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The problem of 1D acoustic wave initiation by a rise of water masses is
formulated as a boundary problem at half space z  0 . The atmosphere is
modeled as a multi-layer gas with an exponential structure of density in each
layer. The boundary conditions at z  0 determine the direction of propagation, by link between dynamic variables (pressure, density, and velocity) of the
wave. It defines the dynamic projection operators on the subspaces of zevolution for each layer. The universal formulas for the perturbation of atmospheric variables in an arbitrary layer are derived in frequency and time domains. The explicit expressions for vertical velocity are built by the stationary
phase method considering z as large parameter. The resulting formulas can be
used to calculate the ionospheric effect by the explicit formula for electron density evolution. This set of explicit relations form a base for a quick algorithm
for early diagnostics of tsunami waves.
Задача одномерного возбуждения акустической волны при подъеме
водных масс сформулирована как краевая задача в полупространстве.
Атмосфера моделируется как многослойный газ с экспоненциальной
структурой плотности в каждом слое. Граничные условия определяют
направление распространения по связи между динамическими переменными (давление, плотность и скорость) волны. Он определяет операторы динамической проекции на подпространства z-эволюции для каждого
слоя. Универсальные формулы для возмущения атмосферных переменных в произвольном слое выводятся в частотной и временной областях.
Явные выражения для вертикальной скорости строятся методом стационарной фазы с учетом z как большого параметра. Полученные формулы могут быть использованы для расчета ионосферного эффекта по
явной формуле эволюции электронной плотности. Этот набор явных
отношений формирует основу для быстрого алгоритма ранней диагностики волн цунами.
Keywords: acoustics, atmosphere, multilayer model, tsunami, boundary regime
problem.
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проблема граничного режима.

Introduction
The detection and prediction of tsunami waves is an urgent task of modern geophysics [1]. Among the various approaches to the problem, a set of
investigations aimed at studying the ocean–atmosphere–ionosphere connection is being distinguished. In [2], convincing arguments were presented in
favor of the fact that phenomena occurring in the oceans are an important
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source of waves in the thermosphere. The tsunami wave disturbs in the atmosphere acoustic and internal gravitational waves [4], that affects the total
electron concentration [5—7], that proves to be important both in the diagnostics of atmospheric effects and for the detection of tsunami waves at the
initial stage [8]. Moreover, observations show that «the first arrival of a transient signal of tsunami-induced waves occurs at a 100-km altitude just 5 min
after the tsunami is generated» [9].
Important results were obtained for the exponential atmosphere within
the linear theory [4] and for the non-linear generalization in various orders
of magnitude of non-linearity [11]. For instance, the dispersion relations
were derived, which provided the basis for the developed concepts and
practical recommendations for geophysics.
The authors in [10] simulated the ionospheric responses to infrasonicacoustic waves, using the compressible atmospheric dynamics model. Such,
mainly numerical, investigations present different important aspects of the
phenomenon in much detail [12]. The theoretical study of the propagation of
long acoustic waves in the atmosphere and tsunami detection problem starts
from [4; 8; 13]. Taking into account weak heterogeneity for such waves,
methods similar to the semi-classical approximation of quantum mechanics
[14] can be adopted.
In our work, we study the formulation and analytical solution of the 1D
multi-layer problem of purely acoustic perturbations and their ionospheric
effect, that excludes internal gravitational waves [15]. This is especially important for waves such as tsunamis with a large amplitude and space scale
[3].
The Fourier method is employed to solve the basic equations and deliver
the transformation from the time domain to the frequency domain. The solution of the resulting ordinary differential equations transforms to the time
domain by inverse Fourier transform to obtain the final integral form. The
corresponding integral contains a rapidly-oscillating function, which paves
the way for further asymptotic analysis, which we demonstrate here [16].
Basic equations
The proper decomposition of the perturbation into acoustic and entropy
modes in a one-dimensional flow, which is studied in this work, is used as
the basis for each layer in our multi-layered model. The equations based on
the conservation of momentum, energy, and mass determine the behavior of
a fluid, as non-dissipative medium [17]. These nonlinear equations model
the dynamics of all possible types of motion that can take place in a gas medium [11].
We start with linearized conservation equations in terms of pressure and
density variations, p '  z  and  '  z  as deviations from hydro-dynamicallystable stationary functions p  z  ,   z  which are no longer constants for gas
in the gravity field. Consider the problem of the propagation of acoustic
waves in an exponentially-stratified atmosphere layer. The pressure and
density of the unperturbed atmosphere are described by the law:
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Here, p  z  is the pressure of the unperturbed atmosphere, p is the
0

pressure at the water–air interface,   z  is the density of the unperturbed
atmosphere,  is the air density at the water–air interface, H is the atmos0

pheric scale height, and z is the current height value.

Let V be the velocity vector of the gas flow with the vertical component
V ;   C / C ; C , C are molar heat capacities at constant pressure and vol13
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Further, in the context of entropy mode introduction, we enter a new
variable:

p

 '  p   ' .


