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SUBSETS OF PRIME NUMBERES IN GENERALIZED
ARITHMETICAL PROGRESSION OF HIGH ORDER

Sequenses (a(k)) of numbers defined by recurrent relation

n

a) =a®) 4+ d-n* where a¥) = p is an odd prime number and d is

4=
an even positive number are considered (k<20, p<10*,
d <200). It is shown that for even k& the number d for each subset

{afk>,agk),...,a§f>} of prime numbers where m > 5 is divisible by 6.
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KOMIIBIOTEPHBIE ITPOI'PAMMBbI HCCJIEJOBAHUA
METOJ0OM KAPTAHA MHOT'OOBPA3UU ®OUT'YP
B OJHOPOJHBIX MPOCTPAHCTBAX

Pa3paboTaHbl KOMITBIOTEpHBIE IPOTPaMMBbI UCCIIEIOBAHMS
cucteM TndaddoBbIX ypaBHEHHH B OJHOPOAHBIX M 0000-
IICHHBIX MPOCTPAHCTBAX, MO3BOJIIIOIINE YCTAaHOBHTH CO-
BMECTHOCTh WJIM HECOBMECTHOCTh MCXOIHOM CHCTEMBI, Ompe-
JIeTnTh (B CiTydae COBMECTHOCTH) TIPOHM3BOJI €€ PELICHHMS.
PaccMOTpeHbI KOHKpETHBIE MPUMEPBI MPUMEHEHHS TAHHBIX B
paboTe KOMITBIOTEPHBIX MPOTPaMM K HCCIIEJOBAHHIO MOBEPX-
HOCTeH B EBKIMJIOBOM M TIPOCKTHBHOM IPOCTPAaHCTBAX M
KOHTPY3HIIMH 3JUTUIICONIOB B a(QUHHOM IPOCTPAHCTBE.

HNuTencuBHOE pa3BuUTHUC KOMHBIOTCpHOﬁ TEXHUKU H COBEP-
IMEHCTBOBAHUE METOAOB IPOTrpaMMHPOBaHUA CII0coOCTBOBAIH
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Jugppepenyuanvnan zeomempus muozooopazuit puzyp

BHEJIPEHHUIO KOMIBIOTEPHBIX METO/IOB BBIYHCICHHS B KJIACCUYECKHE
HarpaBJIeHUs] TEOPETUIECKOH MaTeMaTuku. Vcronb3oBaHue makeTa
nporpamm Maple V Release 4.00a mo3BoyMiIO COCTaBUTH KOMITb-
IOTEpHBIC TPOrpaMMbl HCCIieIOBaHHUs MeTojoM KapraHa cucteM
nadGoBBIX ypaBHEHMI, 3aJar0luX MHOrooodpasusi guryp B oi-
HOPOJAHBIX M 0000IIEHHBIX NPOCTPAHCTBaX. B naHHOMU cTaThe mpen-
CTaBJIeHa KOMIBIOTEPHAsI TIPOrpaMMa HCCIIEIOBAHMS TAKHX CHCTEM
niadhoBBIX ypaBHEHUI B €BKIUI0BOM, apPUHHOM U MPOSKTUBHOM
MIPOCTPAHCTBAaX MIPOU3BOJILHON KOHEUHON pa3MEPHOCTH.

J111st MCTIONTb30BaHMUS IPOTPaMMBl HEOOXOIUMO 331aTh CHCTEMY
ypaBHenuit [Idadda mccmeayemoro MHOTOOOpa3uss B KaHOHUYE-
CKOM periepe, 0003HAUYWB HEU3BECTHbIC (DYHKIMUA CHMBOJIAMHU
Z1,Zy,Z3,... , @ KOHCTAHTBI CHMBOJIAMH Q,Q,,0;,... KpoMme Toro,
omnpenenuth kakue u3 popm Ildadda mwim ux muueitHbIX KOMOUHA-
UUil  ABIAIOTCA Oa3MCHBIMH, W OOO3HAUYWTh HX CHMBOJAMHU
6,,6,,0;,,..., a TaKKe yKa3aTb ONpejelisieMble 3aJadeidl CBA3M Ha

HeM3BeCTHbIE (DYHKIMHU (€CTM OHU MMEIOTCS), THUI HPOCTPaHCTBA,
€ro pa3MepHOCTb, YHICIIO HEM3BECTHBIX (PYHKINN 1 YUCIIO KOHCTAHT.

