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0600LieHHbIe ToOXaecTBa Puyym u BuaHku
ANA CBA3HOCTU C HETEH30PaMU KPY4eHUsA U KPMBU3HbI

PaccmaTpuBaeTcss MHOrooOpasue, CTPYKTypHBIE YpaBHEHUS
KOTOPOTO TIOCTPOEHBI C TIOMOIIBIO JAedopmanuy BHEIIHEro Iud-
¢depenmmana. Kpyduenne m kpuBu3Ha apUHHON CBS3HOCTH Ha
3TOM MHOTr000pa3uu He ABIAIOTCS TeH3opamu. KpuBusHa sBseTcs
TEH30pOM, TPHYEM HYJIEBBIM, TOJBKO JJIsI KAHOHUUYECKOH CBS3HO-
ctu. KpydeHne coBmamaeT ¢ aHTUCUMMETPUEH CIIOEBBIX KOOPAH-
HAT ¥ He o0pamiaeTcs B HyJIb e JJIsl KAHOHUYECKOW CBSIZHOCTH.
KaHoHmMueckasi cBSI3HOCTb, B OTJIMYME OT cBs3HOCTH JleBu-UuBu-
THI, SIBISIETCSI TUIOCKOH M HECUMMETPHIHOM.

Ioctpoens! obobmeHHsIe TokAecTBa Pryum n buanku s
KPHMBU3HBI ¥ Kpy4eHust ad(pMHHON CBSI3HOCTH Ha 3TOM MHOT000pa-
3un. OfHaKo MOBTOPHBIN NedopMupoBaHHBEIN TudQepeHran ot
6a3ucHBIX GopM U (HOpM CBA3HOCTH OOpamiaeTcss B HYJb TOJNBKO
BIOJIb JIMHUM Ha MHOTrooOpasuu. J[Jsi KaHOHWYECKOW CBSI3HOCTH
9TH TOXKAECTBa NMPHOOpPETAIOT Kiaccuueckuid Bua. [IpudyeM B aToM
cllydae TIOBTOPHBIA MepOPMHUPOBAHHBIN MudQepeHnnan ot hopm
CBSI3HOCTH TOKAECTBEHHO PaBEH HYJIIO, a MOBTOPHBIM aedopmu-
poBaHHEIH AuddepeHnuan or 6a3ucHbIX GopM odpamaercs B Hyjb
TOJBKO BJIOJb JIMHUH Ha MHOTOOOPa3nH.

Kniouesvie cnosa: Toxnectsa Puuun u buanku, oObeKTbl Kpy4YeHUsI
U KPUBH3HBI, TIOJTyCUMMETpPUYECKast CBI3HOCTh, KAHOHUYECKAs CBSI3HOCTh

Hocmynuna 6 peoakyuro 02.05.2025 2.
© IMonsxosa K. B., 2025

107


https://orcid.org/0000-0002-9935-0232

[nddepeHumanbHas reomeTpus MHoroobpasui uryp

[Iponomxkaercs m3yuenne AeQOPMHUPYIOIMErOcss MHOT000pas3us
X [23], Hauatoe B [7; 8] u paccMmarpuBaroinee auddepeniman D,
onpeneneHublil g nuddepennnansaoi 1-popmsel @ dopmynoit
(cp. [15; 16; 25; 26])

Dw = Dw + (df A w)|p2p+
¥ BKJIIOYAIOIIMK BO3MyIleHHe BHemHero nuddepenimana D (cMm.,
Harp., [10]).

B paccioeHHH NHMHEHHBIX PernepoB Haj MHOroobpasueM X,

3a/1aluM CBSI3HOCTH [ ik € TIOMOIIBI0 hopM

_ i LT T (N
=&} —Tjw* (AT + & = T j0bh),
rnei,j,k=1,..,m.

CTpyKTypHBEIE YpaBHEHHsS IIs 6a3uCHEIX (opM w' m dopm
CBSI3HOCTH 5]‘ NPUBEAEM K BHIY

(

o' = wl /\a) + 1Tkwj A wk, (1)

D& VJ = 5}-‘ A&E + %R}klwk At (2)

0OBEKTHI KpydeHns T jk W KPUBH3HBI R}kl BBIpaXaroTcs o Gpopmy-
JaMm

1ri

M 1 _wi_ms m
5T = Ty 5Rja = Ty = Gielfsiy.

