YK 514.76

0. 0. benosa’

1 Banmutickuli hedepanbHbiil yHugepcumem um. Y. KaHma, Poccust
olgaobelova@mail.ru
doi: 10.5922/0321-4796-2025-56-6

Mnockue cBA3HOCTM B o6nacTu
NPOEKTUBHOIO NPOCTPAHCTBA

B mpoeKkTHBHOM IPOCTPAHCTBE pacCMOTpPEHa 00JIacTh, OIMICaH-
Has Toukoi. Haxg o0macTpi0 BO3HHKAET TJIaBHOE PACCIOCHHE, TH-
MOBBIM CIIOEM KOTOPOTO SIBJISIETCS MOJATPYMIa CTallMOHAPHOCTH
TOYKH.

B 3ToMm paccrmoennn 3amana GyHIAMEHTAIEHO-TPYIIIIOBAs CBSI3-
HocTh no I'.®. JlanteBy. [lokazano, uto ocHamenue bopronorTu
paccMaTpruBaeMoii 00JIaCTH HHAYIIMPYET HEHTPOIPOSKTHBHBIE CBS3-
HOCTHU TPEX THITOB B aCCOI[MMPOBAHHOM PACCIOCHHUH, IPUICM JTaH-
HBIE CBSI3HOCTH UMEIOT HYJIEBYIO KPUBU3HY U HYJIEBOEKpYUEHHUE.

JlaHbl TeoMeTpUYECKHEe XapaKTEPUCTUKU MOJTYYEHHBIM CBS3-
HOCTSIM.

Kniouegvie cnosa: mpoeKTUBHOE MPOCTPAHCTBO, CBSI3HOCTD, Pacciioe-
HHE, OCHaIlIeHHe bopTon0TTH, KpUBHU3HA, KpyUEHHUE

Teopust CBA3HOCTEH pa3nUYHBIX MHOT000pa3uii MMEeT MINpO-
KO€ IIPUMEHEHUE B MaTEMaTHKE U (PHU3HKE.

CBsI3HOCTH € HYJIEBOW KPMBU3HOM (TTOCKasi CBS3HOCTH) UIPAET
Ba)KHYIO POJIb B TEOPHH COJIUTOHOB (CM., Hamp., [9]). AbduHHBIE U
SKBUaQPHUHHBIE CBSI3HOCTH HYJIEBOW KPHBH3HBI OBbUIM M3YYECHHI B
pabotax [3; 5], a B [4] TOT ke aBTOp pacCMOTpPEN HEHYIEBYIO KPH-
BU3HY JJIS CBSI3HOCTEH BHEPEAYKTHBHBIX POCTPAHCTBAX.

Hocmynuna 6 peoakyuro 15.12.2024 2.
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B [2] l'ompabepr uccnenoBan HyJIEeBYIO KPUBH3HY HapaMeTpH-
YECKOr0 CEMEMCTBa MHOTOMEPHBIX IIJIOCKOCTEH M TOKa3ad, 4To
ad¢uHHAS CBA3HOCTD SIBIIIETCS MPOEKTUBHO €BKJIMIOBON TOTAA H
TOJIBKO TOTZIa, KOTJa PACCMOTPEHHBIH UM OOBEKT MMEET HYJEBYIO
KpUBH3HY.

B [10] TpodpumoB paccMoTpenl KaHOHHYECKYIO CBSI3HOCTH C
HYJIEBOW KpPUBHU3HOM Ha PACCIIOEHUU JIMHEHHBIX PEIEPOB.

HyneBas xpuBu3HA BIHSET Ha TUI NapaUIeNbHBIX IMEepeHece-
HuH. Ecr KOMIIOHEHTHI 00BhEKTa KPUBHU3HBI TPYTIIIOBOM CBSI3HOCTH
PaBHBI HYJIIO, TO NapaJlJIeNIbHBIE IEPEHECEHUS B PACCMATPUBAEMOM
CBS3HOCTHSBIISIOTCSI aOCOIOTHBIMH, OOpaTHOE TOXKE BEpPHO (CM.
[7; 8]).