KommnbroTepHasi mporpaMMa COCTOMT M3 BBOJHOM 4acTH U OC-
HOBHOI nporpammsbl. BBOJHBIE YacTH AJid €BKJIMJOBA, MPOECKTUB-
HOTO ¥ a)(pUHHOTO IPOCTPAHCTB OTIUYAIOTCS NIPYT OT apyra. Jis
uccienopanus nudGepeHnupyeMoro MHOrooopasus He00X0 MO B
COOTBETCTBYIOIIEH BBOJHOM 4acTH MPOrpaMMBbl 331aTh HayaJlbHbIE
JIaHHBIE, YKa3aHHBIC BBIIIE, IOCJIE 3TOrO 3aIyCTUTh OCHOBHYIO
nporpammy. Tak, HampuMep, BBOJHAs YacThb KOMIIBIOTEPHOM MpPO-
TpaMMBI UCCIIEOBaHUSA CUCTeMBI T depeHnnaIbHbIX ypaBHEHUI
MHHUMAJILHOH JIMHEWJATOW MOBEPXHOCTH (MIPSMOTO TEITUKOUIA) B
€BKJIUJIOBOM MPOCTPAHCTBE

o —z,0° =0, @, -z,0' =0, o] —z,0° =0, © =0,
ol +0y=0, o +0;=0, ®, +o; =0, 0 =0, ©; =0, w; =0
UMEeT BUJL
> Equations:={omega[[1],[3]]-z[1]*omega[[],[2]]=0, omega[[2],[3]]-

z[1]*omega][],[1]]=0, ome-
ga[[1].[2]]-z[2]*omegal[].[2]]=0,0megal[].[3]]=0, ome-
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ga[[1].[2]]+omega[[2].[1]]=0, omega[[1],[3]]+omega[[3],[1]] =0, ome-
ga[[2].[3]]+omegal[[3].[2]]
=0,0megal[[1],[1]]=0,0mega[[2],[2]]=0,0mega[[3],[3]]=0};

> Basis:={theta[1]=omega[[],[1]],theta[2]=omega[[],[2]]};

> Conditions:={z[1]<>0};

> Space:=euclid; Dimension:=3;

> Functions:=2;Constants:=0;

BBoaHas yacTh mporpaMMbl MCCIENOBAaHUS CHCTEMBI audde-
PEHLIMAIBHBIX ypaBHEHUH MOJKJacca MPOEKTHBHBIX cdep B Mpo-
€KTUBHOM IIPOCTPAHCTBE

1 1 2, 1
a)g —E(Zle +Zza)2):0, a)]1 —g(zza)2 —z]a)l)=0, w; +w, =0,

0 3 3 1 _ 0, 23 1 0 2
o) +0; =0, 0, —0 =0, o +=20 =0, 0, +2z;2,0" =0,
zZ
4

2 1 _ 1 2 3 2 1 0 _ 2 0 _
o -0 =0, 0,-0" =0, o —0" =0, 0;—w, =0, w; —w, =0,

z 3 0 3
a)f +z3z4a)1 +320* =0, w; =0, d(23)—a)3 —2z,0; =0,
Z4
d(z,)+o* —2z,07 —z20' =0
4 4@y —Z2,0 =
HMECT BUJT