(2)

Next, we go to the conventional set of variables:
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where P ,  , U are the new quantities defined in this way and V is the vertiz

z

cal velocity of the flow.
Our main intention to simplify the model relates to the plane waves'
case. Therefore, we consider the one-dimensional boundary problem for
each layer of our model. For such a case, the system of hydro-thermodynamics takes the form:
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Solution
The statement of the problem of the propagation of the boundary regime
and its solution are described in detail in [16]. The resulting recurrence formulas in the time domain are given below:
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here:
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Further, the indices will denote the layer number, i. e., Hn is the average
atmospheric scale height in the n-layer, h is the height of the interface between n- and n + 1-layers and n  0, 1, 2,  .
n

Fig. 1. Multi-layered atmosphere model
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when k n     0 for each layer:

We also find critical values for

c ,n 

g
4Hn

(12)

.

Stationary Phase Approximation
The

integrand

of

(7)—(9)

contains

rapidly-oscillating

function

exp  ikn    z  hn  1  at the range of (c , n , ) and z  hn  1 . It allows applying
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asymptotic representation for the integral by conventional stationary phase
approximation via the stationary point frequency dom . Generally, having the
integral:
f  z, t  

1
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(13)

the conventional asymptotic expression yields:
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Here, the phase term k    z  t is «stationary» when:
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The root of this equation gives the dominant frequency dom  z , t  for certain z and t. In the case of (7), for n  1 :
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The dominant frequency for (7), found from (4):
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Thus, the velocity in the first layer is represented as:
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And the stationary phase approximation for dom ,1 far from c is given by
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We go back to the values from (3):
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Fig. 2. Depicted
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according to the formula (24) for z = 10000 m.

The dots denote the I c exp[ z 2 H1 ] , calculated numerically.
The solid line indicates I s exp[ z 2 H 1 ] calculated using
the stationary phase approximation
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The expression for the phase in the second layer:

2

  t  h1



H 1 g

1
2
1

z

h



n 1
2
H 1 g 4 H 12
4H1

(26)

we rewrite as:
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or

  t  h1 K  

(28)

that allows to apply the general expression (14) directly. The roots of the stationary phase condition dK d  t h are expressed in rather complicated
form that forces us to apply a symbolic computation program.
1

Analysis of the Effects at Ionospheric Heights. Neutral gas perturbation
To analyze the neutral gas perturbation effect at the altitudes of the ionosphere, it is necessary to return to the physical quantities and then calculate
their changes with increasing altitude for each layer:
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,
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The acoustic wave propagation entering the ionosphere acts on ions. The
problem of the AGW ionosphere effect description has been studied for
many years [6].

Ionospheric effect
The ionosphere effect, a variation of electron concentration as a function
of the vertical coordinate and time, is determined by the vertical component
of velocity. In [5], a simple formula for the electron concentration dynamics
was derived, and its coordinate and time dependence were calculated as the
solution of the diffusion equation, parametrized by the velocity profile as a
coefficient. For more details, see [6]. The formula is an expansion of the diffusion equation solution in a series by Whittaker functions with a leading
term in the conditions of the considered problem.

Discussion: Comparison
Due to the almost exponential growth of the amplitude with altitude
above sea level, even small disturbances at sea level increase at the altitudes
of the ionosphere, which gives a gas velocity amplitude over 200 m/s, cf. [9].
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This, together with addition information about source localization guarantees the possibility to use the model in tsunami diagnostics and the eventual
prognosis of the wave impact at the seashore.
A comparison with the pulse arrival times (t ) at a prescribed heights,
a

may estimated by the summation of the times t  h  h
n

18

n

n 1

Vgn

, where are the

group velocities in n-layer borders. This fact is supported by the measurements results, reported in [9]. More precisely, the arrival time was estimated
by the condition dom  c and evaluation of the time delay via the layer
group velocities t
1⁄k ′ ω
, . For the height of 100 km, it gives the value
t a  319 s , the sum of time delays for the first layers, which approximately corresponds to the result of the simulations and experiments given, again in [9].
As for results related to ionosphere perturbations, see again [10]. The
simulations show the variation of the electron density at the F-layer of about
8—10 % (Figure 10 of [10]), which is in rather good correspondence with our
estimations.

Conclusions
The result of this paper is the final formula for acoustic wave perturbation at ionosphere heights. The expression of the resulting inverse Fourier
transform integrals yields an explicit expression for the fluid velocity field
by stationary phase method, combined with numerical and symbolic computations. The model of the acoustic wave generated by the earthquake may
be built as a similar boundary regime propagation problem.
As a next important result, we do an adaptation of the explicit formula
for the infrasonic wave impact to the electron concentration at ionosphere
layers.
Finally, combining the analytical formulas creates the basis for the algorithm that can evaluate the ionospheric effect very quickly. Such a model,
combined with the event localization model, for tsunami or earthquake diagnostics may be beneficial.
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