Hccnenyem KpuUBH3HY M Kpy4eHHE CBS3HOCTH Ha MHOT0oOpa-
3uu ['paccmana Touek.

B npoextuBHOM mpocTpaHcTBe P, OyaeM HCHONb30BaTh IO-
nBIKHOHU periep {4,4;} (I, ... =1,...,n) c ”HPUHUTEIUMATHLHBIMU
NepeMelIeHUSIMU

dA = 0A + w'A,,
dAI = QAI + O)I]A] + (I.)IA,
e JuHeiHas Gopma 6 urpaer poJib MHOXKHTENS MPONOPIIMOHATb-
noctu, a dopmnl Ipadda w’,w,, w} YAOBJIETBOPSIIOT CTPYKTYp-
HBIM ypaBHeHUsiM Kaprana npoekTuBHOM rpymnmnsl GP(n)
Dw' = w’/ Awj,
Dw, = a)I] A wy,
I — K Al I K I
Dw; = wy Awg + §wg Aw" +w; Aw'.
PaccmoTpuM dacTHBI chnywail MHOrTooOpasust ['paccmana
Gr(m,n) Bcex m-MepHBIX IUTOCKOCTEN L,,, korma m = 0. Taxum
obpasom, mony4yum MHOroobpasue I'paccmana V = Gr(0,n) touek
[12].
®opmbl w! ABAAIOTCA IIABHBIMM, TaK Kak MPHM UX OOHYJIEHHH
¢ukcupyetcs Touka A.
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[Tomyunm rnaBHoe paccinoenue G (V) (dim G = n(n + 1)), xo-
TOpOE SIBIISIETCS PACCIOCHUEM LIEHTPOIIPOEKTUBHBIX PEIIEPOB C TH-
MTOBBIM CJIOEM — MOJATPYNIOi G CTalMOHAPHOCTH TOUKH A:

Dw,; = a),] A wy,
Dwj = wf A wg.

B cratne [1] aBTOp paccMoTpen Takyto 001acTh TPOSKTHBHOTO
MIPOCTPAHCTBA, 3a7aB (YHIAMEHTAIHLHO-TPYIIIOBYIO CBSI3HOCTH B
aCcCOIMUPOBAHHOM HampaBieHuu metoaoM [.d. JlanreBa. bouu
HCCICI0BaHbl ICHTPOIIPOCKTUBHEBIC CBA3HOCTH TPEX THUIIOB, ITOJIY-
YCHBI YCJIOBUA UX COBINAACHHUA U JJaHAa r€OMETPUYCCKasd MHTEPIIPEC-
Tanus CBA3HOCTHU 1-ro Tuma.

Cesa3HocTh B TiaBHOM paccinoeHuu G (V) 3amaguM crioco6om
JlanteBa — Jlymucre [6]:

@] = wj — Tjgwk,
51 = (1)1 - Fljw]'
KommoneHTsl 00BexTa cBsi3HOCTH [ = [F}K, I ]} YIIOBIJIETBO-
pstotT nuddepeHnnaIb-HBIM YpaBHEHHAM
I I I I
AF]K - 5](1)1( - 6K(L)] —_ F]KL(I)L,
K _ K
AFU + FI](‘)K B FUK(U ,
pu4eM oneparop A AeCTBYeT Mo 3aKOHY
I _ apl L 1 I L I L
CTpyKTypHBIC YpaBHEHUS ()OPM CBSI3HOCTH UMEIOT BH]T
D&} = & NBf + Rj, 0" A wh,
D&, = & A& + Ryxw! A wk,
riue

R]IKL = F}[KL] + Fff[l(rﬂ]a
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Ry = Tigky + FL[]F%K]

SBIISIIOTCS KOMITOHEHTaMH KPUBHU3HBI R = {R]’KL,R, 7K} CBA3HOCTH

['. KBagpaTHple CKOOKHM O3HAYalOT aTbTEPHUPOBAHUE IO KpailHHM
HHJAEKCaM.