> Equations:={omega[[0],[0]] - 1/2*(z[1]*omega[[],[1]]+
z[2]*omega][[],[2]])=0,0mega[[1],[1]] - 1/6*(z[2]* ome-
ga[[],[2]]-z[1]*omega[[],[1]])=0,0mega[[2],[2]]+omega[[1],[1]]=0,0-
mega[[3],[3]]+omega[[0],[0]]=0,
omega[[1],[0]]+z[3]/z[4]*omega][[],[1]]=0,0mega[[2],[0]]*+z[3]*z[4]*O0me
ga[[],[2]]=0, omegal[[1],[2]]- omega[[],[1]]=0,
omega[[2],[1]]-omega[[],[2]]=0,0mega[[1],[3]]-omega[[],[2]]=0,
omega[[2],[3]]-omega[[],[1]]=0,
omega[[3],[1]]-omega[[2],[0]]=0,0mega[[3],[2]]-omega[[1],[0]]=0, ome-
ga[[3].[0]]+z[3]*z[4]*omega[[],[1]]+ z[3]/z[4]*omega[[],[2]]=0,
omega[[0],[3]]=0, d(z[3])-omegal[[3],[0]]-2*z[3]*omega[[3],[3]]=0,
d(z[4])+ omega[[].[2]]-2*z[4]*omega[[2],[2]]-z[4]"2*0omega[[],[1]]=0};
> Basis:={theta[1]=omega[[],[1]],theta][2]=omega[[].[2]]};

> Conditions:={};

> Space:=projective; Dimension:=3;

> Functions:=4;Constants:=0;
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BBopHas wacTh mporpammbl uccienoBaHusi auddepeHnrans-
HBIX YpaBHEHHH MOJKIAcCa KOHIPYIHIUN JUTUIICOUI0B B aduH-
HOM IIPOCTPAHCTBE

o] +(z1 +1)C()1 =0, @ =0, w0 —z,0" —z,0° =0,

2_

1 2 2 2 1 1 _
of —z,0 —z;0° =0, @05 —z,0" =0, @y -z =0,

a)23+(zz+1)a)2=0, @ +0° =0, o +0' =0, & =0

MMEET BUJI

> Equations:={omega[[1],[3]] +(z[1]+1)*omega[[],[1]]=0, omega[[],[3]] =
0, omega[[2],[1]] - z[3]*omega[[],[1]]-z[5]*omega[[],[2]]=0,
omega[[1],[2]] -z[4]*omega[[],[1]]-z[3]*omegal[[],[2]]=0, omega[[3],[2]]
-z[2]*omega][[].[2]]=0, omegal[[3].[1]] - z[1]*omega[[],[1]]=0,
omega[[2],[3]] +(z[2]+1)*omega[[],[2]]=0, omega[[2],[2]]
+omegal[],[2]]=0, omega[[1],[1]] +omega[[],[1]]=0, omega[[3],[3]] = 0};
> Basis:={theta[1]=omega[[],[1]].theta[2]=omega[[].[2]]};

> Conditions:={z[1]<>z[2]};

> Space:=affine; Dimension:=3;

> Functions:=5;Constants:=0;

OcHoBHas ke nporpaMmma uMecT CJ'IG,I[YIOH_II/Iﬁ BU:

> with(difforms):with(linalg):with(combinat): def-
form(omega=1,theta=1,2=1,z=0,w=0,

> seq(alpha[j]=const,j=1..Constants)): m:=nops(Basis):f:=Functions:
dim:=Dimension:

> if Space=euclid then

> for i while i<=dim

> do d(omega[[],[i]1]):=sum(‘'omega[[].[k]]&" omega[[K],[i]]','’k'=1..dim):
> for j while j<=dim

> do
d(omega[[i],[i1]):=sum(‘'omega[[i],[k]]&"omega[[K].[j]]', k'=1..dim)

> od:

> od:solve({op(Basis),op(Equations)},

>
_{Siqgf)([seqmmega[[i],[J']],i=1--dim),omega[[],[i]]]),j=1--dim),seQ(d(Z[i]),
=1.0H}):
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> remove(has,",{seq(d(z[j1)=d(z[j]).j=1..H)}):

> fi:

