
Дифференциальная геометрия многообразий фигур 

116 

 

УДК 514.764  
 

S. E. Stepanov1 , I. I. Tsyganok2  
1, 2 Financial University under the Government of the Russian Federation  

s. e.stepanov@mail.ru 
doi: 10.5922/0321-4796-2020-51-13 

1 

On the Tachibana numbers of closed manifolds  
with pinched negative sectional curvature  

 
Conformal Killing form is a natural generalization of 

conformal Killing vector field. These forms were extensi-
vely studied by many geometricians. These considerations 
were motivated by existence of various applications for the-
se forms. The vector space of conformal Killing p-forms on 
an n-dimensional  11  np  closed Riemannian mani-

fold M has a finite dimension  Mt p  named the Tachibana 

number. These numbers are conformal scalar invariant of M 
and satisfy the duality theorem:    MtMt pnp  . 

In the present article we prove two vanishing theorems. 
According to the first theorem, there are no nonzero Tachi-
bana numbers on an n-dimensional  4n  closed Rie-

mannian manifold with pinched negative sectional curva-

ture such that 1sec1    for some pinching con-

stant   1
1

 n . From the second theorem we conclude 
that there are no nonzero Tachibana numbers on a three-
dimensional closed Riemannian manifold with negative 
sectional curvature.  
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1. Introduction and results 

 
Conformal Killing p-forms or, in other words, conformal Kil-

ling — Yano p-tensors have been defined on n-dimensional Rie-
mannian manifolds  11  np  more than fifty years ago by 

S. Tachibana and T. Kashiwada (see [1; 2]) as a natural generaliza-
tion of conformal Killing vector fields. Since then these forms 
were extensively studied by many geometricians. These considera-
tions were motivated by existence of various applications for these 
forms (see, for example, [3; 4]).  

The vector space of conformal Killing p-forms on an n-di-
mensional closed (i. e. compact without boundary) Riemannian ma-
nifold  gM ,  has a finite dimension  Mtp  named the Tachibana 

number (see [5—7] and etc.). These numbers    MtMt n 11 ,,   are 

conformal scalar invariant of  gM ,  and satisfy the duality theo-

rem:    MtMt pnp  . The theorem is an analog of the well 

known Poincaré duality theorem for the Betti numbers of closed 
 gM , . Moreover, we proved in [7] that Tachibana numbers 

   MtMt n 11 ,,   are equal to zero for an n-dimensional (n ≥ 2) 

closed Riemannian manifold  gM ,  with negative curvature oper-

ator MSMSR 2
0

2
0: 



 defined on the vector bundle of traceless 

symmetric tensor fields of order 2 (see [8]). Based on this theorem, 
we prove here the following theorem. 

Theorem 1. Let  gM ,  be an n-dimensional (n ≥ 4) closed Rie-
mannian manifold with pinched negative sectional curvature. Sup-

pose that 1sec1    for an arbitrary   11  n , then Ta-
chibana numbers    MtMt n 11 ,,   of  gM ,  are equal to zero. 

Remark. We recall here that for every n ≥ 4 there exists a 
closed n-dimensional Riemannian manifold  gM ,  such that its 
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sectional curvatures satisfy the inequalities 1sec  H  for 
some pinching constant H, but M does not admit a metric g of con-
stant negative sectional curvature (see [9]). 

For the case when 3n  the following theorem is true. 
Theorem 2. If  gM ,  is an 3-dimensional closed Riemannian 

manifold with negative sectional curvature then its Tachibana 
numbers  Mt1  and  Mt2  are equal to zero. 

 
2. Proofs of Theorems 

 
Let  gM ,  be an n -dimensional  2n  Riemannian manifold 

and MS 2
0  is a vector bundle of symmetric traceless 2-forms. For 

any point Mx  there exists an orthonormal eigen-frame nee ...,,1  

of MTx  such that   ijijixij ee   ,  for any  MSC 2
0

  and 

for the Kronecker delta ij . Then we have the formula (see [10, 

p. 388])  

   22 ji
ji

ji
jkli

ijkl
j
k

ki
ij eeRR   


sec      (2.1) 

where    jijiji eee,eRee ,,sec  is the sectional curvature 

xsec  of  gM ,  in the direction of the tangent two-plane section 

 jix ee ,span  at Mx . In turn, the components of the curva-

ture tensor R and the Ricci tensor Ric  are denoted by 
 lkjiijkl eee,eRR ,,  and  jiij e,eRicR  , respectively. 

