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York decompositions for the Codazzi,  

Killing and Ricci tensors 
 
The York decomposition of the space of symmetric two-ten-

sors originated in theoretical physics and has found applications in 
Riemannian geometry, as illustrated by its use in Besse’s famous 
monograph on Einstein manifolds. In this paper, we derive York 
decompositions for Codazzi, Killing and Rucci tensors on a closed 
Riemannian manifold. In particular, we derive the York decom-
positions for the Codazzi, Killing and Ricci tensors with constant 
trace. 
 
Keywords: closed Riemannian manifold, York decomposition, Codazzi 

tensor, Killing tensor 
 

1. Introduction 
 
In the present paper we consider a closed (i. e., compact and 

without boundary) Riemannian manifold ሺܯ, ݃ሻ of dimension 
݊	 ൒ 2. We denote by ܵ௣ܯ:ൌ ܵ௣ܶ∗ܯ	 the vector bundle of covar-
iant symmetric ݌-tensors ሺ݌	 ൒ 1ሻ on ሺܯ, ݃ሻ and define the ܮଶ 
global scalar product of two covariant symmetric ݌-tensors ߮ and 
߮ᇱ on ሺܯ, ݃ሻ by the formula  

〈߮, ߮ᇱ〉 ≔ න ݃	ሺ߮, ߮ᇱሻ݈݀݋ݒ௚ ൏ ൅∞
ெ
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where ݈݀݋ݒ௚ is the volume element of ሺܯ, ݃ሻ. Also ߜ∗: ሻܯஶሺܶܥ → 
→  ሻ will be the first-order differential operator defined byܯஶሺܵଶܥ

the formula ߠ∗ߜ:ൌ
ଵ

ଶ
 and it’s ߦ క݃ for some smooth vector fieldܮ

݃-dual one-form ߠ(see [1, p. 117, 514]). At the same time, we de-
note by the formula ߜ: ሻܯஶሺܵଶܥ →  ሻ the formal adjointܯஶሺܶܥ
operator for ߜ∗ which is called the divergence of symmetric two-
tensors. In this case, we have 〈߮, 〈ߠ∗ߜ ൌ ,߮ߜ〉 ߮  for any 〈ߠ ∈ 
∈ ߠ ሻ andܯஶሺܵଶܥ ∈  .ሻܯ∗ஶሺܶܥ

We recall, that ߮ ∈  ሻ is called the Codazzi tensor if itܯஶሺܵଶܥ
satisfies the differential equation (see [1, p. 434; 2, p. 350]) 

ሺ׏௑߮ሻሺܻ, ܼሻ ൌ ሺ׏௒߮ሻሺܺ, ܼሻ                        (1) 

for arbitrary ܺ, ܻ, ܼ ∈  Such tensors arise naturally in the study .ܯܶ
of Riemannian manifolds with harmonic curvature or harmonic 
Weyl tensor (see [1, p. 435]). For example, any Codazzi tensor ߮ 
on ሺܯ, ݃ሻ with constant curvature ܥ has the local expression (see 
[1, p. 436]) 

߮ ൌ ሺ݂ሻ	ݏݏ݁ܪ 	൅ 	ܥ ∙ 	݂ ∙ ݃ 

for the ܥଶ — function ݂ on ሺܯ, ݃ሻ. 
Let us also recall that a symmetric, divergence-free and tra-

celess covariant two-tensor is called a TT-tensor (see, for instance, 
[3]). Any ܶܶ-tensor is denoted by ்்߮ (see [3]). In this case, ்்߮ 
satisfies the equations ݁ܿܽݎݐ௚்்߮ ൌ 0 and ߜ	்்߮ ൌ 0. As a conse-
quence of a result of Bourguignon — Ebin — Marsden (see [1, 
p. 132] and [4]) the space of ܶܶ-tensors is an infinite-dimensional 
ܴ-vector space on any closed Riemannian manifold ሺܯ, ݃ሻ. Such 
tensors are of fundamental importance in stability analysis in Ge-
neral Relativity (see, for instance, [5; 7]) and in Riemannian geo-
metry (see, e. g., [1, p. 346—347; 4; 8]).  