OOBEKTBl Kpy4eHHUS Tk U KpPUBH3HBI R k1 YHOBIETBOPSIOT
YPAaBHEHUSIM

K T + x55650,0 fxba? = T 0! 3)
jie T X610 q@Wt = kl ,
X Ri i *s 0.9 fFxumP = pi s 4
A Ry = VjpXiOsp fxq @y = Rjj s0°, (4)
rne f =f (xi,x,i). 3amenss B ypaBHeHUsX (3, 4) cioeBbie GopMBbI

Ha (OpMbI CBA3HOCTU (CM., Hamp., [12]) &} = 5]‘ + f‘}ka)k, noJy-
quM

TP — T T 9Pl — ST Pl
VT = 0ViTy, VRjy = @’ VsRjy
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KoBapuanrubie nuddepenimanst ijlk, V}?}kl VMEIOT BUJT

v A z =i Fi cz lvl *s ol A dp t =P
S5l _ j=2] =g VS _
VRjj, = ]kl + R klws Rskl(‘) — R} slwk ]ks

y][lxk]xv apuf jq’
a KOBapHaHTHBbIE MPOU3BOJHBIE Vllek, VSR}kl BBIpAXaTCs 10
dhopmynam
L2 o R ] S T o1 S _ S K1 q t P
ViTS = Thoy — Tl + TaT + TTS — x84 040 fxET.
v Bl _ pi i 5L FP 4 Bl PP 4 pi PP
VS jkl - jkl,S ]le +R klr- +R'plrks +Rjkprls +
q
+I syj[lxk] vapuf
J1y1si KOMITOHEHT 00BEKTa CBA3HOCTH CIIPABEIJIMBO Pa3JI0KCHUE
[6; 9]
B i s
Uik = Vi — X%

raue yj‘k = yj‘k (xl,xg ) — TEH30p JeopMaluyd OT KaHOHHYECKOU
C

apduumoii cessnoctn I'h = —Xj, K HPOU3BOIBHON CBA3HOCTH
H}k. B [8] moka3ano, 4TO CIOEBBIE KOOPAUHATHI 2-TO MOPSIKA f;k
morycuMMeTpuyHbl (cM.: [5; 18; 19; 27]); kpome TOTO, OHH YIO-
. . . * .
vl — _ NI | A
BJICTBOPSIIOT PaBEHCTBY X[ = —Njy, tae Ny = x{;6,40,f — at0
Kpy4YeHHe KaHOHWYECKOW CBSI3HOCTH. YKa3aHHOE Pa3jioKeHHe M03-

BOJISIET CBECTH OOBEKTHI CBA3HOCTU, KPYYCHHUSA U KPUBU3HBI, HE AB-
JIAIOIIUECCS TeH30paMI/I K TCH30pY yjlk’ CJIOCBBIM KOOpAWHATaAM 1-To

xJ u 2-10 X7 ik TIOPAIIKOB, a TaKke QyHKumK f, 3aparoueit nepopma-
nuto (uckpusiieHne) auddepermanoB. OOBEKTH KPyUSHHUS Tjk

KPUBHU3HBI ﬁ}kl BBIpaXKArOTCs cIexyromuM odpasom [7]:
3Tk = Vg + N ®)
%u}.kl = as)’ji[kxzs] - Y}sszz = YiuYisi- (6)
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3ameuanmue. 13 (4, 6) cinemyer, 9TO IJIs HYJIEBOTO TEH30pa yjll
KpUBH3HA R}kl CTaHOBHUTCSl TEH30pOM, TpudeM HyjeBbiM. U3 (3)

BUHO, YTO KpyUeHHE T']‘k HE SIBIISIETCS TEH30POM U He obpaiiaercs
B HyJb (CM. Takke, Hamp., [21; 24]). B pabore [1] paccmarpuBaet-
Csl CBA3HOCTH B MaKCHMallbHOM (PaKkTOp-paccioeHHH Hal Ipo-
CTPaHCTBOM LIEHTPHUPOBAHHBIX TUIOCKOCTEH, KOTOpAast BCETAA C KpPY-
YeHHEM, TaK KaK IMIOCTPOEHHBIC KBa3UTEH30PHI S', S" U TEH30p Kpy-
yeHus S"' Hellb3st 00paTUTh B HYJIb.

Ucnonw3ys (5, 6), Halinem ToxaecTtBa Puuun u buanku, koTo-
PBIM yIOBJIETBOPAIOT KPYyUEHHS U KPUBU3HA.

