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O rpynne aBToMop¢KU3MOB anrebpbl NAOPanbHbIX Yucen

B pabote uccienyrorcs aBToMOpPQHU3MBI anredp ILIio-
PaNIbHBIX YHCENl, KOTOPbIE SBISIOTCS 0000IIeHreM anredpsl
JQyaJIbHBIX YHCeN. AJTreOphl IUTIOpabHBIX YHCEN OKAa3aIHCh
B LIeHTpe BHUMaHUA npodeccopa Kazanckoro ynusepcure-
ta A.Tl. [llupokoBa. 3aHUMAsICh TEOMETPHEN KacaTeIbHBIX
pacciioeHuil BBICIINX MOPSIKOB, OH YCTAaHOBHJI, YTO Kaca-
TENIbHBIE PACCIOCHUS] BBICIIUX MOPSIKOB Hajd TIIaAKUMHU
MHOT000pa3usIMH HECYT CTPYKTYPY TIaIKOTO MHOTO0Opa-
3Ws HaJ ajareOpaMu IUTIOPAJIbHBIX YHCEN. DTO ITO3BOJHIO
emy B 1970-e TOIIbI TOCTPOUTH TEOPHIO TH(TOB TEH30PHBIX
moJieit W IMHEWHBIX CBSI3HOCTEH C TIIaIKOT0 MHOTOOOpasus
B €r'0 KacaTeJIbHbIE PACCIIOEHHSI IPOU3BOJIFHOTO MOPSIIIKA.

Wzyuarorcst aBTOMOpGHU3MBI anreOphl IUTIOpPaIbHBIX Y-
celn. JlokazaHO, 4TO MHOXECTBO BCEX aBTOMOP(HU3MOB all-
reOpbl IUTIOPABHBIX 4YHMcen oOpasyer rpymmy. OmmcaHo
CTpOEHHE 3TOH Tpynmbel. B KkauecTBe MpHUMEpOB yKa3aHBI
TpynOmbl  aBTOMOPGU3MOB anreOphl IUIIOPANbHBIX YHCET,
MMEIOLINX HEOOIBIIYI0 Pa3MEPHOCTb.

Kniouesvie cnosa: anredpa MIOPaIbHBIX YUCEN, aBTOMOP(H3M, BEK-

TOPHOE MPOCTPAHCTBO, MaTPHLa aBTOMOpdHU3Ma
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1. Anredpa nuopajabHbIX YHCeJ

PaccmoTpum -MepHOE BEKTOPHOE MPOCTPAHCTBO V Hall mojieM
JIIEUCTBUTEILHBIX YHcel R ¢ O0a3ucoM (50, el e? ..., sm_l), Ha KO-
TOpPOM 3aJlaHa OWIMHEHHas omepalysi YMHOXCHHS, YIOBIETBO-
pAtOIIast CIACIYIOIIMM YCIOBHSIM:

0 = cagh — ca
gagﬁ = €a+ﬁ (a’ﬁ = 1,2,...,m - 1), (1)

[NonyuenHas nuHelHas ajareOpa Ha3bIBACTCsS alreOpoON IUTIO-
panbHBIX YKces 1 0003Hauaerca cuMmbonaoM R(e™1) [1]. U3 storo
OIpeeNHus CIeayeT, 4To deMeHT £0 sABisercs eIMHUYHBIM dJle-
MeHTOM aredpsl R(e™™1). Bynem cuurtats, uto e® = 1 (1 — enu-
Huna nonsg R). U3 onpenenenust 6a3UCHBIX 3JIEMEHTOB CIIEyeT, YTO
anre6pa R (™™ 1) aBnsercs KOMMYTAaTHBHOI M aCCOIMATUBHOM.

CoortHorrenre €™ = (0 maeT OCHOBaHHS K 3aKIIFOYCHHIO, YTO
KXl OasucHbli ameMent €% (a = 1,2,...,m — 1) sBusercs ae-
JuTeneM Hysl. BEeKTOpHOE MOANPOCTPaHCTBO, HATSHYTOE HAa 3TH
JIEMEHTHI, ABJIseTCa uaeanoM airebpel R(e™™1), npuuem makcu-
MaJIbHBIM. DTOT HJicall Ha3bIBACTCS PATUKAIIOM aNreOpbl TLTIOPaib-
HBIX umcen u o6o3Hayaercss Rd(R(e™™1)). Iepeiinem k aBTOMOp-
dusmam anredpsr R(e™1).

