V]IK 514.75

M. A. Yewrkosa'
T Anmatickuli 2ocydapcmeenHbitl yHugepcumem, Poccusi
cma@math.asu.ru, cmad1@yandex.ru
ORCID: https://orcid.org/0000-0001-9016-3951
doi: 10.5922/0321-4796-2019-50-17

MpumepbI NOBEPXHOCTEN NOCTOAHHON CPEeAHEN KPUBU3HDI

IToBepxHOCTH B E? HaspBaeTcs rapasuiesIbHOM TOBEpX-
HOCTHU M, €CJIi OHa COCTOUT U3 KOHIIOB OTPE3KOB MOCTOSH-
HOW JJTMHBI, OTJIO)KEHHBIX Ha HOPMAJISIX TIOBEPXHOCTH M OT
TOYEK 3TOM moBepxHocTH. KacaTenbHbIE MIIOCKOCTA B CO-
OTBETCTBYIOIINX TOYKAX OYIyT mapayuie’dbHbIMH. J[st mo-
BepxHOCTH B E° MMeeT MecTo Teopema boHHe: s 060t
MOBEPXHOCTH M, UMEIOIIEN MOCTOSHHYIO MOJIO0XKUTEIbHYIO
rayCcCOBY KpUBU3HY, CYIIECTBYET apaUiebHas eif IoBepX-
HOCTb C ITIOCTOSIHHOM cpeHel KpUBU3HOM.

C ucnionp3oBaHNEeM TeopeMbl BoHHE 11 TIOBEPXHOCTH
BpallleHUsl INOCTOSHHOM IIOJIOKUTEIILHOM IayCCOBOM KpH-
BHU3HBI CTPOATCS MOBEPXHOCTH MOCTOSIHHOM CpeaHed Kpu-
BU3HBbI. [lOBEpXHOCTHM TOCTOSIHHOW cpeaHeld KpUBU3HBI
OTIMCAHBI C MTOMOIIBIO AUTUITHIECKUX UHTETPAIOB.

Kniouesvile cnosa: napamienvHas MOBEPXHOCTb, CPEAHSST KPUBU3HA,
rayccoBa KpUBU3Ha, TeopeMa boHHe.

B eBKIIHIOBOM MPOCTpaHCTBE E° PACCMOTPHM MOBEPXHOCTh BPa-
meHnss M, OIy4EHHYIO BPALICHUEM IIFIOCKOW KPUBOM BOKPYT OCH.

O6o3nauynm gepe3 k£ =(0,0,1) opt och, a gepe3 e(v) = (cos(v),
sin(v),0) — paauyc-BEeKTOp €AMHUYHOU OKPYHOCTH, PacIojo-
’)KEHHOW B IUIOCKOCTH, OPTOTrOHalIbHOM ocu. Torna moBEpXHOCTb
M MOXXHO 3a/1aTh B BUJIE
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r=ue(v )+ f(u)k, )

rone f — muddepeHnupyemas GyHKIUSA, v, 4 — HapaMeTPHL.
0003HaUUM Yepe3 1 OpT HOpMaH K moBepxHoctd M. Torna

fe—k
VU +1
['naBuble KpUBU3HBI k|, k, moBepxnoctu M uMerOT BUJ

f i /"

n=

B u\l(f')2+1, ’ ( ,(f')2+1)3.
Tayccosa kpususna K = kk, pasua
fl fl/ 3
u\/(f')2+1( /(f’)z”f

Tpebyem K = const , IOTY4IHUM /IBa PELICHUS:

u K2 —(c—1
f@)=| #dﬁq ,
0 c— Kt
u /Kﬁ —(c-1))
w)=—[,|————Pir+c,, 2
f .([ c —Kt2 1 ( )
rac Cl ,C — HpOI/I3BOJ'ILHI>IC KOHCTAHTEI.

B[1, c. 97] dbopma mepunuana f = f(u) uccienoBaHa 0e3 Bbl-
YHCJICHUS JIUMIITHYECKOTO UHTErpaia. Mbl MOCTPOUM JIaHHBIE I10-
BEPXHOCTH, UCIIOJIL3YA MaTeMaTHUYECKUH aKeT.

Nmeem

—Ie- 1ElzlpﬁcE(”*/K_c Ne=Dey
fu)=+ & c=l_1¢.  (3)
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Paccmotpum cnyuait, korna K >0. g onpeaeneHHOCTH MO-
nmaraeM K =1. U3 (2, 3) umeem

2
“ —c +1
fay=+[ = e,
0 c —t

fw)=+(~1e~ 1EllzpticE(%,—”(c_ll)c)) ta. ()

Koncranram ¢ =1, ¢; =0 coorBercTBYIOT perieHus

fu)=2V1-u?.