[eiicTBys Ha o0e yacTu ypaBHeHUs (5) BHemHUM audepeH-
umanoM D, momyaum

~— . 1\_,\_,- .
D*w' = VTj Al AWk +

+ (T‘;l'r]?c - R}kl + fox[sj&i]xgasgf) wl A wk A0 +

N| =

1(*s gi o1 p j k
+ 2 (x58L055f ) daf A wd Ao
YuuteiBas BBIpaXXCHHE KOBAPUAHTHOTO IU(QepeHiurana, mno-
Jy4UM
D2wi =
_1(g 5 L piy i *s it D3 d i A K l
=2 (Vllek + Tg;Tie — Rjja + X{01g%q Y41 Osp )w’ AW ANw' +
1(*s ¢i 51 p j k
+5 (x[jSk]aspf) dx; Aw! Aw*.
Beenem o0o3HaueHME

Mji = VT + ToiTien — Rijiy + V%5 61 %0sp

ITockonpKy Kak[qo€ cllaraeMoe B BBIPDaKEHUH Mj‘kl KOCOCHM-

METPUYHO MO JIBYM HHJEKCaM, BXOJSIIUM B TPYIIy HHIEKCOB
Jj, k, I, 10 KOTOpPBIM PON3BOAUTCA ANBTEPHUPOBAHUE, TO AJIBTEPHH-
pPOBaHHE MOYKHO 3aMEHUTh IUKINPOBaHUEM. ClIe0BaTENBHO,

M = VT + Te Ty — Ry + ¥ 196957

110



K.B. MonsikoBa

Torna

1 .
D*w' == haw! Aok Aot + x[]é‘k] dspfdxl A wl A wk.

Papenctao M/ ikt = 0 SIBISICTCS TOXKJECTBOM, YTO JICTKO I1OKa-
3aTh, UCIIOJIB3Ys BBIpAKEHU (5, 6) Ul 00BEKTOB KPYUEHHUs U KPH-
i
BU3HBI C IOMOLLBIO TeH30pa Ae)OpMALHH ¥ jy .

Amnayior Toxaectsa Puaun jikl = 0, To ecTb
i y 4 _
V{l k} + T;{]Tkl} Rijiy + ylex[sﬁk }xqa =0, (7)
NPUBOIUT BhIpaxkenue mist D2w' k Bumy
D?w' = (%;fj&,‘;]aszl,f) dxl A wl A . )

BrinonHeHrne TOXIECTB HE BIEYET 32 COOOH PaBEHCTBO HYJIIO
Broporo quddepennuana D?w' ToabKo BAOJL TMHAN HA MHOT000-

pazuu X,
c

Jnsl KaHOHMYECKOM CBA3HOCTH f‘]‘-k = —¥j) umeem
P_q Fi — NI Pl —
Yo =0, Tj = Njg, Rjq =0,

mostomy (7) mWMeeT BHJ KJIaCCHYECKOTO TOXKAecTBa Puwum mms
IIOCKOH CBSI3HOCTH

VT + Téa Ty = 0. )

O6wexT M! ikl = V{lT Ky T Ts{zT k) ABIACTCA TEH30pPOM, M €ro

oGpalleHue B HyJlb HHBAPHAHTHO. [IpH 9TOM BIpaKeHHe
0 .
D2w! = (—x[Jc?k] Spf) dx? A w/ A 0¥

obparaeTcs B Hylb BIOJb JTI000H TMHUM p HA MHOT006pasun X,
Taxoli ke Bua nmeer BTOpod auddepeHnHan B MpocToil (noay-

cummempuueckoii) cB3HOCTH k-
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c
3ameuanne. Kanouuueckoit ceasuocts I'j = —Xj, B oTiH-

que OT CBSI3HOCTH JIeBU-UMBUTHI, MMEET HyJIE€BYIO KPUBU3HY U He-
HyJeBoe kpydeHue. CBsa3HocTh BaiinienOeka (cMm., Hamp., [17]) Tak-
K€ WMeEeT HYJIeByI0 KpUBU3HY M HEHYJEBO€ KpydeHHE, MpHUeM
KpY4CHHUE SIBIAETCSI OOBEKTOM HErOJIOHOMHOCTU MOJBHXKHOTO pe-
nepa. Kpydyenue kaHOHMYECKOM CBSI3HOCTH TaK)K€ COBIA/aeT C aH-

THCUMMETPHEN KOOPIMHAT X i) = —Nj.

[eiicTBys Ha o0e yacTu ypaBHeHUs (2) BHemIHUM audepeH-
nuanoM D, noixydnm

—

=i 1(s =~
D23 = 2 (VRhy + vjxb 05 0 f Bl — Riy TRw® ) Awk A .

