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On the Tachibana numbers of closed manifolds
with pinched negative sectional curvature

Conformal Killing form is a natural generalization of
conformal Killing vector field. These forms were extensi-
vely studied by many geometricians. These considerations
were motivated by existence of various applications for the-
se forms. The vector space of conformal Killing p-forms on

an n-dimensional (l <p<n- 1) closed Riemannian mani-
fold M has a finite dimension ¢, (M ) named the Tachibana
number. These numbers are conformal scalar invariant of M
and satisfy the duality theorem: ¢, (M ) =1, , (M )

In the present article we prove two vanishing theorems.
According to the first theorem, there are no nonzero Tachi-
bana numbers on an n-dimensional (n > 4) closed Rie-
mannian manifold with pinched negative sectional curva-

ture such that —1 =0 <sec <=1 for some pinching con-

—1
stant o< (n _1) . From the second theorem we conclude
that there are no nonzero Tachibana numbers on a three-
dimensional closed Riemannian manifold with negative
sectional curvature.
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1. Introduction and results

Conformal Killing p-forms or, in other words, conformal Kil-
ling — Yano p-tensors have been defined on n-dimensional Rie-
mannian manifolds (1 <p Sn—l) more than fifty years ago by

S. Tachibana and T. Kashiwada (see [1; 2]) as a natural generaliza-
tion of conformal Killing vector fields. Since then these forms
were extensively studied by many geometricians. These considera-
tions were motivated by existence of various applications for these
forms (see, for example, [3; 4]).

The vector space of conformal Killing p-forms on an n-di-
mensional closed (i.e. compact without boundary) Riemannian ma-
nifold (M,g) has a finite dimension Z, (M) named the Tachibana

number (see [5—7] and etc.). These numbers ¢, (M), ...z, (M) are
conformal scalar invariant of (M , g) and satisfy the duality theo-
rem: ¢, (M ):tn_p(M ) The theorem is an analog of the well
known Poincaré duality theorem for the Betti numbers of closed
(M , g). Moreover, we proved in [7] that Tachibana numbers
t,(M), ....t, (M) are equal to zero for an n-dimensional (7>2)

closed Riemannian manifold (M , g) with negative curvature oper-

ator R: SgM —> SgM defined on the vector bundle of traceless
symmetric tensor fields of order 2 (see [8]). Based on this theorem,
we prove here the following theorem.

Theorem 1. Let (M,g) be an n-dimensional (n>4) closed Rie-
mannian manifold with pinched negative sectional curvature. Sup-

pose that ~1=0 <sec <=1 for an arbitrary g<(n-1) , then Ta-
chibana numbers t,(M ), ...,t, (M) of (M,g) are equal to zero.

Remark. We recall here that for every n>4 there exists a
closed n-dimensional Riemannian manifold (M,g) such that its
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sectional curvatures satisfy the inequalities — H <sec<-1 for
some pinching constant A, but M does not admit a metric g of con-
stant negative sectional curvature (see [9]).

For the case when n =3 the following theorem is true.

Theorem 2. If (M , g) is an 3-dimensional closed Riemannian

manifold with negative sectional curvature then its Tachibana
numbers t,(M ) and t,(M ) are equal to zero.

2. Proofs of Theorems

Let (M,g) be an n-dimensional (n>2) Riemannian manifold

and S¢M is a vector bundle of symmetric traceless 2-forms. For

any point x € M there exists an orthonormal eigen-frame e, ..., e

of T.M such that ¢, = gox(ei,ej): L; 6 forany ¢ e Cw(Son) and
for the Kronecker delta 517 . Then we have the formula (see [10,
p. 388])

R; (/)ik(ojk + Ry qo”gojk = 2Zsec(el. /\ej)(yi —,uj)z (2.1

i<j
where sec (el. ne j)z R (el.,e 2€;,€ j) is the sectional curvature
seco, of (M , g) in the direction of the tangent two-plane section

o, = span{el.,ej} at x € M . In turn, the components of the curva-

ture tensor R and the Ricci tensor Ric are denoted by

Ry = R(ei, ej,ek,e,) and R; = Ric(ei,ej), respectively.

If in addition, suppose that there is a point x € M where all sec-
tional curvatures satisfies the double inequality — 4 <sec <—B for
some constant 4 > B >0, then from equation (2.1) we obtain the
inequality (see [11])

ik j il jk

—ndg'p; <R, 0" ¢ + Ry, 0" 0" <-nBo'p; (22)
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for an arbitrary nonzero ¢, € S; (T:M ) In addition, we have the
double inequality

~(n-1)4¢"p, <R, 9" ¢/, <-(n-1)Bp"p;  (2.3)

If we suppose that || go”2 = (p[jqoi/. , then from (2.2) and (2.3) we

obtain the following inequalities
(cnd+(n=1)B)|o[ < g (Rlp)p)<(-nB+(n-1)4)|o|,
where g(R(p)) = Ry, 9™ for the curvature operator
R: M) s2rim).

