
N. A. Arkhipova, S. E. Stepanov 

37 

1 
MSC 2010: 53A45, 53C20 

 
N. A. Arkhipova1, S. E. Stepanov2  

1 Dept. of Mathematics, Russian Institute for Scientific and Technical Information  
of the Russian Academy of Sciences, Russia 

2 Department of Mathematics, Financial University, Russia 
1 rzhmat@viniti.ru, 2 s.e.stepanov@mail.ru 

doi: 10.5922/0321-4796-2024-55-2-2 
 

Two kernel vanishing theorems and an estimation theorem 
for the smallest eigenvalue of the Hodge — de Rham Laplacian 

 
In this paper, we formulate two theorems on the disap-

pearance of the kernel of the Hodge — de Rham Laplacian 
and refine the estimate for its smallest eigenvalue on closed 
Riemannian manifolds. 
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1. Definitions and notations 
 
In this paper, we will consider the Hodge — de Rham Laplaci-

an ∆ு: ሻܯஶሺΛ௤ܥ →  is the vector bundle of ܯሻ, where Λ௤ܯஶሺΛ௤ܥ
exterior differential ݍ-forms ሺ1 ൑ ݍ ൑ ݊ െ 1ሻ over an ݊-dimensio-
nal Riemannian manifold ሺܯ, ݃ሻ. 

Next, let ሺܯ, ݃ሻ be covered by a system of coordinate neigh-
borhoods ሼܷ, ,ଵݔ  ሽ, where ܷ denotes a neighborhood and	௡ݔ	…
,ଵݔ   denote local coordinates in ܷ. Then we can define the	௡ݔ	…
natural frame ሼ ଵܺ ൌ ߲ ⁄ଵݔ߲ , … , ܺ௡ ൌ ߲ ⁄௡ݔ߲ ሽ in an arbitrary coor-
dinate neighborhood ሼܷ, ,ଵݔ  In this case, ݃௜௝	ሽ.	௡ݔ	… ൌ ݃൫ ௜ܺ, ௝ܺ൯ 
are local components of the metric tensor ݃	 with the indices 
݅, ݆, ݇, ݈, … ∈ ሼ1,2, … , ݊ሽ. Next, we denote by 	ܴ௜௞	 and ܴ௜௞௝௟ the lo-
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cal components the Ricci tensor ܴ݅ܿ	 and the curvature tensor ܴ, 
respectively. Then the Hodge — de Rham Laplacian 
∆ு:	ܥஶሺΛ௤ܯሻ →  ሻ with respect to local coordinatesܯஶሺΛ௤ܥ
,ଵݔ   has the form	௡ݔ	…

∆ு߱௜భ…௜೜ ൌ 	∆ത߱௜భ…௜೜ ൅	Ը௣ሺ߱ሻ௜భ…௜೜, 

where ∆ത	ൌ െ	trace௚׏ଶ and (see, e. g., [1]) 

Ը௤ሺ߱ሻ௜భ…௜೛ ൌ ෍݃௝௞ܴ௜ೌ௝߱௜భ…௜ೌషభ௞௜ೌశభ…௜೛

௤

௔ୀଵ

െ 

െ ෍ ݃௝௞݃௟௠ܴ௜ೌ௜್௝௟	߱௜భ…௜ೌషభ௞௜ೌశభ…௜್షభ௠௜್షభ…௜೛

௤

௔,௕ୀଵ
௔ஷ௕

 

for ߱ ∈ Λ௤ܯ. In particular, Ըଵ ൌ ܴ݅ܿ.	 In this case, direct calcula-
tions yield the following formula: 

1
2
	∆	‖߱‖ଶ ൌ െ	݃ሺ∆ு߱,߱ሻ ൅ 	݃൫Ը௤ሺ߱ሻ, ߱൯ ൅	‖߱׏‖ଶ, 

where ∆	ൌ trace௚׏ଶ and (see, e. g., [2]) 

݃൫Ը௤ሺ߱ሻ, ߱൯ ൌ ݍ ቀܴ௜௝߱
௜௜మ…௜೜߱௜మ…௜೜

௝ െ ௤ିଵ
ଶ
ܴ௜௞௝௟߱

௜௞௜య…௜೜߱௜య…௜೜
௝௟ ቁ. 