YuuteiBas BBIpaKeHHE KoBapuaHTHOro muddepeninana, Ha-
XOJUM

—

~ 1 ~— ~ . *
D*&} = 3 (VSR}k RhTh y]?[lx,f]xgy(}gapi) 0* A wt A0S
V;s 51] Vfdxd A wk A b,
Beenem o603HaueHne
i  _ v pi i *p q
as = VisRijay + RipgeTisy = Vi ¥iaisy %o oS
=5 =i . 1 . %
D?&j = Mjjs0* A ' A w® = (yj‘[lx,f]apﬁf) dx¥ A w* A wl.
Anajior Toxaectsa buanku M ikis = 0, TO ecTb
T pi i P Adq Ve _
VisRijay + Ripu T = Vi¥i¥lais*o Opuf =0, (10)
TIPMBOIHUT BBIPAXKEHHE T D 25; K BULY

—

D& = —%y]?[l;,f]apidxy A wk A ol (11)
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3ameuanue. B paGore [2] paccmaTpuBaeTcs T€OMETPHIECKOE

JIOKa3aTeIbCTBO TOXKIecTBa buaHkm.
Jlnst kanounueckoi cesisuoctn vy = 0, T, = Nfy., Rh; = 0 pa-
BeHCTBO (10) uMeeT BUA KJIaCCHYECKOT0 TOXkAecTBa bruaHku miioc-

KOH CBSI3HOCTH
VisRij) = 0, (12)
pu4eM
D&} =0,

-
IIOCKOIBKY ¥j3 = 0.
Hatinennsie Toxknectsa (7, 10) aBisroTcst 0000IIICHHBIMUA TOX-
JecTBaMH buaHKHM A7 KpydeHHsS M KPHBH3HBI paccMaTphBaeMoin
CBSI3HOCTH F]l-k. [Tpu stom BTOpOi Auddepennman (8) Oa3nCHBIX

dhopm w' u Bropoi muddepenmman (11) ¢opm crszHOCTH 5]‘ HE
paBHBI HymI0. B ciyyae KaHOHMYECKOHW CBSI3HOCTH ToxjaecTBa (7,
10) npuanMaroT kinaccuueckuit Bun (9, 12).

3ameuanue. B paGote [20, p. 85] mpencTaBieH MaTpUYHBINA
croco0 BBIpakeHHsI 000OIIECHHBIX TOXKIACCTB bHaHKH B TepMHHAX
MHUHOPOB KO3(h(UIIMEHTOB KOBapHaHTHO 3aMKHYTHIX TuddepeH-
[UANBHBIX (HOPM CO 3HAUYSHUSAMH B BEKTOPHOM paccioeHuu. Takxke
00001IeHHbIe TOXKAeCTBa braHkn paccMaTpuBaIOTCs, HallpUMeEp, B
[3; 4; 11, c. 28; 13]. B [22] BBOmsITCSI 00001IIEHHBIE TOXKIECTBA bu-
aHKK B MOJIEIH MOAM(DHUIMPOBAHHOW TpaBUTAIUM C JTUHAMHYC-
CKUM KpYYCHHEM, C HCIIOJIb30BAaHUEM BO3MYIICHUS CBSI3HOCTH.
B [14] moka3aHo, 4To B 00IIeM ciiy4yae B 00OOIICHHOM MPOCTPaH-
ctBe Beitng mepBoe ToxnectBo buanku He BbmosHsercs. OHO
MMEEeT MEeCTO, eclii 0000IIeHHOe MpoCcTpaHCTBO Belins oOnamaet
MOy CHMMETPHYECKOW CBS3HOCTBIO.
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A manifold is considered whose structure equations are const-
ructed using a deformation of the exterior differential. The torsion
and curvature objects of the affine connection on this manifold are
not tensors. The curvature object is a tensor, and it is vanishing,
only for a canonical connection. The torsion object coincides with
the antisymmetry of fiber coordinates and it is non-vanishing even
for the canonical connection. Unlike the torsion-free Levi-Civita
connection, the canonical connection has vanishing curvature and
non-vanishing torsion.

Generalized Ricci and Bianchi identities are constructed for
curvature and torsion of the affine connection on this manifold.
However, the repeated deformed differential for the basis forms
and connection forms vanishes only along a line on the manifold.
For the canonical connection, these identities take on a classical
form. Moreover, in this case, the repeated deformed differential for
the connection forms is identically equal to zero, and the repeated
deformed differential for the basis forms vanishes only along the
line on the manifold.

Keywords: Ricci and Bianchi identities, torsion and curvature objects,
semi-symmetric connection, canonical connection
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