Omnpenenenue. OOpaTUMBIi THHEHHBIN OTIepaTop

¢:R(e™™ ) - R(e™™H)

Ha3bIBACTCS A8MOMOPHUIMOM DTOW aITeOpbl, €CIIM BBITOIHIIOTCS
ycnosus ¢(xy) = ¢p(x)P(y) ans mobwix x,y € R(e™™1).

Wuaue rosopsi, asTomopdusm anrebpsl R(e™™1) nmopanbabix
gHCell TIPEICTaBRIsIeT co00it n30MophHOE 0TOOpaKEHHE 3TOM anred-
pbl Ha cebs. MHOKecTBO Beex aBToMophu3MoB anredpsl R (™™ 1)
o6o3HayaeTcsa cumBosioM Aut(R™™1).
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Teopema 1. [[ns nobozo asmomopusma ¢ ancebpvr niio-
panvubix yucen umeem mecmo pasencmeso (1) = 1.

Jlokazamenvcmeo. 11ycTh ¢p — TIPOM3BONBHBIN aBTOMOP(H3M ai-
re6psl R(¢™™1). Torna as moboro anementa a € R(¢™™1) umeem

p(Da =) (P~ (@) = p(D)(P(p~ () =
=¢1- ¢ (@) = (@ (@) =a.

Amnanornuno a¢ (1) = a. Ilockonbky B anrebpe R(e™™1) ume-
€TCsl TOJIbKO OJHa equauma, To ¢ (1) = 1.

Teopema 2. Jlna mobozo asmomopdusma ¢ € Aut(R™™1)
umeem Pp(e) = x,e% (@ =1,2,...,m — 1).

Joxazamenvcmeo. Ilyctb

d(eV) = ape® + age*(a # 0).
Torma
P(e?) = p(e'e!) = p()p(e") = (ape’ + age®)(aoe® +
+ageP) = (ag)?e® + b, b € RA(R(e™ ™).
[TpuMeHsst MeTo] MaTeMaTHIECKOI MHTYKIIUH, IOy IHM
P = (ap)*e® +¢c,  c € RA(R(e™ L))

UIs 1000ro HatypanbHoro uucia k <m—1. [lpu k=m—1
HUMEEM CJIe/IyIoIee PABEHCTBO:

0 = (ap)™ 1e® +d, deRAR(E™Y)).

Orcroma crnenyer (ag)™ 1=0 u d=0. CrenoBaTensHo,
ay = 0. Teopema 2 mokasana.

2. Onucanye rpynnbl aBToMopdusMoB aaredpsl R(e™ 1)

B 1. 1 6610 0TMeueHo, uTo Gasuc anrebpel A = R(e™™1) co-
cTaBisioT demenThl 1, € = &1, €2,...,e™ L, 3nech £ spnsercs
CTeneHpl0 djeMeHTa & = &b, Jlns Kaxmoro asToMopdusMa
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¢ € AutA mb1 nonyunm, uto ¢(e) =t,e®* (@ =12,...,m—1),
rae tq, tp, ..., tyjp—q — IPOU3BOJIBHBIE JECUCTBUTEIBHBIE YHCIIA
(mapameTpsl).

Torma B cuimy Toro, uto ¢ — aBTOMOp(dHI3M anredpsl 4, MOXK-
HO HalTH 00pa3bl OCTAIBHBIX Oa3MCHBIX 3JEMEHTOB, TO €CTh

oY) (r=23,....m—=1):
$(e) = (P()" = (ta, ™M) .. (ta,8™) =

_ A+ g ot
=1, 2,12 A

Mycts ¢(e?) = d)ﬁs“, Au=12,...,m— 1. Torna nomyumm,
aro ¢y =t a

1_

v = dity-a, *)
rJie Mo MHAEKCy A BeJercs cymmupoBaHue oT 1 1o m — 1 mpu
ycnoBuu v — A > 0. Ecmu v — 1 < 0, To no omnpeznenenuio oyaeMm
CUMUTATh, YTO t,,_, = 0.

Teopema 3. Koosghgpuyuenmot (;b:} Y00871em80pPAI0m MoAHcOecm-
8am

1) ¢4=0, ecnu p < 4;

2) qb/{l = (t,)* (no unodexcy nem cymmuposanus) ons A = 1,2,
om—1.

Jlokaszamenscmeo.

1. Jloka3aTenbCTBO MPOBEEM METOJIOM MaTeMaTHYECKOW WH-
OyKIMu mo A > 2upu > 1.

Ilycte A — ¢ukcupoBaHHOE HATypajbHOE YHCIO, PaBHOE
2,3, ..., m— 1. JJokaxxem, 9T0O ¢ﬁ=0 IUIs Beex U < 2.