Let A=¢B, then we have g( k((p),gp) < 0 for any nonzero
0<e<l+(n-1)"

peC” (SgM ) for an arbitrary . Theorem 1 is
proved.

In dimension three we have (see [12])

Rijkl = g[kle _gilek _gijil +gleik _% s (gikgjl _gilgjk)'

On the other hand, we can always diagonalize the Ricci tensor
Ric at an arbitrary point x € M, so that R; = 4, 5; where 4, 4,, 4,

i “ij
are its eigenvalue. Then in three dimensions the only nonzero compo-
nents of the curvature tensor R are components of the form

1212—/(11“‘/1 ﬂs) 1313=V(l+23—/12);
2323—/(Z2+ﬂ, ﬂq)

Thus, the condition for negative sectional curvature in three
dimensions is that each eigenvalue of the Ricci tensor is bigger
than sum of other two. Then we have the proposition (compare this
statement with Corollary 8.2 of [12]).

Proposition. In dimension three a metric g has negative sec-
tional curvature if and only if Ric > Y,sg for the scalar curva-

ture s = tracegRic.
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Then in dimension three we can deduce the inequalities

2(R(p)o)< sl o] <0
for a nonzero p e C” (SSM ) In this case, the curvature operator

R:S;M — S;M is negative definite. At the same time, the vani-

shing theorem from the paper [7] is the stating that Tachibana
numbers ¢,(M )= 0, t, ,(M)=0 for an n-dimensional (n>) clo-

ceey by

sed Riemannian manifold (M , g) with negative curvature operator

R:SgM —> S¢M . Then in dimension three we have ¢,(M)=
=¢,(M)=0. Thus, Theorem 2 is proved.
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Yncna TaunbaHbl 3aMKHYTLIX MHOro06pasnii
C 3alLLeMIIEHHOM OTPULLATENBHOM CEKLIMOHHOM KPUBU3HON

[octynuna B pepakuuro 22.02.2020 r.

Kondopmuas ¢opma KummnHra siBIsseTcsl €CTeCTBEHHBIM 0000IICHH-
eM KOH(pOpMHOro BekTopHoro moxs Kwmuimara. OTH (OpPMBI IIHPOKO
U3y4alIuCch MHOTUMHU I'€OMETpaMH, YTO OBLIO MOTHBHPOBAHO CYILECTBO-
BaHHEM PA3IMYHBIX NPUIOKEHUH 1 9THX GopM. BexropHoe nmpocTpan-
CTBO KOH(OPMHBIX p-popM KuimmHra mmeer Ha 3aMKHYTOM 7-MEPHOM

(IS pSn—l) PUMaHOBOM MHOroo0Opasuu M KOHEYHYI0 pa3MEepHOCTh
f, (M ) Ha3bIBacMyl0 4ucioM TaunbaHa. ODTH ducia SBISAIOTCS KOH-
(OPMHBIMHU CKaISIPHBIMU MHBapUaHTaMHW MHOT000pasus U YIOBJIETBOPS-
0T TeOpEME ABOWCTBEHHOCTH ¢ » (M ) =1, (M ) .

B nanHO#i cTathe MBI JOKa3bIBac€M JIBE «TCOPEMbI HCUYC3HOBCHU).
B cooTBeTcTBHH B HCpBOfI TeopeMoﬁ HE CYHICCTBYCT HCHYJICBBIX YHUCECII

TaunbaHbl HA 1-MEPHOM (n > 4) 3aMKHYTOM PUMaHOBOM MHOTOOOpa3Hu
C 3alIeMJICHHOM OTpULIATENbHON CEKIUOHHON KpHUBHM3HOW TakKoil, 4To

—1
—1-0 <sec< -1 ;uq nocrosunoii o< (n B 1) . Cornmacuo BTOpO#i Teo-
PEME He CyIIECTBYET HEHYJIEBBIX 4ucen TaunbGaHbl HA TPEXMEPHOM 3a-
MKHYyTOM PHUMaHOBOM MHOTOOOPAa3MH C OTPHUATENBHOW CEKIMOHHOM
KPUBHU3HOM.

Knrouesvie cnosa: pumanoBo MHOrooOpasme, KOH(GOOPMHBIN TEH30pP
Kummmara — fIHo, cekunoHHas KpUBH3HA, TEOPEMa HCUE3HOBEHHUS.
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