Now, we are ready to formulate our first result. 
Theorem 1. Let ሺܯ, ݃ሻ be an ݊-dimensional ሺ݊ ൒ 3ሻ closed 

Riemannian manifold. Then any Codazzi tensor ߮ ∈  ሻ hasܯஶሺܵଶܥ
the ܮଶ-orthogonal decomposition 
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߮ ൌ	ቀ
ଵ

ଶ
క݃ܮ ൅ ቁ݃	ߣ ൅ ்்߮                          (2) 

for some vector field ߦ ∈ ்்߮  some TT-tensor	ሻ,ܯஶሺܶܥ ∈ 
∈ 	ߣ ሻ and some scalar functionܯஶሺܵଶܥ ∈  ,ሻ. Furthermoreܯஶሺܥ
if the inequality ׬ெܮక൫ܿܽݎݐ ௚݁߮൯	݈݀݋ݒ௚ ൒ 0 holds, then this de-
composition can be rewritten as 

߮ ൌ	
ଵ	

௡
൫݁ܿܽݎݐ௚߮൯݃ ൅ ்்߮.                          (3) 

Moreover, if ݁ܿܽݎݐ௚߮ ൌ  .then ்்߮ is also a Codazzi tensor ,ݐݏ݊݋ܿ
Remark. Our theorem generalizes the result of Simons (see 

Theorem 5.4.1 and Theorem 5.4.2 from [9]): If ߮ is a traceless Co-
dazzi tensor on a closed Riemannian manifold ሺܯ, ݃ሻ, then 
߮ ൌ ݃	ߣ ൅ -is another traceless Co ܪ is a constant and ߣ where ,ܪ
dazzi tensor. 

We recall, that ߮ ∈  ሻ is called the Killing tensor if itܯஶሺܵଶܥ
satisfies the differential equation (see, for instance, [10]) 

ሺ׏௑߮ሻሺܻ, ܼሻ ൅ ሺ׏௒߮ሻሺܼ, ܺሻ ൅ ሺ׏௓߮ሻሺܺ, ܻሻ ൌ 0         (4) 

for arbitrary ܺ, ܻ, ܼ ∈  In mathematics, a Killing tensor is a .ܯܶ
generalization of a Killing vector, for symmetric tensor fields. It is 
a concept in Riemannian and pseudo-Riemannian geometry, and is 
mainly used in the theory of general relativity. For example, if 
ሺܯ, ݃ሻ is a Riemannian manifold of constant curvature, then any 
Killing tensor߮ on ሺܯ, ݃ሻ has the local expression (see [11; 12]) 

߮௜௝ ൌ ݁ଶఠ൫ܣ௜௝௞௟	ݔ௞ݔ௟ ൅ ௟ݔ௜௝௞ܤ ൅  ௜௝൯ܥ

for ߱ ൌ ሺ݊ ൅ 1ሻିଵ lnሺdet ݃ሻ with respect to a local coordinate sys-
temሼݔଵ, … , ,ܯ௡ሽofሺݔ ݃ሻ.	The coefficients ܣ௜௝௞௟	, ܤ௜௝௞, and ܥ௜௝ are 
constant and symmetric with respect to the first two subscripts and  

	௜௝௞௟ܣ ൅ 	௝௞௜௟ܣ	 ൅ 	௞௜௝௟ܣ ൌ 0; ௜௝௞ܤ ൅	ܤ௝௞௜ ൅ ௞௜௝ܤ ൌ 0 

for ݅, ݆, ݇	, ݈ ൌ 1,… , ݊. 
Now, we are ready to formulate our second result. 
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Theorem 2. Let ሺܯ, ݃ሻ be an ݊-dimensional ሺ݊ ൒ 3ሻ closed 
Riemannian manifold. Then any Killing tensor ߮ ∈  ሻ hasܯஶሺܵଶܥ
the ܮଶ-orthogonal decomposition 

߮ ൌ 	൬
1
2
క݃ܮ ൅ ൰݃	ߣ ൅ ்்߮ 

for some vector field ߦ ∈ ்்߮ ሻ, someTT-tensorܯஶሺܶܥ ∈  ሻܯஶሺܵଶܥ
and some scalar function ߣ	 ∈  ሻ. Furthermore, if the equalityܯஶሺܥ
௚݈݋ݒ௚߮൯݀݁ܿܽݎݐక൫ܮெ׬ ൑ 0 holds, then this decomposition can be 
rewritten as: 

