indeed, the differential structure is a kind of sheaf. It seems, that 
theorems from this book can be proved for sheaves of continuous 
functions as for the differential spaces. We want to explain how 
the initial topology behaves when the sheaf of continuous func-
tions is given. This topology adapts to the sheaf topology. 
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1. Introduction 

 
We recall the fundamentals of mathematics from the common 

books [1; 2]. 
Denotation. For any sets X  and Y  we denote: 

 YXInj ,  the set of all functions XYf   that are injections, Sur(X, Y) 

the set of all functions XYf   that are surjections and  ,Bij X Y   

   , ,Inj X Y Sur X Y   the set of all bijections. For any topo-

logical space (M,  ) and for any Mp   the family of neighbour-

hoods at p  is       UpUpN . 

Definition 1. For any set M , any set MS 2  and any set 
MRC   
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     MMTop 2  is a topology  M22  is a set of 

all topologies; 

       MTopSMTopMS    is a set of topologies 

that contains one set; 

         MTopafMTopM
RaCf

C 






  


 ,1  is 

a set of all topologies that has all functions continuous; 
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i
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SAANn
AAMASInter
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is a family of 

sets that are finite intersections from the set from one family; 

    
 

M

SInterB
BAMAMS 2, 






 


 is a set of all 

generalized sums of finite intersections of sets from one family; 

      M

RaCf
afAMAC 2,1 







  


 is a family of 

preimages according of one function. 
Recall [1] that induced topology is defined for any topological 

space  ,M  and any MA  . This is the pair  
A

A ,  where 

M

UA
AUWMW 2




 


  and it is easy to see that it 

forms topology. In many booksthe concept of sheaf is explained in 
such a way that sheaf is a kind of presheaf that is a special functor 
between two categories. However we use here the equivalent defi-
nition from [3]. 

Definition 2. For any topological spaces ( , )XX   and ( , )SS   

        X
S

V

X
XS YVfYfXSC

X








  






1,,,  is the 

set of continuous functions; 
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 Homeo((S, S ),(X, X )) is the set of homeomorphisms i. e. 

the set of all functions       XS XSCXSBijf  ,,,,   such that 

    1 , , ,X Sf C X S   ; 

     XS
loc XSHomeo  ,,,  is the set of local homeomor-

phisms i. e. the set of all functions SXf   such that for any point s 

of S there is  sNU
S  such that   XUf   and 

       
UfXUSU

UfUHomeof  ,,, ; 

     , , ,loc
sur S XHomeo S X   is the set of all surjective local 

homeomorphisms that we call sheaf projections; 
 Triple     XS XS  ,,,,  is a sheaf with sheaf space  SS ,  

and base space (X, X ) if and only if 

    XS
loc
sur XSHomeo  ,,,  ie.   is a sheaf projection. 

If we consider all sheaves over given base (X, X ) we consider 

all topological spaces ( , )SS   and all sheaf projections : S X  . 

Therefore we consider a class of sheaves that we denote as ShX. We 
recall definition of morphism of two sheaves. 

Definition 3. For any topological space ( , )XX  , any sheaves 

    XSX XSS  ,,,,  and     XTX XTT  ,,,,  the set of 

morphisms between sheaves is the set of all continuous functions 
    TS TSC  ,,,  such that     . We denote this set as 

 XX
sh TSMor , . 

If we consider the morphism between all sheaves over the base 
X  we consider the class of functions. Class of all morphisms we 

denote as 
XShMor . The book [2] mentions that all sheaves over 

given base form a category of sheaves with composition of mor-
phisms of sheaves and identity morphism in the same manner as in 
category of sets. 
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2. Initial topology and differential spaces 

 
Initial topology is well known object in Sikorski differential 

spaces. However there is no book with full formal proofthat shows 
what is in fact initial topology. Usually it is left as an excercise to 
proof that initial topology is well defined. Here we are going to 
explain in details this proof. 

Lemma. For any set M , for any set MS 2  and for any set 
MC R  the following facts holds 

   MS  and   MC ; 

     MMD SS   and     MM CC    are well defined; 

    MM CC    and    MMD SS  ; 

 
 

  





MDS
MS

 and 
 

  





MC
MC

; 

    MS S   and    MDS S ; 

      MDM CC   . 

Proof. Notice that MS 2  and  MS
M 2  and there-

fore   MS . Similarly we have that    M

RaCf
af 2,1  


 

and  MC
M 2  and therefore  C M  . This is the reason 

why   MS  and  MC   are well defined. Then for any 

 S M  we have that    MS  and for any  C M  

we have that    MC . We know from the basics of topology that 

for any M  and any family of topological spaces  A Top M  

the intersection is a topology  MTopA . Thus we have two to-

pologies    MTopMS    and    MTopMC  . To show 

further facts assume that for any MA  we have SA . Notice 
that for any  MS   we have that S  and therefore 
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A

MS

. This means that    MDMA SS   . Notice that 

   MM SS   . It is easy to see that for any topolo-

gy  MC  , any function Cf   and any number Ra we ha-

ve that     af ,1 . Reversing the quantifiers we obtain that 

for any function Cf  , for any Ra  and for any topology 

 MC   we have that     af ,1 .  