> if Space=affine then

> for i while i<=dim

> do d(omega[[],[i]]):=sum(‘'omega[[],[K]]&" omega[[K],[i]]','k'=1..dim):

> for j while j<=dim

> do

d(omega([[i],[i1]):=sum(‘'omega][[i],[k]]&" omega[[Kk],[i]] ,'’k'=1..dim):

> od

> od:

> solve({op(Basis),op(Equations)},

> {seq(op([seq(om_ega[[i],[j]],i:1.. N

dim),omega[[].[j]1]).j=1..dim),seq(d(z[j]).j=1..H)}):

> remove(has," {seq(d(z[j])=d(z[j]).j=1..H)}):

> fi:

> if Space=projective then

> forifrom 0 to dim

> do forj from 0 to dim

> do

gogy[[i)],[i]]:=d(0mega[[i],[i]])=Sum('0mega[[i],[k]]&“omega[[k],[i]]','k'=

..dim):

> od

od:

(seq(omegal[0] [j]]=omegal[] [j]] j=L.m)):assign("):

(seq(seq(dom[[i],[j]],i=0.. dim),j=0..dim)):assign(*"):

solve({op(Basis),op(Equations)},{seq(seq(omega[[i],[j]],

i=0..dim),j=0..dim),seq(d(z[j]).j=1..)}):

> remove(has," {seq(d(z[iD=d(z[i]).j=1..H)}):

> fi:

> eqgns[1][1]:=expand("):solve(Basis,{seq(theta[j],j=1..m)}):

> seq(simplify(d(op(1,"))),I=1..m):assign("):

> fun[1][1]:=F:Sv[1][1]:={{}}:P:=1.G:=1:

> for p while p<=P

> do g1:=0:for g while g<=G

do for h while h<=nops(Sv[p][g])

do f:=fun[p][g]:

{seq('d'(select(has,Ihs(op(j,op(h,Sv[p][g]))).
{seq(z[k],k=1..H})),j=1..nops(op(h,Sv[p][9])))}:
S[1]:=simplify(subs(op(h,Sv[p][g]), remove(has,eqns[p][g],"))):
s:=nops(S[1])-m: subs(op(h,Sv[p][g]).eans[p][g]):

V VV VYV

\Y

V VV VYV
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>
>
>
>

{seq(d(lhs(op(j,"))-rhs(op(j,"))).j=1..nops("))}:
dS[1]:=simplify(subs(op(h,Sv[p][g]).")):assign(S[1]):K:=0:J:=1:
for i while i<=J

dS[i]:=remove(has,simpform(dS[i]),0):ddS[i]:=dS[i]: K:=K+1:b:=1:

LVVVVVY

VVVVVVVOVVZEVVVVVVYV

for a while a<=f

do if op(select(has,dS[i],d(z[a])))<>NULL then c[b]:=a:b:=b+1 fi:
od:q:=b-1:seqf[i]:=[seq(c[j].j=1..b-1)]:
if op(seqf[i])<>NULL then k:=1:rnk[0]:=0:

for | while I<=m-1
do Sl:=subs({seq(theta[i]=theta[i[l]],i=1..m),

q(d(z[k])=Z[Kk],k=seqf[i])}.dS[i]):

dSl:=simpform(d(Sl)):
for b while b<=nops(dSl)
do for ¢ in seqffi]

do simpform(subs(d(Z[c])=1,op(b,dSl))):
n[k]:=simpform(subs("&""=0,")):k:=k+1:
od:
od:rnk[l]:=rank(matrix(nops(dSl)*l,q,

eq(n[k],k=1..g*nops(dSH*N1)):

sk[1]:=rnk[I]-rnk[I-1]:
od:sk[1]:=g-sum('sk[K]','’k'=1..1-1):