If in addition, suppose that there is a point Mx where all sec-
tional curvatures satisfies the double inequality BA  sec  for 
some constant 0 BA , then from equation (2.1) we obtain the 
inequality (see [11]) 

ij
ijjkli

ijkl
j
k

ki
ijij

ij BnRRAn        (2.2) 
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for an arbitrary nonzero  MTS x
p

x
 0 . In addition, we have the 

double inequality 

    ij
ijj

k
ki

ijij
ij BnRAn  11          (2.3) 

If we suppose that ij
ij 2

, then from (2.2) and (2.3) we 

obtain the following inequalities 

    2
1 BnAn  g (    ,



R )    2
1 AnBn  , 

where g(    ,


R )  jkli
ijklR   for the curvature operator  

   MTSMTSR xx
  2

0
2
0:



. 

Let BA  , then we have g(    ,


R ) < 0 for any nonzero 

 MSC 2
0

  for an arbitrary   1110  n . Theorem 1 is 
proved.  

In dimension three we have (see [12]) 

 jkiljlikikjliljkjkiljlikijkl ggggsRgRgRgRgR  2
1 . 

On the other hand, we can always diagonalize the Ricci tensor 
Ric  at an arbitrary point Mx , so that ijiijR   where 321 ,,   

are its eigenvalue. Then in three dimensions the only nonzero compo-
nents of the curvature tensor R  are components of the form 

 3212
1

1212  R ;   2312
1

1313  R ;  

 1322
1

2323  R . 

Thus, the condition for negative sectional curvature in three 
dimensions is that each eigenvalue of the Ricci tensor is bigger 
than sum of other two. Then we have the proposition (compare this 
statement with Corollary 8.2 of [12]). 

Proposition. In dimension three a metric g has negative sec-
tional curvature if and only if  gsRic 2

1   for the scalar curva-

ture Rictraces g .  
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Then in dimension three we can deduce the inequalities 

g(    ,


R ) 0
2

2
1  s  

for a nonzero  MSC 2
0

 . In this case, the curvature operator 

MSMSR 2
0

2
0: 



 is negative definite. At the same time, the vani-
shing theorem from the paper [7] is the stating that Tachibana 
numbers     0,,0 11   MtMt n  for an n-dimensional (n ≥ ) clo-
sed Riemannian manifold  gM ,  with negative curvature operator 

MSMSR 2
0

2
0: 



. Then in dimension three we have   Mt1  

  .02  Mt  Thus, Theorem 2 is proved. 
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Числа Тачибаны замкнутых многообразий  
с защемленной отрицательной секционной кривизной 

 
Поступила в редакцию 22.02.2020 г. 

 
Конформная форма Киллинга является естественным обобщени-

ем конформного векторного поля Киллинга. Эти формы широко 
изучались многими геометрами, что было мотивировано существо-
ванием различных приложений для этих форм. Векторное простран-
ство конформных p-форм Киллинга имеет на замкнутом n-мерном 
 11  np  римановом многообразии М конечную размерность 

 Mt p , называемую числом Тачибана. Эти числа являются кон-

формными скалярными инвариантами многообразия и удовлетворя-
ют теореме двойственности    MtMt pnp  . 

В данной статье мы доказываем две «теоремы исчезновения». 
В соответствии в первой теоремой не существует ненулевых чисел 
Тачибаны на n-мерном  4n  замкнутом римановом многообразии 

с защемленной отрицательной секционной кривизной такой, что 

1sec1    для постоянной   1
1

 n . Согласно второй тео-
реме не существует ненулевых чисел Тачибаны на трехмерном за-
мкнутом римановом многообразии с отрицательной секционной 
кривизной. 

 
Ключевые слова: риманово многообразие, конформный тензор 

Киллинга — Яно, секционная кривизна, теорема исчезновения. 
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