߮ ൌ	
ଵ	

௡
൫݁ܿܽݎݐ௚߮൯݃ ൅ ்்߮.                          (5) 

Moreover, if ݁ܿܽݎݐ௚߮ ൌ  .then ்்߮ is also a Killing tensor ,ݐݏ݊݋ܿ
The Ricci tensor ܴ݅ܿis an important mathematical object used in 

differential geometry, and it also appears frequently in general relativi-

ty (see [1]). It has the local expression ܴ݅ܿ ൌ 	 ሺݏ ݊⁄ ሻ	݃	 ൅ ܴ݅ܿ
∘
,		where 

ܴ݅ܿ is its traceless part. Our next theorem is especially important. 
Theorem 3. Let ሺܯ, ݃ሻ be an ݊-dimensional ሺ݊ ൒ 3ሻ closed 

Riemannian manifold. Then the traceless part ܴ݅ܿ
∘

 of the Ricci ten-
sor Ric of ሺܯ, ݃ሻ has the ܮଶ-orthogonal decomposition 

ܴ݅ܿ
∘
ൌ ߠܵ	 ൅ ்்߮ 

for the Cauchy — Ahlfors operator ܵߠ, some one-form ߠ ∈  ሻܯ∗ஶሺܶܥ
and some TT-tensor ்்߮ ∈ - Furthermore, if the inequa	ሻ.ܯஶሺܵଶܥ
lity ׬ெ൫ܮక	ݏ	൯	݈݀݋ݒ௚ ൒ 0	 holds, then this decomposition can be 
rewritten as 

ܴ݅ܿ ൌ 	 ଵ
௡	
݃	ݏ	 ൅ ்்߮, 

where ݏ is constant. 
 

2. Proofs of theorems 
 

For any ݊-dimensional ሺ݊ ൒ 3ሻ closed Riemannian manifold 
ሺܯ, ݃ሻ, the algebraic sum Imߜ∗ ൅ ሻܯஶሺܥ ∙ ݃ is closed in ܵଶܯ, 
and we have the York decomposition (see [6; 7, p. 24—25]) 
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ܵଶܯ ൌ ሺImߜ∗ ൅ ܯஶܥ ∙ ݃ሻ ⊕ ቀିߜଵሺ0ሻ ∩ trace௚ିଵሺ0ሻቁ      (6) 

where both factors on the right side are infinite-dimensional and 
orthogonal to each other with respect to the ܮଶ global scalar prod-
uct (see [1, p. 130]). It's obvious that the second factor ିߜଵሺ0ሻ ∩
trace௚ିଵሺ0ሻ of (6) is the space of TT-tensors. Therefore, in particu-
lar, we have the ܮଶorthogonal decomposition (2) for any Codazzi 
and Killing tensors, respectively.  

Let us consider equation (4) of a symmetric Killing tensor ߮. 
From (4) we obtain 

߮	ߜ ൌ
ଵ

ଶ
	݀൫݁ܿܽݎݐ௚߮൯.                           (7) 

At the same time, from (5) we can conclude that ݁ܿܽݎݐ௚߮ ൌ 

ൌ ߠ	ߜ ൅ ߠ	ߜ where ,ߣ݊ ൌ െ	݀݅ݒ	ߦ for ߠ# ൌ ߮ In this case, if .ߦ
∘
 

denotes the traceless part of ߮, then 

߮
∘
ൌ ߮ ൅

1
݊
ሺߜ	ߠ െ ሻ݃ߣ݊ ൌ ൬

1
2
క݃ܮ ൅

1
݊
൰݃	ߠ	ߜ ൅ ்்߮ 

and hence 

߮
∘
ൌ ߠ2ܵ ൅ ்்߮,                                  (8) 

where ܵߠ ൌ క݃ܮ ൅ 2 ݊⁄  .is the Cauchy — Ahlfors operator ݃	ߠ	ߜ	
Next, applying ߜ to both sides of (8), we obtain 

߮ߜ
∘
ൌ  (9)                                           ,ߠܵ∗ܵ

for the Ahlfors Laplacian ܵ∗ܵ for ܵ∗ ≔  .(see details in [13]) ߜ2	
Using (7), equation (9) can be rewritten in the form 

