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Komnnekcbl annuncongos ¢ MHAWKaTpUcamun
KOOpPpAUHATHbLIX BEKTOPOB B BUAe nOBerHOCTeVI

[Ipomomkaercst mcciaenoBanne B TpexmepHoM adduH-
HOM TIPOCTPAHCTBE KOMIUIEKCOB (TpeXmapaMeTpPHIeCKUX
CEMEWCTB) 3JUIMIICOUIOB, PACCMOTPEHHBIX paHee B psije
pabot aBTOpa. M3y4aercss MHOrooopasue 3JUIUICOUI0B, KO-
I71a KOHIIBI KOOPIWHATHBIX BEKTOPOB COBMAAAIOT C (¢o-
KaJbHBIMH TOYKAMH, a TIepBasi KOOPAMHATHAS psAMas OIH-
CBHIBaCT LMJIMHJIPUYECKYIO IMOBEPXHOCTh, IIPH 3TOM Ha 00-
pasyroleM 3JIeMEeHTe UMEIOTCS o KpaitHed Mepe Tpu do-
KaJTbHBIC TOYKH, HE JICKAIINe HAa OHOW MpsIMON W Ha Of-
HOW IUTOCKOCTH, IPOXOAIIEH uepe3 LEHTP, U ONpPeaeso-
e TPU CONPSDKCHHBIX HampaplieHusa. 3 ykazaHHOTO
MHOT000pa3us BBIACISETCS KOMIUIEKC SJUTHIICOMIOB MpHU
YCIIOBHH, KOT/Ia MHIUKATPUCHI BTOPOTO M TPETHETO KOOP-
JUHATHBIX BEKTOPOB OyIyT ONMUCHIBATH MOBEPXHOCTH C Ka-
CaTeNBHBIMH IUIOCKOCTSIMH, TapajUIeIbHBIMH TPEThe KO-
OpPAMHATHOHN IJIOCKOCTH, a KOHEI] BTOPOTO KOOPJHMHATHOTO
BEKTOpa ONMCHIBAET JIMHUIO C KacaTeIbHOM, mapanieasHon
NepBOMY KOOpAMHATHOMY BeKTOpy. Jloka3aHa Teopema cy-
IIECTBOBAHUS HCCIIEAyeMOro MHorooopasus. HaiineHs! reo-
METPHUYECKHE CBOWCTBA PAaCCMAaTPHUBAEMOT0 KOMILIEKCA.

JlokazaHo, 4TO KOHEI[ IIEPBOT0 KOOPIMHATHOTO BEKTO-
pa, TOUKH IEePBOH KOOPAMHATHOM MPSAMOM, a TakKe NepBOH
KOOPAMHATHON IUTOCKOCTH ONHCHIBAIOT JBYIapamMeTpHye-
CKOE€ CEMEHCTBO IIOCKOCTEW, KOHELl TPEThEro KOOPAUHAT-
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HOTO BEKTOpa OIHCHIBAET ABYIApaMETPUICCKOE CEMEHCTBO
UUAJTUHIPUYECKUX TJIOCKOCTEH, TOUYKA TPEThed KOOpIUHAT-
HOM MJIOCKOCTH OIHCHIBAET OJIHOMApaMETPUUYECKOE CeMeii-
CTBO JIMHUM C KacaTelbHBIMHU, MapajuIeIbHBIMU IIEPBOMY
KOOPJIMHATHOMY BEKTOPY.

XapaKkTepuCcTHIeCKOe MHOT000pa3re 00pa3yroIiero Je-
MEHTa COCTOWUT M3 IIECTH TOYEK: BEPIIMHBI permepa, Tpex
KOHIIOB KOOPJMHATHBIX BEKTOPOB M JIBYX KOHIIOB: CYMMBI
MIEPBOTO U BTOPOTO KOOPAMHATHBIX BEKTOPOB, a TAKXKE CyM-
MBI TIEPBOTO U TPETHETO0 KOOPAUHATHBIX BEKTOPOB. DOKab-
HOE MHOT000pa3re dIUIHIICOUA, TPOOETAIOIIEr0 HCCIleaye-
MBI KOMIUJIEKC, COCTOMT TOJIbKO M3 TpeX TOYEK, SIBIISIO-
IIUXCSI KOHIIAMU KOOPIUHATHBIX BEKTOPOB.

Knrouegwie cnosa: KoMIuIeKe, KOHTPY3HIMS, penep, dummicons, ahdus-
HOE MPOCTPAHCTBO, MHANWKATPHCA BEKTOPA, XapaKTEePHUCTHUECKOE MHOTO-
obpasue, hokaTbHOE MHOTOOOpa3ue.