I[Ipu p =1 umeem (I){1 =¢it,_,, v=1. Ho t;_, =0 mpn
1 — v < 0. CrefoBarensHo, ¢pf = 0.

[Ipenmonoxxum, 4To ¢1/} =0 misIBcex U < A — 2.

Jloxaxxem, UTO ¢,{1_1 = 0. B cuny paBencrBa (*) umeem
qﬁ%_l = gb&t(l_l)_v. Ecm v < 41— 2, 10 ¢/ = 0 mo uHIyKTHBHO-
My npeamnooxenuro. Iloaromy qb,{‘_l =0.
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2. TlpuMeHNM TakKe MeTOJl MaTeMaTHUECKOH MHIyKIIHH.

Ipu A = 1 cooTHomEHNe 2) HACTOSIIEH TEOPEMbl UMEET BH
¢ =t,. C npyroii croponsl, ¢(el) = ¢(e) = tyef. Orcionma
1=t

Ilycts (,‘b/{1 = (t;)* ms kaxaoro pukcupoparHoro 1 < m — 1.

JlokaxxeM, 4TO ¢,{1:11 = (t;)**?. Jins sroro pacemorpum (*).

W3 Hero nomyuyum, 4ro
A+1 _ 42
bi+1 = Puta+n)-po
IJIe 110 UHAEKCY U BeneTcsi cymMmmupoBanue (npu yciaoBun (A + 1) —
p = 0). [lo ”HAYKTHBHOMY TPEIOTIO0KEHHIO, ¢)ﬁ‘ =0,ecmm u < A.

IMostomy mpu p = A umeem (A + 1) —u < 1. Orcrona ciexnyer,
uro (A + 1) — p = 1 (unave: ¢(341)—, = 0). Takum oOpazom,

A4+1 _ Ay _ (A — A+1
dii1 = it = (1)t = )
YTBepkaeHue 2) TEOpeMbl 3 T0Ka3aHo.
N3 Teopemsl 3 criemyer, 94TO MaTpHIa IPOU3BOJIBHOTO aBTO-

MopdusMa ¢ anrebpsl R(¢™1) oTHOCHTENLHO ee ecTecTeCTBEH-
HOro 0a3uca UMeeT BUJ

1 0 0 0
0 t; 0 0
M@)=|0 t, t2 .. 0 , t1 # 0.
0 ¢me1 Pmoq ..o (™!
CrnenoBaTenbHO,

dimAut(R(e™ 1)) =m—1=dim(R™™1).

MoxHO paccMoTpeTs BHA Matpuiibl M(¢) mis Broporo, Tpe-
THETO ¥ YETBEPTOTO IMOPSIIKOB:

AutR(e) = {(é tO) |t, ER,t # 0},
1
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1 0 0
AutR(e?) =40 t1 0 |]t;,t, €ER,t; # 0y,
0 t, (ty)?
( 1 0 0 0 \

, 0t O 0
AutR(S ) = \0 tz (tl)z 0 / |t1, tz,tg S R, tl * O

0 t3 241t; (t)3

OTH MaTpuLBl NPEACTABISAIOT TPYMIb ABTOMOPHHU3MOB aireo-
PBI IUTIOPAIBHBIX YUCET B YACTHBIX CIIydasX.
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On the group of automorphisms of the algebra of plural numbers
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The algebra of dual numbers was first introduced by V.K. Clifford in
1873. The algebras of plural and dual numbers are analogous to the
algebra of complex numbers. Dual numbers form an algebra, but not a
field, because only dual numbers with a real part not equal to zero have an
inverse element.

In this work, automorphisms of algebras of plural numbers, which are
a generalization of the algebra of dual numbers, are studied. Algebras of
plural numbers were in the center of attention of the professor of Kazan
University A.P. Shirokov. Studying the geometry of higher-order tangent
bundles, he established that higher-order tangent bundles over smooth
manifolds have the structure of a smooth manifold over algebras of plural
numbers. This allowed him in the 70s of the twentieth century to
construct a theory of lifts of tensor fields and linear connections from a
smooth manifold to its tangent bundles of arbitrary order.

In this paper, we study automorphisms of the algebra of plural
numbers. It is proved that the set of all automorphisms of the algebra of
plural numbers forms a group. The structure of this group is described.
The groups of automorphisms of the algebra of plural numbers with small
dimension are indicated as examples.

Keywords: plural algebra, automorphism, vector space, matrix of auto-
morphism
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