In particular, we have 

∆	‖߱‖ଶ ൒ 2	݃൫Ը௤ሺ߱ሻ, ߱൯                           (1) 

for an arbitrary ߱ ∈ Λ௤ܯ	 ∩ 	ker∆ு.	 We recall that on a closed 
Riemannian manifold, by the Hodge’s theorem the dimension of 
the kernel of ∆ு: ሻܯஶሺΛ௤ܥ →  ௧௛ Bettiݍ ሻ equals theܯஶሺΛ௤ܥ
number ॕ௤ሺܯሻ, and so the Laplacians determine the Euler charac-
teristic ߯ሺܯሻ. 

We recall that the curvature tensor induces a self-adjoint opera-
tor ෠ܴ: Λଶܯ →	Λଶܯ, defined by the equations, see [3], ෠ܴሺ߱ሻ௜௝ ൌ	
ൌ ܴ௜௝௞௟߱௞௟ for an arbitrary ω ∈ Λଶܯ. The map ෠ܴ: Λଶܯ →	Λଶܯ, 
called the curvature operator of the first kind, see [3; 4], induces a 
bilinear form ෠ܴ: Λଶܯ ൈ Λଶܯ → 	Թ by restriction to Λଶܯ. We say 
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that ෠ܴ ൐ 0 if the eigenvalues of ෠ܴ as a bilinear form on Λଶܯ are 
positive (the bilinear form is positive definite). Moreover, if ෠ܴ is 
positive definite at each point ݔ ∈ -then Ը is also positive defi ,ܯ
nite at each point ݔ ∈  In addition, if ෠ܴ is positive semi-definite .ܯ
at each point ݔ ∈   .then so is Ը ,ܯ

 
2. Two kernel vanishing theorems 

for the Hodge — de Rham Laplacian 
 
Based on (1) and the above statements, we can formulate the 

classical vanishing theorem on the disappearance of the kernel ∆ு 
(see [5, p. 351; 6, p. 334; 7, p. 336–337]). 

Theorem 1. Let Δு be the Hodge — de Rham Laplacian defi-
ned on ܥஶ-sections of the fibre bundle of exterior differential ݍ-
forms ሺ1 ൑ ݍ ൑ ݊ െ 1ሻ over a closed ݊-dimensional Riemannian 
manifold ሺܯ, ݃ሻ. If the curvature operator of the first kind 
෠ܴ: Λଶܯ →	Λଶܯ of ሺܯ, ݃ሻ is positive semi-definite, then ߮׏ ൌ 0	 

for an arbitrary ߮ ∈ ker ∆ு and 	dimԹ݇݁ݎ ∆ுൌ ॕ௤ሺܯሻ ൑ ቀ
݊
 ቁ. Inݍ

particular, if ෠ܴ is positive definite at each point ݔ ∈  then ,ܯ

݀݅݉Թker ∆ுൌ ॕ௤ሺܯሻ ൌ 0. 

Remark. We recall that Böhm and Wilking showed by Ricci-flow 
techniques that positive curvature operator ෠ܴimplies that a closed 
manifold ሺܯ, ݃ሻ is diffeomorphic (not isometric) to a spherical 
space form (see [8]). 

For the case of a complete and non-compact Riemannian mani-
fold, we deduce the following statement from our inequality (1), 
Theorem 3 and Theorem 7 from [9]. 