:=sum('sk[k]*K','’k'=1..m):t:=f+1:

for j in seqffi]
do d(z[j]):=sum(‘z[k]*theta[Kk-t+1]','k'=t..t+m-1):t:=t+m:
od:dS[i]:=remove(has,simpform(dS[i]),0):
t:=f+q*m:per:=permute(m,2):k:=1:typ:=0:
for a while a<=nops(dS[i])
do for b while b<=nops(per)

do e[k]:=coeff(op(a,dS[i]),"” &""'(theta[op(1,0p(b,per))], the-

ta[op(2,0p(b,per))])):

11
~
+
[y

VVVVVYVYVXYV

Qo
D

if e[k]<>0 and type(e[k],constant)=true then typ:=typ+1 fi:

od:

od:

if typ<>0 then seq(unassign('d'(z[j])),j=1..1):
unassign(‘'omega’): print('mpu BBITIOJIHEHUU PABEHCTB'):
print(op(op(h,SvIp][a]))): print(‘cucrema ypasrenwuit [1padda’):
print(subs({op(op(h,Sv[p][g])).op(Basis)}eqns[p][g])):
print(' mpotuBopeunsa.'): break
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> fi:
> sg:=expand(remove(has,{seq(e[i],i=1..k-1)},0)):nsq:=nops(sq):
> A:=matrix(nsq,q*m,[seq(seq(coeff(op(k,sq),z[j]),

j=f+1..1),k=1..nsq)]):

> V:=vector(nsq,subs([]=0,[seq(-remove(has,op(k,sq)+[],
> {seq(z[jlj=f+1..0}),k=1..nsq)])):

> B:=concat(A,V):rA:=rank(A):rB:=rank(B):

> if rA<rB then gl:=g1+1:pl:=p+1:

> rw:=[seq(j,j=1..nsq)]:cl:=[seq(j,j=1..m*q)]-k:=1:

> forainrw

> do forbincl

> do aa[k]:=a:bb[k]:=b:

> sbm:=submatrix(A,[seq(aa[j],j=1..k)],

[seq(bb[j],j=1..k)]):dt:=det(sbm):

> if dt<>0 then rw:=remove(has,rw,a):cl:=remove(has,cl,b):
:=k+1:break: fi:

> od:

> od:

> remove(has,[seq(j,j=1..nsq)].[seq(aa[j].j=1..k-1)]):

> seq(det(submatrix(B,[seq(aa[j],j=1..k-1),1],

> [seq(bb[j],j=1..k-1),m*q+1])),I="):remove(has,{"},0):

>

{seq(solve({op(k,"),op(op(h,Sv[p][g]))}.{seqa(z[i].j=1..f)}).k=1..nops(*))}

seq(remove(has,op(j,"),{seq(z[k]=z[K],k=1..f)}), j=1..nops(")):
sel:=select(has,{"'},z):c:=0:
for b while b<=nops(sel)
do sub:=subs(op(b,sel),Conditions):
{seq(simplify(lhs(op(j,sub))-rhs(op(j,sub))),
j=1..nops(sub))}:
if op(select(has,",0))<>0 then c:=c+1:Svn[c]:=op(b,sel) fi:
od:Sv[p1][g1]:={seq(Svn[j],j=1..c)}: unassign(‘'omega’):
seq(unassign('d'(z[j1)),j=1..):
ans[p1][g1]:={seq(op(S[il).j=1..1)}:
fun[p1][gl]:=f:break
fi:
if rA=rB then slv:={solve(sq,{seq(z[k] k=f+1..1)})}:
if nops(slv)>1 then pl:=p+1:gl:=gl+1:
seq(unassign(‘d'(z[j])), j=remove(has,[seq(j,j=1..f)],seqf[i])):
_ eqns[p1][g1]:={seq(op(S[i) j=1.1),
seq(‘'d'(z[iD)=d(z[i]).j=seqffi])}:

®VVVVVVVYVYV'S

VVVYVYVYV
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> seq(unassign(‘d‘(z[j1)).j=seqf[i]):
{seq(op(k slv),k=1..nops(sIv))}:
Sv[p1][gl]:={seq(remove(has,op(j,"),
{SGQ(Z[k] z[k].k=1..9)}),j=1..nops("))}:
fun[p1][gl]:=t:break

fi:Ln:=nops(remove(has,op(slv), {seq(z[k]=z[k],k=f+1..t)})):