Therefore 
 

   


 


af

MC

,1  but this means that 

    Maf C ,1  for any function Cf   and any numer 

Ra . Notice that    MM CC   . Straight from the defini-

tion we have that  SM , . If we have  SBA ,  then 

there are subfamilies  SInterLK ,  such that  KA   and 

 LB  . Therefore A  and B  are sums of finite intersections 

from the family S . Then BA  is the sum of finite intersections 
fromfamily S . Therefore  PBA   where subfamily 

 SInterP  , so  SBA  . If  SA   then A  is a family 

of sums of finite intersections from S . Therefore  A  is a sum of 

finite intersections fromfamily S , so  SA  . Getting all to-

gether we see that the family   MS 2  satisfies    MTopS   

and for any set SA  the set A  is one element sum of the set 

MA . Therefore  SA   and  SS  . Getting all together 

we see that    MS S .  

Therefore      SMDM SS   . Now we show the im-

plication in other direction. Notice that    MMD SS   and we 

have that  MDM S, . From the previous consideration we 

have that  MDS S . This gives us that for any Nn  and any 

SUU n ,...,1  we have that  MDUU Sn  ...1 . Notice that 
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   MMD SS  . This gives us that all sums of finite intersections 

are in  MDS . Therefore    MDS S . Getting all together we 

see that    MDS S . For any MA   assume that  CA  . 

Then there are Cf   and Ra  such that   afA ,1   . 

Notice that for any  MC  we get from definition that 

     afA ,1 . Therefore    MMA CC   .  

Getting all together we see that    MC C . Notice that 

   MTopMC  . The fact that    MC C  gives us that 

     MM CC   and therefore        C CD M M     

 C M . To show the opposite inclusion notice that for any 

Cf   and any Ra  we have from definition that 

    Caf  ,1 . Notice that      MDC C   and therefore 

      MDaf C
RaCf

 


,1 . Notice that      MTopMD C   

and therefore      MMD CC   . This is the reason why we ob-

tain the inclusion        MDMM CCC     and getting all 

togetherwe see that      MMD CC   . If this can’t lead to mis-

understanding the letter M  is omitted and we write  MCC   . 

Recall the basic definitions from the book [3]. 
 

Definition 4. For anyset M , any family of functions MRC  , 
any point Mp  , and any set MA   

 
   

M

UUCgpNU

M
p RfgRfC

Mc











 

; 

  CffC
AA

 ; 

 
Mp

pM CC


 ; 
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 n
RRCCffNn

M fffRfCsc
n

n

,...,1
,,...,1




. 

Definition 5. For any set M  and any MRC  the set C  is dif-
ferential structure if and only if  CscCC M  . Then the 

pair  CM ,  is called differential space. 

 
 

3. Sheaf of continuous functions and adapted topology 
 
According to [2] we consider the sheaf of continuous functions 

   UUC  in topological space  ,X . Denote C  the weakest to-

pology such that all function from the sheaf of continuous func-
tions are continuous. This requirement means that for any Cf   

and for any Ra  we have that     fdomCaf  ,1 . We will 

show that the fact of choice a sheaf of continuous functions ensures 
us thatthe initial topology fits to this sheaf. The behavior of initial-
topology is adaptation. In this situation we can work with sheaves 
of continuous functions in a similar manner to differential spaces. 

Theorem. For any sheaf of continuous functions C  . 

Proof. Topology C  is the weakest such that all functions 

f from the sheaf of continuous functions are continuous. For any 

function   RUfdomf :  this function is continuous in in-

duced topological space  
U

U , , so  C . The question is 

whether there is inclusion in the opposite direction C  . As-

sume that we have any U . Then we have the family of con-
tinuous functions  RUC , . Assume additionally that all constant 

functions are in  RUC , . It turns out that for any sheaf of continu-

ous functions all constant functions are in  RUC , . Indeed, any 

sheaf that is closed due to superposition has constant functions in 
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all its  RUC , . Notice that there is no algebraic sheaf such that 

  RUC ,  and therefore every algebraic sheaf is closed due to 

superposition. Let  



n

i
ii baP

1

,  be an open interval in nR . Notice 

that for any Nn  and any constant functions nff ,...,1  we obtain that 

   
Un Pff 1

1,..., . Therefore for any Up  there are constant 

functions   n
n RUff :,...,1  such that     Cn PffW  1

1 ,..., . 

Indeed, the initial topology C  has a base consisting of the pre-

images of all intervals. Notice that U  is the sum of those 

CW  as the aforementioned. But each sum of elements of topol-

ogy C  belongs to C , so CU  . 
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Адаптированная топология в пучке непрерывных функций 
 
Книга Р. Сикорского «Введение в дифференциальную геомет-

рию» посвящена дифференцируемым пространствам. Однако эта 
книга — о пучках. Действительно, дифференцируемая структура — 
это в определенном смысле пучок. Похоже, что теоремы этой книги 
могут быть доказаны для пучков непрерывных функций так же, как 
это сделано для дифференцируемых пространств. Мы хотим объяс-
нить, как инициальная топология ведет себя в случае пучка непре-
рывных функций: эта топология адаптируется топологии пучка. 