Theorem 2. Let Δு be the Hodge — de Rham Laplacian de-
fined on ܥஶ-sections of the fibre bundle of exterior differential  
-forms over a complete and non-compact ݊-dimensional Rieman-ݍ
nian manifold ሺܯ, ݃ሻ for ሺ1 ൑ ݍ ൑ ݊ െ 1ሻ. If the curvature opera-
tor of the first kind ෠ܴ: Λଶܯ →	Λଶܯ of ሺܯ, ݃ሻ is positive semi-
definite, then ܮ௞ሺݎ݁ܭ∆ுሻ is trivial for any number ݇ ൐ 1		. 
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Remark. Our statement above generalizes the following now-
classic result from [10] and [11]: If Ը௤ is positive semi-define at 
every point of a complete Riemannian manifold ሺܯ, ݃ሻ,	 then 
 form is parallel. In particular, if either exists a point-ݍ ଶ-harmonicܮ
ݔ ∈ ,ܯor the volume of ሺ ݔ such that Ը௤ is strictly positive at ܯ ݃ሻ 
is infinite, then every ܮଶ-harmonic ݍ-form is identically zero. 

 
3. An estimation theorem for the smallest eigenvalueof  

the Hodge — de Rham Laplacian 
 
Having discussed the kernel of the Hodge Laplacian Δு, we 

now turn our attention to its first positive eigenvalue on closed 

Riemannian manifold, which we will denote by ߣଵ
ሾ௤ሿ. Note here that 

the superscript ሾݍሿ refers to the degree of the involved eigenform. 
We also recall that the spectrum ܵܿ݁݌ሺ௤ሻ∆ு of the Hodge Laplaci-
an consists only of non-negative eigenvalues with finite multiplici-
ty. We also denote its positive eigenvalues counted with multiplici-
ty by 

0 ൌ ଴ߣ
ሾ௤ሿ ൏ ଵߣ

ሾ௤ሿ ൑ ଶߣ
ሾ௤ሿ ൑ ⋯ ൑ ௞ߣ

ሾ௤ሿ ൑ ௞ାଵߣ
ሾ௤ሿ ൑ ⋯, 

where the multiplicity of the eigenvalue 0 is equal to the ݍ-th Betti 
number ॕ௤ሺܯሻ of ሺܯ, ݃ሻ, by the Hodge — de Rham theory (see, 
for example, [5; 7, p. 339]). The case ݍ ൌ 0 corresponds to the La-
place — Beltrami ∆	ൌ  ஶ-functions. At theܥ operator acting on ׏ߜ
same time, we known from [12, p. 78] that if all eigenvalues of ෠ܴ 
lie in ሾ̂ݎ௠௜௡,  satisfies ܿ݁ݏ ௠௔௫ሿ, then the sectional curvatureݎ̂
1 ⁄௠௜௡ݎ2̂ ൑ ܿ݁ݏ ൑ 1 ⁄௠௔௫ݎ2̂ . Therefore, if the inequality ෠ܴ ൒ ܥ ൐ 0 
holds and then, from the above, we have ܿ݁ݏ ൒ 1 2⁄  In this .ܥ	
case, ܴ݅ܿ ൒ 1 2⁄ ሺ݊ െ 1ሻܥ, and, as Lichnerowicz has already pro-

ved, ߣ௤
ሾ଴ሿ ൒ 1 2⁄  A similar result .(see, for example, [7, p. 82]) ܥ	݊

can be formulated about the eigenvalues ̅ߣ௔
ሾ௤ሿ and ߣ௤

ሾ௤ሿ of the Lapla-

cians ∆ത and Δு,	respectively. But let us first recall the following. 
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The variational characterization of the eigenvalues ̅ߣ௔
ሾ௤ሿ and ߣ௤

ሾ௤ሿ of 

the Laplacians ∆ത and Δு will be as follows (see [13, p. 393]): 

௤ߣ
ሾ௤ሿ ൒ ௔ߣ̅

ሾ௤ሿ ൅ Ը௠௜௡                               (2) 

for all ܽ ൒ 1. Here, since ሺܯ, ݃ሻ is closed, we have defined the 
number (see [13, p. 379])  