ITpu nponomwkennn nuddepeHInATFHBIX YPaBHEHUH MOTYIUM
CIIeTYIOIME CPABHEHHS 110 MOIYJIH0 6a3ucHBIX GopM w!:

AT, + Tjgw, + Tj wg + Tixw; — 8(Tjxwr = 0,
AFI]K + F}‘IK(I)L + ZFI](UK + FIK(U] + FK](UI = 0

[ToncTaBuM (OpPMBI CBSI3HOCTH 5} B CTPYKTypHBIE ypaBHEHUS

6a3ucHBIX (opM w', Torma

I _ ~I | ¢l K
Dw' = w/ A&} + Sjxw! AW,

rae S ]IK = Ff K] — KOMIIOHCHTBI OOBEKTa KPYICHHS S.

[IpousBenem ocHamienue bopromortu [13] mHOrOOOpasus V,
KOTOpO€ COCTOUT B TPUCOEIUHEHMH K KaXXIoW Touke A rumep-
IJIOCKOCTH P,,_{, He Impoxondilued depe3 AAHHYI0 TOuYKy. J[aHHOe
OCHAIICHUC HHAYHUHUPYET LCHTPONPOCKTUBHLIC CBA3HOCTU TPEX
TUIIOB B PAacClIOEHUM LIEHTPOIPOEeKTUBHBIX penepoB G (V), acco-
LHUUPOBAHHOM C 00J1acThbi0 V MpOEKTHBHOTO pocTpaHcTBa P, (cM.:

[1D):
0
F}K = _5]1/11( - 6}(&],
01 02 03
FI] = _/11).], FI] = /11] - ZAIA], FI] = _AI]

Haxoxum oxBatsl nipadHhoBEIX TPOU3BOAHBIX KOMIIOHEHT 00B-
€KTa CBA3HOCTH [

0
F}KL = _S}AK/IL - 511(/1]/1L=
01
FI]K = _ZAIA]AK,
02
Uy = 24154k + Ay + Agpdp — 64125 Ak
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03
[k = =245k — Aigdy — Aggdy + 2425 k.
YuuThiBas MOMyYEHHBIE OXBAThI, UMEEM
01 01
Rjg, =0, R;; =0;
02 02
Rk, =0, R;; =0;
03 03
Rjx, =0, R =0.

Takum 00pa3zom, cripaBeIuBa CISAYIONIas TeopemMa;

Teopema 1. Tensop xpususnsl R 60 6cex mpex cesaznocmsx
uMeem Hynesbie KOMHOHEHMbl, MO eCMb UHOYYUPOBAHHbIE UYeH-
MPONpoeKmusHble CEA3HOCMU 6 paccloeHuu Hao obaacmuio V
NPOEKMUBHO20 NPOCMPAHCMBA UMEIOM HYe8VI0 KPUBU3HY, MAKUM
00pazom, céa3HOCMU AGNAIOMCS NIOCKUMU.

Y4uuThiBast 0XBaT B BBIPAXKEHUSIX KOMIIOHEHT KPy4eHUs, MOIy-
YUM

OI
S]K = O
Taxkum 06pa30M, CIipaBEJIMBa CJICAYIoIas T€opemMa:
0

Teopema 2. Tenzop kpyuenus S 6 cesasnocmu I' umeem nynegvie
KOMNOHEHmMbL, MO eCb UHOYYUPOBAHHBIE YEHMPONPOEKMUBHbIE
ceaznocmu 6 paccioenuu nao obnacmoelo V npoexmuenozo npo-
CMpancmea umeiom Hyniegoe KpyueHue, mo ecmo CesA3HOCHb Oyoem
cummempuyeckou [11].

JamuMm reomMeTpudecKylo XapaKTepUCTHKY OCHAIIAIOUIeH Tu-
MEePIIOCKOCTH Pp_1.