B TpexmepHoMm addUHHOM TpOCTpaHCTBE MPOJOIDKAETCS HC-
ClIeIOBaHNE KOMIUIEKCOB (TpeXImapaMeTPHIeCKIX CEMEWCTB) dJI-
JUTICOUOB, H3yUeHHe KOTOPhIX OBbUIO Hadato B paborax [1—S5], B

penepe r ={4,e;}, i, J k... =13, MOCTPOESHHOM B padore [2].
OGo3Haunm uepe3 A; xoHupl BektopoB €, M, — Texyumme

TOYKH KOOPAMHATHBIX oceil (4,e;), M;,, — Tekyume TOYKHU co-
OTBETCTBEHHO NEPBO, BTOPOH U TpeTheil KOOPAMHATHBIX IIOCKO-
creit (4,e,e,), (4,e,e;) u (4,e,,e,).

Penep 7 B pabote [2] cneruanu3upoBaH CIEAYIOUUM 00pa-
30M: KOHIIBI BEKTOPOB €; COBNAJAIOT ¢ (OKAIbHBIMH TOUKaMu A,
[6], mpu >TOM perniep OyaeT kaHOHHYECKUM. B 31011 sxe padote pac-
CMOTpeH KoMIIeKe dmunconnos K , korna npamas (AA4,) onu-

CbIBACT HUIIMHAPHUYICCKYIO ITIOBEPXHOCTH U HA JJUIMIICOUAC ¢ HME-

I0TCS 110 KpaiiHeil Mepe Tpu (okanbHbie TOukH A, KOTOpBIE He

JiexaT Ha OJHOM HpsIMOM M Ha OJHOW IUIOCKOCTH, MPOXOASILEH
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4epes EHTP, U OMPECIAIOT TPU CONMPSIKSHHBIX Hanpasienus. [Tpu
9TOM ypaBHEHHE JJUTUICOMAa ¢ W cuctema ypaBHeHui lldadda

komIuiekca K _,? COOTBCTCTBCHHO UMCIOT BU/
F=")+(x%) +(x°) -1=0, (1)
i j 2 1 2 3
o =-0, 0 =0, 0,=a0" +po’, & =0, ()
1 2 3 3 2 3 2 2 2 2 3
oy, =Po +yw, 0, =A0 -0, &5 =(165; —1)o” +65;,0°.
0
Jns koMmekcoB K cIipaBeUINBEI YCIOBUS
dA=w'e 2 5. de =-w'e 3
=wetwe, +twe,, de=-we, 3)
de, = (a0’ + fo’)e, - 0’e, + (A(A63; — Do’ +65,0°) — 0°)e;,
— 2 3\= 2 2 2 3\— 3
de, = (fo” +yw’)e, + (A65; —Do” +65;,07)e, —w’e;.
B HaCTOﬂH.[efI pa60Te 6y):[eM HCCICA0BaTh KOMIIJICKCHI JJIIMII-

7 0
connioB K , BeIJIETIEHHBIE U3 MHOrooOpasus K; TNpH yCIOBHHM, YTO

WHANKATPUCHI BTOPOTO U TPETHETO KOOPIUHATHBIX BEKTOPOB OYAYT
OMHCHIBATH MOBEPXHOCTU C KacaTeIbHBIMH IUIOCKOCTSIMU, Hapal-
JeNbHBIMU KOOPAUHATHOHU IutockocTu (4,e,,e;), a KOHel Koop-

JUHAaTHOTO BEKTOpa €, OyIeT ONMChIBAaTh JMHUIO C KacaTeJbHOU
HpsIMOM, MapalIeIbHON BEKTOpY e, . Torma B cucteMe ypaBHEHUH
[dadda (2) xoapdummentsr ¢, f, y U A oOpaTiITCI B HYIIb.
IIpu 3TOM

de, = —0)252 - 0)353 , de; = (ue’ — a)z)éz - a)3é3 , (4)
dA za)lél,rz[e ,u:6323.
Cucrema ypasHernii Ilhadda Kommiekca dILIHICOHIOB K
3aITUIIeTCs B BUJIE
o =-0', o =0, =0 =0, =0, ©) =—", (5)

2 2
0 =—0 + po .
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Teopema 1. Komnnexcer snnuncoudos K cywecmsyiom u on-
Peoensiomcest ¢ NPOU3B0AOM OOHOU YHKYUU 0OHO20 apeyMeHma.

Jloxazamenvcmeo. Yncroe 3aMbikanue [7] cuctemsl (5) IMeeT BUIT

dun® =2 Aw’)=0. (6)

U3 (5) u (6) caenyer, uro s, =1, 5,=0, 5,=0, N=Q0=1.

Cucrema (5, 6) B MHBOJTIOIHH U ONPEAEISICT KOMILICKCHI DJITHIICO-

unoB K ¢ nmpou3BOJIOM OJHOW ()YHKIIMHM OJHOTO apryMmeHTa. Teo-
pema joKka3aHa.

