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Adapted topology in the sheaf of continuous functions

The book ,,Introduction to differential geometry” of Sikorski is
about differential spaces. However, this book is about the sheaves.
Indeed, the differential structure is a kind of sheaf. It seems, that
theorems from this book can be proved for sheaves of continuous
functions as for the differential spaces. We want to explain how
the initial topology behaves when the sheaf of continuous func-
tions is given. This topology adapts to the sheaf topology.
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1. Introduction

We recall the fundamentals of mathematics from the common
books [1; 2].
Denotation. For any sets X #< and Y #O we denote:

Inj(X,Y) the set of all functions f €Y " that are injections, Sur(X, Y)
the set of all functions / € Y* that are surjections and Bij(X.,Y)=
=Inj(X,Y)NSur(X,Y) the set of all bijections. For any topo-
logical space (M, 7 ) and for any p € M the family of neighbour-
hoods at p is N,(p)= {U € T|p eU}c T.

Definition 1. For any set M # &, any setS < 2" and any set
CcRrR"
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. Top(M): {@ T C 2M|r is a topology }c 22M is a set of
all topologies;
o Aj(M)= {r € Top(MlS c r}c Top(M) is a set of topologies

that contains one set;

. AC(M)z{TeTop(M)( v v f-l((_oo,a))er}cfop(M) is

feCaeR

a set of all topologies that has all functions continuous;

o Inter(S)= {A M

3 3 A:ﬂA,}CZM is a family of
i=1

neN A4,...,A,€S

sets that are finite intersections from the set from one family;

o I7(S)= {@,M}U{A M

3 AZUB}CZMiS a set of all

Be]nter(S)

generalized sums of finite intersections of sets from one family;

. E(C)z{AcM

_ e M. .
lec ER A= 1F7(( oo,a))} c 27 is a family of

preimages according of one function.
Recall [1] that induced topology is defined for any topological

space (M ,2') and any 4 < M . This is the pair (A,r A) where

T|A Z{WCM

3 W:UmA}CZM and it is easy to see that it
Uer

forms topology. In many booksthe concept of sheaf is explained in
such a way that sheaf is a kind of presheaf that is a special functor
between two categories. However we use here the equivalent defi-
nition from [3].

Definition 2. For any topological spaces (X, t,) and (S, 1)

‘ C((S,Ts),(XJX))={erX

set of continuous functions;

VV fl(V)erS}c Y* is the
€Ty
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e Homeo((S, 7, ),(X,z,)) is the set of homeomorphisms i.e.
the set of all functions f e Bij(S,X )m C((S,rs ), (X Ty )) such that

/! GC((X,TX),(S,TS));
o Homeo™ ((S,7,),(X,z,)) is the set of local homeomor-

phisms i.e. the set of all functions f e X % such that for any point s
of § there s UeN, (s) such that fU)er, and

f|U € Homeo((U,z’S|U ), (f(U), TX|f(U)));

o Homeo" ((S, TS),(X, T, )) is the set of all surjective local

homeomorphisms that we call sheaf projections;
o Triple ((S,z, ), 7,(X,7, )) is a sheaf with sheaf space (S, 7 )
and base space X, 7)) if and only if

loc
sur

7 € Homeo' ((S,z4).(X,z, )) ie. m is a sheaf projection.

If we consider all sheaves over given base (X, 7, ) we consider
all topological spaces (S, 1) and all sheaf projections m: S5 — X .
Therefore we consider a class of sheaves that we denote as Shy. We
recall definition of morphism of two sheaves.

Definition 3. For any topological space (X,t,), any sheaves
Sy =((S,75)7,(X,z,)) and T, =((T,7; ), p,(X,z,)) the set of
morphisms between sheaves is the set of all continuous functions
e C((S,TS ), (T,TT )) such that po@=m. We denote this set as

Mor” (S, T, ).
If we consider the morphism between all sheaves over the base

X we consider the class of functions. Class of all morphisms we
denote as Morg, . The book [2] mentions that all sheaves over

given base form a category of sheaves with composition of mor-
phisms of sheaves and identity morphism in the same manner as in
category of sets.

