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On harmonic sections of tangent bundle 

equipped with the Sasaki metric 
 

Let ሺܶܯ, ݃ௌሻ be the tangent bundle of a complete Riemannian 
manifold ሺܯ, ݃ሻ equipped with the Sasaki metric ݃ௌ and 
ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ be a horizontal-harmonic map from ሺܯ, ݃ሻ 
to ሺܶܯ, ݃ௌሻ. If ‖ܺ‖ ∈  ሻ for at least one positive numberܯ௣ሺܮ
݌ ് 1, then ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ is a harmonic map from 
ሺܯ, ݃ሻ	 to ሺܶܯ, ݃ௌሻ. 
 
Keywords: complete Riemannian manifold, tangent bundle, Sasaki 

metric, horizontal-harmonic map 
 

1. Introduction and Main Theorem 
 
Let ሺܶܯ, ݃ௌሻ be the tangent bundle of a Riemanian manifold 

ሺܯ, ݃ሻ equipped with the Sasaki metric ݃ௌ defined by 
݃ௌ൫ܺ௛, ܻ௛൯ ൌ ݃ௌሺܺ௩, ܻ௩ሻ ൌ ݃ሺܺ, ܻሻ ∘ ,and ݃ௌ൫ܺ௛ ߨ ܻ௩൯ ൌ 0 for 
all ܺ, ܻ ∈ -on ܯܶ is the natural projection from ߨ ሻ, whereܯஶሺܶܥ
to ܯ, and ܺ௛ (resp. ܺ௩) is 1the horizontal (resp. vertical) lift of a 
vector field ܺ on ܯ to ܶܯ (see [1] and [2]). 

                                                 
Submitted on November 22, 2025 
© Stepanov S. E., Tsyganok I. I., 2026 

 

http://orcid.org/0000-0003-1734-8874
https://orcid.org/0000-0001-9186-3992


S. E. Stepanov, I. I. Tsyganok 

77 

The tension field of the map ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ is given by 
(see [3, p. 146]) 

߬ሺܺሻ ൌ ߬௛ሺܺሻ ൅ ߬௩ሺܺሻ ൌ ൫݁ܿܽݎݐ௚ܴሺܺ, ሻܺ׏ ∙൯
௛
൅ ൫݁ܿܽݎݐ௚׏ଶܺ൯

௩
. 

Consequently, ܺ is defined as a horizontal-harmonic (respec-
tively, vertical-harmonic) map from ሺܯ, ݃ሻ to ሺܶܯ, ݃ௌሻ if and only 
if 	∆ܺ:ൌ ଶܺ׏௚݁ܿܽݎݐ ൌ 0 (resp, ݁ܿܽݎݐ௚ܴሺܺ, ሻܺ׏ ∙	ൌ 0ሻ (see also 
[3, p. 146]). Furthermore, ܺ is a harmonic map from ሺܯ, ݃ሻ	 to 
ሺܶܯ, ݃ௌሻ if and only if it is a horizontal-harmonic and vertical-
harmonic map at the same time (see [4]). If ሺܯ, ݃ሻ is compact and 
ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ is a horizontal-harmonic map from ሺܯ, ݃ሻ 
to ሺܶܯ, ݃ௌሻ, then ܺ is a harmonic map since from ∆ܺ ൌ 0 implies 
ܺ׏ ൌ 0 and hence ݁ܿܽݎݐ௚ܴሺܺ, ሻܺ׏ ∙	ൌ 0. Formulate the main the-
orem. 

Theorem. Let ሺܶܯ, ݃ௌሻ be the tangent bundle of a complete 
Riemannian manifold ሺܯ, ݃ሻ equipped with the Sasaki metric ݃ௌ 
and ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ be a horizontal-harmonic map from 
ሺܯ, ݃ሻ to ሺܶܯ, ݃ௌሻ. If ‖ܺ‖ ∈ -ሻ for at least one positive numܯ௣ሺܮ
ber ݌ ് 1, then ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ is a harmonic map 
fromሺܯ, ݃ሻ	to ሺܶܯ, ݃ௌሻ. 

 
2. Proof of the theorem 

 
Let ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ is a horizontal-harmonic map, then 

we deduce  

1
2
∆	‖ܺ‖ଶ ൌ ݃ሺ∆ܺ, ܺሻ ൅ ଶ‖ܺ׏‖ ൌ  ଶ‖ܺ׏‖

since ∆ܺ ൌ 0. On the other hand, we have 

1
2
∆	‖ܺ‖ଶ ൌ ‖ܺ‖	∆‖ܺ‖ ൅ ฮ׏‖ܺ‖ฮ

ଶ
൑ 

൑ ‖ܺ‖	∆‖ܺ‖ ൅  ଶ‖ܺ׏‖
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by the Kato inequality ฮ׏‖ܺ‖ฮ
ଶ
൑  ଶ that is a classical tool in‖ܺ׏‖

Riemannian geometry. As a result, we have the following inequality: 

‖ܺ‖	∆‖ܺ‖ ൒ 0. 

In turn, Yau proved the following theorem (see [5]): Let ݑ be a 
smooth function defined on a complete Riemannian manifold so 
that ݑ ൒ 0 and ሺ݌ െ 1ሻݑ	ݑ∆ ൒ 0 where ݌ is a positive number. 
Then for ݌ ് 1, either ׬ெ	ݑ

௣݀ݒ௚ ൌ ∞ or ݑ	 ൌ  ,Therefore .ݐݏ݊݋ܿ	

if ׬ெ‖ܺ‖
௣݀ݒ௚ ൏ ∞ for at least one positive number ݌ ് 1, then 

‖ܺ‖ ൌ ܺ׏ In this case, the equation .ݐݏ݊݋ܿ	 ൌ 0	 holds. As a con-
sequence of the above, we obtain that ݁ܿܽݎݐ௚ܴሺܺ, ሻܺ׏ ∙	ൌ 0 and 

hence ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ is also a vertical-harmonic map. 
Consequently, ܺ is a harmonic map from ሺܯ, ݃ሻ	 to ሺܶܯ, ݃ௌሻ. 
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О гармонических сечениях касательного расслоения,  
снабженных метрикой Сасаки 

 
Поступила в редакцию 08.04.2026 г. 
 

Пусть ሺܶܯ, ݃ௌሻ будет касательным расслоением полного 
риманова многообразия ሺܯ, ݃ሻ с метрикой Сасаки ݃ௌ и 
ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ будет горизонтально-гармоническим 
отображением. Если ‖ܺ‖ ∈  ሻ по крайней мере в однойܯ௣ሺܮ
точке для положительного ݌ ് 1, тогда ܺ: ሺܯ, ݃ሻ ⟶ ሺܶܯ, ݃ௌሻ 
будет гармоническим отображением. 
 
Ключевые слова: полное риманово многообразие, касательное рас-

слоение, метрика Сасаки, горизонтально-гармоническое отображение 
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