߮ߜ
∘
ൌ

௡ାଶ

௡
	݀൫ܿܽݎݐ ௚݁߮൯.                            (10) 

From (9) and (10) we deduce the following integral formula 

,ߠܵ〉 〈ߠܵ ൌ
௡ାଶ

௡
ܿܽݎݐక൫ܮெ׬ ௚݁߮൯݈݀݋ݒ௚.                (11) 

If we assume that ׬ெܮక൫݁ܿܽݎݐ௚߮൯݈݀݋ݒ௚ ൑ 0	, then from (11) 

we obtain that ܵߠ ൌ 0 and ׬ெܮక൫݁ܿܽݎݐ௚߮൯݈݀݋ݒ௚ ൌ 0.	 In this ca-
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se, we have ߮
∘
ൌ ்்߮ and hence (5) holds. Furthermore, it is ob-

vious if ݁ܿܽݎݐ௚߮ ൌ -then ்்߮ is also a Killing tensor. Theo ,ݐݏ݊݋ܿ
rem 2 is proven. 

Next, let us consider equation (1) of a Codazzi tensor ߮. From 
(1) we obtain 

߮	ߜ ൌ െ	݀൫݁ܿܽݎݐ௚߮൯. 

In this case equation (10) has the form 

߮ߜ
∘
ൌ െ	

݊ െ 1
݊

	݀൫݁ܿܽݎݐ௚߮൯.	 

In turn, the integral formula (11) can be rewritten in the form 

,ߠܵ〉 〈ߠܵ ൌ െ
݊ െ 1
݊

ܿܽݎݐక൫ܮெ׬ ௚݁߮൯݈݀݋ݒ௚. 

If we assume that ׬ெܮక൫݁ܿܽݎݐ௚߮൯݈݀݋ݒ௚ ൒ 0	, then from the 

last formula we obtain that ܵߠ ൌ 0 and ׬ெܮక൫݁ܿܽݎݐ௚߮൯݈݀݋ݒ௚ ൌ 0.	 

In this case, we have ߮
∘
ൌ ்்߮ and hence (3) holds. Furthermore, it 

is obvious if ݁ܿܽݎݐ௚߮ ൌ  .then ்்߮ is also a Codazzi tensor ,ݐݏ݊݋ܿ
Theorem 1 is proven. 

In conclusion, we consider the Ricci tensor ܴ݅ܿ. As can be seen 
from the well-known second Bianchi identity, one has 

ܴܿ݅	ߜ ൌ െ
1
2
 .ݏ݀	

where ݏis the scalar curvature, defined as ݏ ൌ   In this	௚ܴ݅ܿ.݁ܿܽݎݐ
case (8) can be rewritten in the form 

ܴ݅ܿ
∘
ൌ ߠܵ	 ൅ ்்߮ 

and hence  

,ߠܵ〉 〈ߠܵ ൌ െ	
݊ െ 2
݊

 ,௚݈݋ݒ൯݀	ݏ	కܮெ൫׬

respectively. Therefore, if we assume that ݊ ൒ 3 and 
௚݈݋ݒ൯݀	ݏ	కܮெ൫׬ ൒ 0	, then from the last formula we obtain ܵߠ ൌ 0 
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and ׬ெܮక	ݏ	݈݋ݒ݀௚ ൌ 0.	 Therefore, ߦ is a conformal Killing vector 

field and ܴ݅ܿ ൌ 	
ଵ	

௡
݃	ݏ	 ൅ ்்߮, where ݏ must be constant. 
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Разложения Йорка для тензоров  
Кодацци, Киллинга и Риччи 

 
Поступила в редакцию 15.12.2024 г. 
 

Разложение Йорка пространства симметричных 2-тензо-
ров возникло в теоретической физике и нашло применение в 
римановой геометрии, как это показано в известной моногра-
фии Бессе о многообразиях Эйнштейна. В этой статье мы вы-
водим разложения Йорка для тензоров Кодацци, Киллинга и 
Риччи на замкнутом римановом многообразии. В частности, 
мы выводим разложения Йорка для 2-тензоров Кодацци, Кил-
линга и Кодацци с постоянными следами. 
 
Ключевые слова: замкнутое риманово многообразие, разложение 

Йорка, тензор Кодацци, тензор Киллинга  
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