56



A.K. Gizycki

2. Initial topology and differential spaces

Initial topology is well known object in Sikorski differential
spaces. However there is no book with full formal proofthat shows
what is in fact initial topology. Usually it is left as an excercise to
proof that initial topology is well defined. Here we are going to
explain in details this proof.

Lemma. For any set M , for any set S < 2" and for any set
C c R" the following facts holds

e A(M)# D and A (M )= D ;

e Dy(M)=N4g(M) and 7. (M )= A, (M) are well defined;

e 7.(M)eA.(M)and Dg(M)e 4,(M);

. TEAY(M)DS(M)C 7 and TEAY(M)TC(M)C T

e I'(S)ed;(M) and I(S)=Ds(M);
* TC(M)ZDE(C)(M)‘

Proof. Notice that S 2" and 2" e A¢(M) and there-
fore A, (M )# @ . Similarly we have that fV vV (- w,a)e2"

eCaeR
and 2" € A.(M) and therefore A (M ) #(J. This is the reason
why NA4g(M) and NA.(M) are well defined. Then for any
teAg (M) we have that Ay (M )< 7 and forany te A (M)
we have that () A, (M )< = . We know from the basics of topology that
for any M # & and any family of topological spaces 4 — T Op(M )

the intersection is a topology ()4 € Top(M ). Thus we have two to-
pologies (A, (M )e Top(M) and N A.(M)eTop(M). To show
further facts assume that for any 4 — M we have 4 € S. Notice
that for any re A,(M) we have that Sc7 and therefore
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V Aer.This means that 4 e () A;(M )= Dg(M ). Notice that

;‘Ziﬁa/[ e Ag(M). It is easy to see that for any topolo-
gyz e A.(M), any function f e C and any number @ € R we ha-
ve that f'((~o0,a))e . Reversing the quantifiers we obtain that
for any function f e C, for any a € R and for any topology
e A.(M) we have that f~'((~e0,a))ez.

Therefore TEAY(M) f ' ((~w,a))er but this means that

£ ((~o0,a))eNA-(M) for any function f e C and any numer
a € R. Notice that A, (M )e A.(M). Straight from the defini-
tion we have that G, M € F(S ) If we have A,B € F(S ) then
there are subfamilies K,L c Inter(S) such that 4=JK and
B=JL. Therefore 4 and B are sums of finite intersections

from the family S'. Then 4 N B is the sum of finite intersections
fromfamily S. Therefore A4~ B=(JP where subfamily

P Inter(S),s0 ANBeT(S). 1f AcT(S) then 4 is a family
of sums of finite intersections from S . Therefore (J 4 is a sum of
finite intersections fromfamily S, so |J4 e 7°(S). Getting all to-
gether we see that the family 7~ (S )C 2™ satisfies I (S)e Top (M)

and for any set 4 € S the set A is one element sum of the set
AN M . Therefore A € F(S ) and S F(S ) Getting all together

we see that F(S)GAS(M).

Therefore (A;(M )= Ds(M)c I'(S). Now we show the im-
plication in other direction. Notice that Dy (M )e Ag(M ) and we

have that &, M € D (M ) From the previous consideration we

have that S ¢ Dg(M ). This gives us that for any n € N and any
U,,.,U,eS we have that U, n..NnU, € Dy(M). Notice that
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Dy (M )e Ag(M ). This gives us that all sums of finite intersections
are in Dy (M ). Therefore F(S ) c Dy (M ) Getting all together we
see that I7(S)= Ds(M). For any A < M assume that 4 € E(C)
Then there are /e C and @ € R such that 4= f'((—o0,a)).
Notice that for any 7e A, (M ) we get from definition that
A= f"'((-0,a))er. Therefore AcA.(M)=7.(M).
Getting all together we see that E(C ) c 7. (M ) Notice that
T (M) € Top(M). The fact that E(C) C T, (M) gives us that
T (M) € AE(C)(M) and therefore D, (M) = ﬂAE(C) (M)c
c7.(M). To show the opposite inclusion notice that for any
feC and any a€R we have from definition that
£ (- o0,a))e Z(C). Notice that =(C)c DE(C)(M ) and therefore
V ¥ f((~,a)) e Do) (M). Notice that Dc)(M)e Top(M)

feCaeR

and therefore DE(C)(M )e A.(M). This is the reason why we ob-
tain the inclusion z.(M ) =N (M ) c DE(C)(M ) and getting all
togetherwe see that DE(C)(M )=17.(M). If this can’t lead to mis-
understanding the letter M is omitted and we write 7. = 7. (M ).