Ը௠௜௡ ൌ inf	ሼԸ௠௜௡ሺݔሻ:	ݔ ∈  ሽܯ

for Ը௠௜௡ሺݔሻ ൌ inf	ሼ݃ሺԸ߮, ߮ሻ௫:	߮௫ ∈ ,௫ܧ ݃ሺ߮, ߮ሻ௫ ൌ 1	ሽ. In addi-
tion, we recall that the rough Laplacian ∆ത acting on ܥஶሺܧሻ is an 
order 2 elliptic operator and that its spectrum on a closed ሺܯ, ݃ሻ is 
an unbounded sequence of real numbers ܵܿ݁݌ሺ଴ሻ∆തൌ ൛̅ߣ௔ൟ௔∈Գ 

which can be increasingly ordered (see [14]) 

0 ൌ ଴ߣ̅
ሾ௤ሿ ൑ ଵߣ̅

ሾ௤ሿ ൑ ⋯ ൑ ௞ߣ̅
ሾ௤ሿ ൑ ௞ାଵߣ̅

ሾ௤ሿ ൑ ⋯ 

with the following convention: ̅ߣ଴
ሾ௤ሿ is the zero eigenvalue with 

multiplicity dimሺ׏ݎ݁ܭሻ. In case where there is no parallel section, 
i. e., dimሺ׏ݎ݁ܭሻ ൌ 0, the spectrum starts with the positive eigen-
value ̅ߣଵ. 

Theorem 3. Let ሺܯ, ݃ሻ be an ݊-dimensional closed Riemanni-
an manifold. Let ∆ത and Δு be the rough and Hodge — de Rham 
Laplacians actingdefined on ܥஶ-sections of the fibre bundle Λ௤ܯ 
of differential ݍ-forms, 1 ൑ ݍ ൑ ݊ െ 1. If the curvature operator of 
the second kind ෠ܴ: Λଶܯ →	Λଶܯ satisfies the inequality ෠ܴ ൒ ܥ ൐ 0 
and ሺܯ, ݃ሻ is not isometric to the Euclidean ݊-sphere ॺ௡ with its 

standard metric, then ̅ߣ௔
ሾ௤ሿ ൐ 1 2⁄ ௤ߣ and ܥ	݊	

ሾ௤ሿ ൐ 1 2⁄ ܥ	݊	 ൅	

൅	ݍሺ݊ െ ௔ߣ̅ for any eigenvalues 		ܥ	ሻݍ
ሾ௤ሿ and ߣ௤

ሾ௤ሿ of ܵܿ݁݌ሺ௤ሻ∆ത and 

  . respectively	ሺ௤ሻ∆ு,ܿ݁݌ܵ
Proof. Let ሺܯ, ݃ሻ be an ݊-dimensional closed Riemannian 

manifold. We recall that if there exists a positive constant ܥ on 
ሺܯ, ݃ሻ such that the inequality ݃൫ ෠ܴ߱, ߱൯ ൒  ଶ holds for any‖߱‖ܥ

2-form ߱	 ∈ 	Λଶܯ, then the inequality ݃൫Ը௤ሺ߱ሻ, ߱൯ ൒	
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൒ ሺ݊ݍ െ 	߱ ଶ holds for any‖߱‖	ܥ	ሻݍ ∈ 	Λ௤ܯ and 1 ൑ ݍ ൑ ݊ െ 1 
(see [15]). In addition, equality holds for a Riemannian manifold 
isometric to the Euclidean ݊-sphere ॺ௡ with its standard metric. In 
other words, ܥ serves here as a lower bound for the eigenvalues of 
the curvature operator of the first kind ෠ܴ of ሺܯ, ݃ሻ and, in turn, 
Ը௠௜௡ ൌ ሺ݊ݍ	 െ -serves here as a lower bound for the eigen ܥ	ሻݍ
values of the Weitzenböck curvature operator Ը௤ of ሺܯ, ݃ሻ, re-
spectively. In this case the variational characterization of the ei-
genvalues (2) is as follows 