Teopema 2. Komnnexcol snmuncoudos K obraoarom credyio-
WUMU 2eOMEMPULECKUMU CEOUCIMBAMIL:

1) xoney nepeoco KOOPOUHAMHO20 BeKMOPA, MOYKU NepEOll
KOOPOUHAMHOU NPAMOL, a MAKdice nepeoll KOOPOUHAMHOU NIO0CKO-
CMU ONUCHIBAIOM KOHZPYIHYUU NIOCKOCTEl;

2) KoHey mpemveco KOOPOUHAMHO20 BeKMOpd ORUCLIGAEm
KOH2PYIHYUIO YUTUHOPULECKUX NOBEPXHOCTELL,

3) mouxku mpemvell KOOPOUHAMHOU NAOCKOCIU ONUCHLIBAIOM
O0OHONAPAMEMPUYECKOE CeMelCmBE0 TUHUL ¢ KACamenbHblMU Npsi-
MbIMU, NAPATTETLHLIMU NEPEOMY KOOPOUHATNHOMY 8EKIMOPY.

Joxazamenvcmeo. s MccaeqyeMoro KOMILIEKCa SIIIMIICOU-
JIOB HaliJieM ciieayromue TudpepeHnab:

d4, = a)zéz - a)3é3 ,
dd, =w'e,,
dA, = w'e, — uw'e,
dM, = 0)252 + a)3é3 ,
dM, = w'e, + X’ (0" — uw')e, + o’ (1-x")e;, (7)
M, = 0'e, + (0" — X’ + i’ )e, + X’ v'e;,
dM, =x (0" — uw’)e, + o' (1-x7)e,
dM = xl(l — a)l)E1 + (a)2 X"+ ,ua)3x3)52 + x2a)353 ,

dM = w'e,.
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Amnamuzupys u auddepentmpys Gopmynst (7) coriiacHO MeTo-
IIMKE WCCIIeJIOBaHWs, W3IOKEHHOW B KHuUTe [8], yOexmaemcs B
CIIPABEMIINBOCTH TEOPEMBI.

XapakTepucTiuueckoe MHOroodpasue [6] amnunconna g 3ama-

€TCsl CUCTEMOU yPABHEHUI
/=0, F=0,F=0, (®)

1
rae Fj, yAoBIETBOPSIOT YPaBHEHUIO _EdF = Fka)k .

Jnsg uccnenyeMoro KoMIUiekca JIIHIICOUI0B cucteMa (8) mpu-
MET BUJ

X -D=0, ¥+ D=0, X (& +x -’ =1)=0.(9)

W3 cucrems! ypaBHeHui (9) ciaemyer
Teopema 3. Xapaxmepucmuueckoe MHo2000pasue SIAUNCoUdd

q , onucwslearoujeco paccmampu@aeMblﬁ xomnnexc K , cocmoum

U3 KOHYO8 8CeX KOOPOUHAMHBIX BEKMOPO8 U CYMM NEPB8O20 U Mo-
PO20 KOOPOUHAMHBIX 8EKMOPO8, d MAKI’CEe Nepeo2o U Mmpemvbe2o
KOOPOUHAMHbIX 8€KIMOPO8 U U3 BEPULUHbL penepa.

doxanpHOE MHOTOOOpazue [6] smmumnconna ¢ H3y4aeMoro

TpeXMmapaMeTPUUECKOr0 ceMeiicTBa onpenenseTcs ypaBaeHueM (1)
U CHUCTeMOW ypaBHeHHMH (9), OTKyZa clemyeT, 9TO OHO COCTOHUT
TOJILKO M3 TPEX TOYEK, SBISIONIMXCS KOHIAMHU KOOPIUHATHBIX
BEKTOPOB.
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Complexes of ellipsoids with indicatrices of coordinate vectors
in the form of surfaces
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The study continues in a three-dimensional affine space of complexes
of three-parameter families of ellipsoids, considered earlier in a number
of works by the author. A variety of ellipsoids is studied when the ends of
the coordinate vectors coincide with the focal points, and the first coordi-
nate straight line describes a cylindrical surface, while on the generating
element there are at least three focal points that do not lie on one straight
line and on one plane passing through center, and defining three conju-
gate directions. A complex of ellipsoids is distinguished from the indicat-
ed manifold provided that the indicatrices of the second and third coordi-
nate vectors describe surfaces with tangent planes parallel to the third
coordinate plane, and the end of the second coordinate vector describes a
line with a tangent parallel to the first coordinate vector. An existence
theorem for the variety under study is proved. The geometric properties of
the complex under consideration are found. It is proved that the end of the

81



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

first coordinate vector, points of the first coordinate line, and also the first
coordinate plane describe a two-parameter family of planes, the end of the
third coordinate vector describes a two-parameter family of cylindrical
planes, a point of the third coordinate plane describes a one-parameter
family of lines with tangents parallel to the first coordinate vector. The
characteristic manifold of a generating element consists of six points: the
vertex of the frame, three ends of the coordinate vectors, and two ends:
the sum of the first and second coordinate vectors, as well as the sum of
the first and third coordinate vectors. The focal manifold of the ellipsoid,
the complex under study, consists of only three points, which are the ends
of the coordinate vectors.

Keywords: complex, congruence, frame, ellipsoid, affine space, vec-
tor indicatrix, characteristic manifold, focal manifold.
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