Recall the basic definitions from the book [3].

Definition 4. For anyset M , any family of functions C < R,
any point p € M ,and any set 4 < M

— M ~ v
° Cp _{fER UeN,UE(IM)(p)ggCg|U —f|U}CR ;
¢ C|A :{f|A|fEC};
* Cu=1C,s
pPEM
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. sc(C)z{feRM

3 3 W?Rn’k)fza)o(fl,...,fn)}.

neN flo, [€C peC
Definition 5. For any set M and any C < R" the set C is dif-
ferential structure if and only if C=C,, =sc(C). Then the

pair (M ,C ) is called differential space.

3. Sheaf of continuous functions and adapted topology

According to [2] we consider the sheaf of continuous functions
(c(©)),.. in topological space (X,7). Denotez,. the weakest to-
pology such that all function from the sheaf of continuous func-
tions are continuous. This requirement means that for any f e C

and for any @ € R we have that /' ((~,a)) )+ We will

€Tc |dom(j

show that the fact of choice a sheaf of continuous functions ensures
us thatthe initial topology fits to this sheaf. The behavior of initial-
topology is adaptation. In this situation we can work with sheaves
of continuous functions in a similar manner to differential spaces.

Theorem. For any sheaf of continuous functions T =T.

Proof. Topology 7. is the weakest such that all functions
f from the sheaf of continuous functions are continuous. For any
function f :dom(f)=U — R this function is continuous in in-
duced topological space (U ,T|U), sor. < r. The question is
whether there is inclusion in the opposite direction 7 < 7. As-

sume that we have any U € 7. Then we have the family of con-
tinuous functions C(U,R). Assume additionally that all constant
functions are in C(U, R). It turns out that for any sheaf of continu-
ous functions all constant functions are in C(U,R). Indeed, any

sheaf that is closed due to superposition has constant functions in
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all its C(U,R). Notice that there is no algebraic sheaf such that

C(U ,R)= and therefore every algebraic sheaf is closed due to

superposition. Let P =[] (a,,b,) be an open interval in R". Notice
i=1

that for any n € N and any constant functions f,,..., f, we obtain that

(fsen f, ) (P) € Z'|U. Therefore for any peU there are constant
functions (f;,..., /,):U — R" such that W =(f,.... 1, )" (P)er,.

Indeed, the initial topology 7. has a base consisting of the pre-

images of all intervals. Notice that U is the sum of those
W e r.as the aforementioned. But each sum of elements of topol-

ogy 7. belongsto 7.,s0 U e 7.
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A. K. Fuxuykud
AnanTupoBaHHas TONOMOrMS B Ny4ke HenpepbIBHbIX YHKLMIA

Knura P. Cuxopckoro «BBenenne B anddepeHIUaIbHYIO TeoMeT-
puIo» TOCBsAIeHa AuddepeHIupyeMbIM MpocTpaHcTBaM. OxHAKO 3Ta
KHUTa — O Mydkax. JleifictBurensHo, nuddepeHunpyemas cTpykrypa —
9TO B ONpPENEICHHOM CMBICIE ITy4oK. [ToXoske, 4To TeopeMbl 3TOH KHUTH
MOTyT OBITH IOKA3aHBI JUIS IIyYKOB HENPEPBIBHBIX (QYHKIUHA Tak ke, KakK
9TO caenano msl auddepeHIpPyeMbIX IPOCTPAHCTB. MBI XOTHM 00BsC-
HUTb, KaK WHHULUAJbHAS TOIOJIOTHS BeleT ceds B ciydae IydKa Herpe-
PBIBHBIX (D)YHKIHMI: 3Ta TOIOJIOTUS afalTUPYETCs TOIOJIOTHH ITydKa.
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