௔ߣ
ሾ௤ሿ ൒ ௔ߣ̅

ሾ௤ሿ ൅ ሺ݊ݍ െ  (3)                               ܥሻݍ

for any ߣ௔
ሾ௤ሿ ∈ ௔ߣ̅ ሺ௤ሻ∆ு andܿ݁݌ܵ

ሾ௤ሿ ∈  ሺ௤ሻ∆ത. In contrast to theܿ݁݌ܵ
Hodge Laplacian Δு, the kernel of the rough Laplacian ∆ത acting on 
 forms, whose dimension is not a-ݍ forms consists of parallel-ݍ

topological invariant. Therefore, if ̅ߣ௔
ሾ௤ሿ ൌ 0, then the associated 

eigenspace consists of parallel ݍ-forms. At the same time, it is 
well-known that there are no parallel ݍ-forms ሺ1 ൑ ݍ ൑ ݊ െ 1ሻ on 
a closed Riemannian manifold with a positive curvature operator of 

the first kind ෠ܴ (see [5, p. 351]). Therefore, in our case, ̅ߣ௔
ሾ௤ሿ ് 0, 

i. e., for the metric ݃	 with ෠ܴ ൒ ܥ ൐ 0, all eigenvalues of the rough 
and Hodge Laplacians acting on ݍ-forms, 1 ൑ ݍ ൑ ݊ െ 1,		are non-
zero. 

At the same time, for the metric ݃	 with ෠ܴ ൒ ܥ ൐ 0	 and every ݍ, 
1 ൑ ݍ ൑ 1 2⁄ ݊, inequality (3) can be rewritten as the first Gallot — 
Meyer inequality (see [16] and inequality (3.4) from [17]) 

௔ߣ
ሾ௤ሿ ൒ ܥݍ ൅ ሺ݊ݍ െ  .ܥሻݍ

In turn, for the metric ݃	with ෠ܴ ൒ ܥ ൐ 0	 and every 1 ,ݍ 2⁄ ݊ ൑	
൑ ݍ ൑ ݊ െ 1, inequality (3) can be rewritten as the second Gallot — 
Meyer inequality (see, for example, inequality (3.3) from [16]) 

௔ߣ
ሾ௤ሿ ൒ ሺ݊ െ ܥሻݍ ൅ ሺ݊ݍ െ  ,ܥሻݍ

because 1 ൑ ሺ݊ െ ሻݍ ൑ 1 2⁄ ݊. Moreover, two lower bounds of 

௔ߣ
ሾ௤ሿ are optimal because they can be achieved for a Riemannian 
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manifold ሺܯ, ݃ሻ isometric to the Euclidean ݊-sphere ॺ௡ with its 
standard metric; in other words, for this variety the equalities are 
valid in both cases (see also [7, p. 342]). Therefore, if a Riemanni-
an manifold ሺܯ, ݃ሻ isometric to the Euclidean ݊-sphere ॺ௡, then 
the first Gallot — Meyer inequality can be rewritten as the equality 

௔ߣ
ሾ௤ሿ ൌ ܥ	ݍ ൅ ሺ݊ݍ െ 1 ,ݍ for every ܥ	ሻݍ ൑ ݍ ൑ 1 2⁄ ݊. In this case, 

from (3) we deduce ̅ߣ௔
ሾ௤ሿ ൑ 1 2⁄ ܽ for all ܥ	݊	 ൒ 1. A similar con-

clusion can be drawn for the case when 1 2⁄ ݊ ൑ ݍ ൑ ݊ െ 1. 

Therefore, ̅ߣ௔
ሾ௤ሿ ൐ 1 2⁄ -for an ݊-dimensional closed Riemanni ܥ	݊	

an manifold with ෠ܴ ൒ ܥ ൐ 0	 and not isometric to the Euclidean  

݊-sphere ॺ௡. Then from (3) we deduce that ߣ௤
ሾ௤ሿ ൐ 1 2⁄ ܥ	݊	 ൅	

൅	ݍሺ݊ െ  .Then our theorem holds .ܥ	ሻݍ

Remark. If ̅ߣ௔
ሾ௤ሿ ൐ 1 2⁄  then both strictly Gallot — Meyer ,ܥ	݊	

inequalities will automatically follow from (3) for an ݊-dimen-
sional closed Riemannian manifold with ෠ܴ ൒ ܥ ൐ 0	 and not iso-
metric to the Euclidean ݊-sphere ॺ௡. 
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