I'MnepruiocKoCcTh 3aaIuM TOUYKaMH

BI = AI + AIA,

rae A = {1;} — ocHamaronmii KBa3UTEH30p, KOMIIOHEHTHI KOTO-
POro yAOBIETBOPSIOT AU(PepeHINATEHBIM CPABHEHUSM 10 MOJLY-
0 6asucHBIX popM w!

A+ w; = 0.
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Haxonst nmuddepennmansl Touek B; U y4uThIBas 0XBaThl, TO-
JTy4uM

0 01
dB; = (6 — L,w))B; + @] B; + (VA; — LA w))A, (1)
0 02

0 03

dB; = (6 — Lw))B; + @] B; + [VA; + (=4, + L)) ]A,

01 02 03
rne VA;,VA;, VA, — xoBapumantHele muddepeHInansl ocHaIIaw-
LIEr0 KBa3UTEH30Pa B COOTBETCTBYIONINX CBSA3HOCTSX.

W3 momy4eHHbIx (hopMy BUIIHO, UTO MIPU OOpaIeHN: KOBapH-
aHTHBIX AudQepeHIanoB B HyJIb BO BCEX TPEX CBA3HOCTSIX OCHa-
HIaronias MIOCKOCTh OCTAeTCsl Ha MecTe.

3ameuanue. Koapuantasie nuddepeHmnnanst

VA =dA — A& + @ = (4 — Ty + 4T’

OCHAIaromIero KBasuTCH30pa AB CBA3HOCTAX UMCHOT BU/
01
VA =y — /11/1])0)],
02
V/’{I = 0,
03

01 03
Taxum obpazom, VA; = 0u VA; =0, ecu 4, = A4,

0 0
Teopema 3. [Ipocmoti nodob6vexm I'y = {FjK} 00beKmos casi3-
01 02 03
nocmu ', T', T' xapakmepuszyemcs yenmpanvHoim npoekmuposa-

Huem naockocmu P,_q + dPy_q, cmedcHou ¢ eunepniockocmoio
P,,_1, Ha ucxoouyw niockocms P,,_1 u3 yenmpa — mouxu A.
Llokazamenvcmso. Tlpoekuus mwiockoctu P,_; + dP,_4, KOTO-

pad CMCXKHa C IJIOCKOCTBIO Pn—19 U3 IICHTPAa — TOYKHU A omnpene-
0

nseTcst popMaMu CBA3HOCTH C(){, KOTOPBIE BBIPAXKAIOTCS C IOMO-

64



0.0. bernoea

0 0
bI0 mogo0bekTa ['; = {F}K}, TaK KaKk UMeeT MecTO paBeHCTBO (1).

Takum 00pa3oM, CTIpaBeIITUBO YTBEPKACHUE

0 A
y: Ppoq+dP,_q4 — P,_4.

Teopema nokazaHa.
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Flat connections in a domain of projective space
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The theory of connections of manifolds has wide application
in mathematics and physics.

Flat connection affects the type of parallel translations.

In the present paper, we study the curvature and torsion of
connections on the Grassmann manifold of points.

In projective space, the region described by a point is considered.
A principal bundle arises over the domain, the typical fiber of
which is the stationarity subgroup of a point.

A fundamental group connection according to G.F. Laptev is
given in this bundle. It is shown that the Bortolotti’s clothing of
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the domain induces centroprojective connections of three types in
the associated bundle, and these connections have zero curvature
and the connections are torsion-free.
A geometric characteristics of the resulting connections are given:
1) when the covariant differentials vanish in all three connec-

tions, the clothing hyperplane is 1mmovable
01 02 03
2) a simple subobject 1"1 = {F ]K} of connection objects I', I', T

is characterized by the central projection of the plane P,_; +
+ dP,,_adjacent to the hyperplane P,_, to the original plane P,,_;
from the center — the point A.

Keywords: projective space, connection, fibering, Bortolotti’s clothing,
curvature, torsion
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