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On harmonic sections of tangent bundle
equipped with the Sasaki metric

Let (TM, gs) be the tangent bundle of a complete Riemannian
manifold (M,g) equipped with the Sasaki metric gs and
X:(M,g) — (TM, gs) be a horizontal-harmonic map from (M, g)
to (TM, gs). If ||X|| € LP(M) for at least one positive number
p#*1, then X:(M,g) — (TM,gs) is a harmonic map from

M, g) to (TM, gs).

Keywords: complete Riemannian manifold, tangent bundle, Sasaki
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1. Introduction and Main Theorem

Let (TM, gs) be the tangent bundle of a Riemanian manifold
(M,g) equipped with the Sasaki metric gs defined by
gs(X"Y") = gs(X7,Y") = g(X,Y) o and gs(X™,YV) =0 for
all X,Y € C*(TM), where m is the natural projection from TM on-
to M, and X" (resp. XV) is 1the horizontal (resp. vertical) lift of a
vector field X on M to TM (see [1] and [2]).
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The tension field of the map X: (M, g) — (TM, gs) is given by
(see [3, p. 146])

X)) ="X) + ' (X) = (tracegR(X, vX) -)h + (tracegVZX)v.

Consequently, X is defined as a horizontal-harmonic (respec-
tively, vertical-harmonic) map from (M, g) to (TM, gs) if and only
if AX:= trace,V2X = 0 (resp, tracegR(X,VX)-=0) (see also
[3, p. 146]). Furthermore, X is a harmonic map from (M, g) to
(TM, gs) if and only if it is a horizontal-harmonic and vertical-
harmonic map at the same time (see [4]). If (M, g) is compact and
X:(M,g) — (TM, gs) is a horizontal-harmonic map from (M, g)
to (TM, gs), then X is a harmonic map since from AX = 0 implies
VX = 0 and hence traceyR(X,VX) - = 0. Formulate the main the-
orem.

Theorem. Let (TM, gs) be the tangent bundle of a complete
Riemannian manifold (M, g) equipped with the Sasaki metric gs
and X:(M,g) — (TM, gs) be a horizontal-harmonic map from
(M, g) to (TM, gs). If || X|| € LP (M) for at least one positive num-
ber p#1, then X:(M,g) — (TM,gs) is a harmonic map
from(M, g) to (TM, gs).

2. Proof of the theorem

Let X: (M, g) — (TM, gs) is a horizontal-harmonic map, then
we deduce

1
54 IX117 = g(AX, X) + [[VX||* = |[VX]|?
since AX = 0. On the other hand, we have
1 2
54 X102 = X1 Al + [[vixI||” <

< lIxIl AlX1l + lIvxil?
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by the Kato inequality ||V||X I ||2 < ||VX||? that is a classical tool in
Riemannian geometry. As a result, we have the following inequality:

X1l Allx1l = o.

In turn, Yau proved the following theorem (see [5]): Let u be a
smooth function defined on a complete Riemannian manifold so
that u > 0 and (p — 1)u Au > 0 where p is a positive number.
Then for p # 1, either [, uPdv, = o or u = const. Therefore,
if [ ulIX1Pdvy < oo for at least one positive number p # 1, then
[|X]| = const. In this case, the equation VX = 0 holds. As a con-
sequence of the above, we obtain that trace;R(X,VX)-= 0 and
hence X:(M,g) — (TM, gs) is also a vertical-harmonic map.
Consequently, X is a harmonic map from (M, g) to (TM, gs).
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O rapMOHMYECKMX CEYEHMSIX KacaTeNbHOrO PaccnoeHus,
CHabxeHHbIx MeTpukor Cacaku

INoctynuna B pegaxmuro 08.04.2026 r.

Iycts (TM, gs) OyneT kacaTenbHbIM PacCIOCHUEM IIOJIHOTO
pumaHoBa MHoroobpasus (M,g) c¢ wmerpukoit Cacaku gg u
X:(M,g) — (TM,gs) Oyner TOPU3OHTAIBHO-TAPMOHUYECKIM
orobpaxennem. Ecmu || X|| € LP (M) mo kpaiiHeit Mepe B OmHOI
TOYKe JUIsl TOoJNoKUTeNnbHoro p # 1, Torna X: (M, g) — (TM, gs)
OyneT rapMOHHYECKUM OTOOpaKEHHEM.

Kniouesvie cnosa: moiHoe puMaHOBO MHOT00Opa3ue, KacaTeIbHOE pac-
cioeHue, MeTprka Cacaku, TOpH30HTaIbHO-TapMOHUUECKOE OTOOpaKeHUE

Cnucox aumepamypoi

1. Sasaki S. On the differential geometry of tangent bundles of Rie-
mannian manifolds // Tohoku Math. J. 1958. Vol. 10, Ne3. P. 338—354.

2. Gudmundsson S., Kappos E. On the Geometry of Tangent Bundles //
Expositiones Mathematicae. 2002. Vol. 20. P. 1—41.

3. Gil-Medrano O. Relationship between volume and energy of vec-
tor fields // Differ. Geom. Appl, 2001. Vol. 15. P. 137—152.

4. Ishihara T. Harmonic sections of tangent bundle // J. Math. To-
kushima Univ. 1979. Vol. 13. P. 23—27.

5. Yau S.T. Some function-theoretic properties of complete Rieman-
nian manifold and their applications to geometry // Indiana Univ. J. 1976.
Vol. 25. P. 659—670.

79


http://orcid.org/0000-0003-1734-8874
https://orcid.org/0000-0001-9186-3992

[nddepeHumanbHas reomeTpus MHoroobpasui uryp

s uutupoBanus: Cmenanos C. E., [[vicanox Y. U. O rapMmoHmIUe-
CKHX CCUCHHSIX KacaTeJbHOTO PACCIIOCHUs, CHAOKCHHBIX MeTpukoil Ca-
caku // JTM®. 2026. Ne57 (1). C. 76—80. https://doi.org/10.5922/0321-
4796-2026-57-1-6.

@I‘IPEECTABJ’IEHO ANA BO3MOXHOM NYBNMKALIMKA B OTKPLITOM IOCTYME B COOTBETCTBUMN C YCNIOBUAMM
NWUUEH3WW CREATIVE COMMONS ATTRIBUTION (CC BY) (HTTP.//CREATIVECOMMONS.ORG/LICENSES/BY/4.0/)