N:=m*g-Ln:assign(slv)
fi:seqs:=seqf[i]:subs(z=w,[seq(z[j].j=f+1..1)]):
sct:=select(has,",[seq(w[j],j=f+1..1)]): k:=nops(sct):
for a while a<=k
do

z[op(1,0p(a,sct))]:=w[f+a]
od:
S[i+1]:={seq(d(w[j])=simpform(d(z[j])).j=seqs)}:
dS[i+1]:={seq(simpform(d(lhs(op(j,S[i+1]))-
_ths(op(S[i+1])))).j=1..nops(S[i+1])}:
eq(unassign(‘d'(z[j])),j=1..f):
unassign('z"):defform(z=0): S[i+1]:=subs(w=z,S[i+1]):
dS[i+1]:=subs(w=z,dS[i+1]):f:=f+k:
if i>1 then

seq(type(select(has,{op(j,S[i])},
seq(z[j].j=[seq(op(seqffj]).j=2..))]).type),

j=1..nops(S[i])): select(has,["],true):s:=nops("):

fi:
else seq(unassign('d'(z[j])).j=1..f):unassign('omega’):

if op(op(h,Sv[p][g]))<>NULL then print('ipu BbImOTHCHIM

ABCHCTB'):
print(op(op(h,Sv[p][a]))):
fi:print('cucrema ypasuenuii Ilpadda’):
print(subs({op(op(h,Sv[p][g])).op(Basis)}.eqns[p][g])):
if op(ddS[i])=NULL then print(’ BnoiaHe uHTErpUpyeMa’):
break else print('mporuBopeunsa.’): break
fi:
fi:
if Q=N then seq(unassign('d'(z[j])),j=1..f): unassign('Omega’):
if i>1 then seq({print(j-'oe mpomomkenue’), print(S[j])}.j=1..i)

©'VVVVVYVYVVYVYVYV

= VVVV,VYVYVYV

SV VVVVVYVVY

\Y

if op(op(h,Sv[p][g]))<>NULL then print( ip¥ BbITOJHEHHH
aBEHCTB'):

print(op(op(h,Sv[p][g])))

A=
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> fi:

> print(‘cucrema ypasuenuit [1padda’):

> print(subs({op(op(h,Sv[p][g])).op(Basis)}.eqns[p][g])): print('s
HMHBOJIIOLUH ):

> print(‘u 3agaét MHTErpaIbHOE MHOTOOOpA3HE C TPOU3BOIIOM ' ):
> seq(print(sprintf("%d ¢ynaxmmit = %g aprymes-
toB',Sk[K],k)),k=[seq(-j,j=-m..-1)]):

> print(sprintfCu  %f npou3BOJIBHBIX KOHCTAHT ,S)):

> print(' uTOroBoe 3aMbIKAaHUE UMEET BUI ):

> print(simpform(subs(Basis,{seq(op(j,ddS[i])=0,
j=1..nops(ddS[i]))}))):break

> fizif K=i then J:=K+1 fi:

> od:seq(unassign(‘'d'(z[j])),j=1..f):unassign(‘omega’):
> od:

> 0d:G:=g1:if g1=0 then break else P:=P+1 fi:

> od:
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N. Malakhovsky

COMPUTER PROGRAMS OF RESEARCH
BY CARTAN'S METHOD MANIFOLDS OF FIGURES
IN HOMOGENEOUS SPACES

Computer programs of research of Pfaffian's systems of equa-
tions in homogeneous and generalized spaces are given, allowing to
establish compatibility or noncompatibility of the given system and
to define in a case of compatibility an arbitrariness of its solution.
Concrete examples of application of these computer programs to
research of surfaces in euclidian and projective spaces and congru-
ences of ellipsoids in affine space are considered.
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