Mepuauan B 3TOM Cliydae €CTh IOJIYOKPY)KHOCTh, a IMOBEPX-
HOCTH ecTh cepa.
U3 (5) cnenyer 0 < c < 1. Ilonaraem

2
1 , u —c +1
c=—, ¢ =0, f(u)zwl—z.
4 c —u

fu)= —%\/EEllipticE(Zu,%\/gl) . 5)

Nmeem

[TocTporMm nmoBepxHOCTH BpatieHus (1) mocTosHHON rayccoBoi
kpuBm3Hbl (IITK), rme f(u) ompenmensercs u3 (5), ue [0,\/2],
vel[-n,7] (puc. 1).

Puc. 1. IToBepxuocts Bpamienus [IT'K, ¢ =1/4
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s mocTpoeHns: MOBEPXHOCTH MOCTOSIHHOW CpeqHeld KpUBH3-
HBI HCIOJIB3YeM TeopeMy bonne [2, c. 110]: dra nr0boii nosepxmo-
cmu, umerowjell NOCMOAHHYI0 NONOJICUTNENbHYIO 2aAYCCO8Y KPUBU3-
HY, cywjecmeyem NapanienbHds el NO8epXHOCHb C NOCMOAHHOU
cpeoHeli KPUBU3HOIL.

[ToBepXHOCTh M Ha3bIBAeTCs TApajLIeNbHON TOBepXHOCTH M
[1, c. 303], ecu oHA COCTOMT W3 KOHIIOB OTPE3KOB ITOCTOSHHOM
JUTMHBI, OTJIO)KEHHBIX Ha HOPMAJISIX TIOBEPXHOCTH M OT TOYEK 3TOU
noBepxHocTH. KacarenpHble MIOCKOCTH B COOTBETCTBYIOIINX TOY-
Kax OyIyT mapajulesIbHbIMHU.

VpaBHeHHe MapajielbHON MmoBepxHocTH M umeeT Buj [l,
c. 307]

F=r+hnh=+JK = *1.
Nmeem

n:\/u2—0+1e(v)— c—u’k.

[MocTpoum moBepxuoctu [ICK (puc. 2—4).

Puc. 2. TToBepxuocts Bpamenus I[ICK, ¢ =1/4

151



IndbepeHumanbHas reomeTpns MHoroobpasnin douryp

=

o

sy

S
RN s

Puc. 4. ITosepxuocts I1CK,

Puc. 3. ITosepxuoctu I1I'K u I[ICK,

=-1

1/4,h

C =

1/4, h=1

C=

Jnsa cnywyas ¢>1,u e[v/c—1,4/c] caenaem 3aMeHy InepeMeH-

2, c. 99] u=~csin().
IIpu ¢ =4, nonyuum

HOHU

1—-4cos(t) e(v)—2cos(t)k,
r =2sin(t)e(v) — EllipticE(cos(?), 2)k,

n=

te[rn/3,7/2],vel[-x,x].

[Moctpoum mosepxnocts III'K (puc. 5) n moepxnoctu [1CK

(puc. 6—38).
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Puc. 6. ITosepxnocts TICK,

Puc. 5. IToBepxHocth Bpamenus [1I'K,

1

h=
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Puc. 7. lloBepxnoctu [II'K u [ICK,  Puc. 8. [losepxuocts ITICK,
c=dh=1 c=4 h=-1
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Examples of surfaces of constant mean curvature

Submitted on February 10, 2018

A surface in E° is called parallel to the surface M if it consists of the
ends of constant length segments, laid on the normals to the surfaces M
at points of this surface. The tangent planes at the corresponding points
will be parallel. For surfaces in £’ the theorem of Bonnet holds: for any
surface M that has constant positive Gaussian curvature, there exists a
surface parallel to it with a constant mean curvature.
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Using Bonnet's theorem for a surfaces of revolution of constant posi-
tive Gaussian curvature, surfaces of constant mean curvature are con-
structed. It is proved that they are also surfaces of revolution. A family of
plane curvature lines (meridians) is described by means of elliptic inte-
grals. The surfaces of constant Gaussian curvature are also described by
means of elliptic integrals. Using the mathematical software package, the
surfaces under consideration are constructed.

Keywords: parallel surface, mean curvature, Gaussian curvature,
Bonnet theorem, elliptic integrals.
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