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ITOYEMY OKPYJ>XKAIOHMIEE HAC ITPOCTPAHCTBO
MMEHHO TPEXMEPHO

Hecayuatino cobpemennasn nayxa ne moxem ombBemums na Bonpoc, no-
uemy npocmparcmbo, 6 komopom Mul cyuecmbByem u komopoe obospebaem,
mpexmepHoe. Cuumaemcs, 4mo nonsimxy Haumuy ombem Ha 3mom Bonpoc,
ocmabasce moavko 6 npedesax mamemamuku, oopeuens. Ha Heyoauy. OOHako
8 npedcmabaennom math-uccaedobanuu NOKA3aHO, MO MOABKO cpedcmbamu
Bvicueni apugpmemuxi 603M0XKHO 00BACHEHUE, OUEMY NPOCHIPAHCBO UMeH-
Ho mpexmepHo. Beaed 3a smum dan omBem na caedyrowsuil Gaxnoil Bonpoc:
ede u Kkax npoucxodum nomeps u nocedyroujee Boccmanobienie cuMMempuu
6 npocmpancmbennvix uUCA0BbIX pueypax, nowemy Npoucxooum mnomeps
cmabuavHo wucaroboi cummempuu? Hacmosujee apugpmemureckoe paccie-
doBanue noxaxem, 4mo 3a BreuiHer XA0MUHHOCHIbIO OKPYKAIOWUX HAC Beuje-
CMBeHHbIX Ulced CKpbima DeckoHeuHAA CimeneHb UX Opeanu3ayuil, o0cHoboll
Komopoil A6asemca uuciobas mampuya, Hassibaemas «mpeyeosvHux Ilacka-
Afl» U pasmeujennan 6 npocmparcm@be. Voo atodoti ompesox, 1106020 Bospac-
maroujeeo Beujecmbernozo uuca1060e0 pAOa NPUHAOAEKUM K KAKOU-A100 1o-
caedoBamenvrocnu, 6 Komopoil Kaxobviil uAeH onpedeisiemcs KaK Hekomopas

pyHKyUA npedbloyuUx.

We note that it is no accident that modern science cannot answer to the
question why our space we exist in and which we see is three-dimensional.
Therefore, it is believed that attempts to find an answer to this question, by
remaining only within the mathematics, are bound to fail. On the contrary, it
is in the present math study that it is shown that why space is three-
dimensional can only be explained only by means of higher arithmetic. This is
followed by an answer to the following important question. Where and how
the loss and subsequent recovery of symmetry in spatial numerical figures oc-
curs. Why is there a loss of stable numerical symmetry? The present arithme-
tic study will show that behind the external randomness of the real numbers
around us is an infinite degree of their organizations, which is based on nu-
merical matrix called the «Pascal's triangle» being placed in space. Because
any segment of any increasing real number series belongs to any sequence in
which each term is defined as some function of the previous ones.

KnroueBsie cj10Ba: TpexMepHOe IIPOCTPAHCTBO, BO3BpaTHBIE ITOC/IeOBaTeIbHO-
ctu, uncsia GrboHawuw, IPOCThIE UMCIIA.

Keywords: three-dimensional space, return sequences, Fibonacci numbers, Pri-
me numbers.

BBenenne
BMmecTo BeTymreHmst 0003HaUMM IMK/I HACTOSAIIETO MCCIIeIOBAHNS: IIPO-

cTpaHcTBO [1], B XOTOpOM uMCIIOBbIe (PUIYPEI M MX CBOVICTBA WMCCIIEYIOTCS
cpeAcTBaMy ajreOpel, CYMMMeTPMs U aHTUCMMMeTpus. MaremaTideckas
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MOJIeJIb IIPOCTPAHCTBa 0e3 3/IeMeHTOB reoMeTPHUIM He MOXeT ObITh CJIOXKHOT,
100 AoJDKHA OBITH IpOoCUMTaHa apU@MeTIUecKy, a BOT CJIOKHBEIE TeOMeTpPY-
yeckye oOpasbl IIperIoslaraloT MHOrooOpasie pasHBIX IPOCTPaHCTBEHHBIX
uncIIoBbIX puryp (vum oobektos) [2]. Boten 3a aTMM mosiaraeTcs IIOaTBEp-
IOUTH OCHOBOIIOJIATAIOIINE CBOVICTBA TAaKOI'O IIPOCTPAHCTBO. BriOMpaeMm mst
VICCIIeOBaHMS MOJIeITh, B KOTOPOV ITOJIOXKeHMe TOUKM 3aaeTcsl OTHOCUTEIIb-
HO TpeXx oceVl KOOPAMHAT C 3ajjaHieM YIIOPsIOUNTh TPOVIKY umcesl KakK Be-
IIeCTBeHHBIX BeJIVYIH.

HarypanbsHbIV psij Kak MpeaMeT crielaIbHOT0 pacCMOTPeHMs
B UMCJIOBBIX TaOJIMIax

Anpuopu ciemyeT caUTaTh, YTO IIOPSIIOK, OCHOBAHHBIVI Ha ITapaMeTpude-
CKOM OIIpefieIeHII IIPOCTPaHCTBa 0e3 271eMeHTOB TeOMEeTPU, — 3TO TOUKW
IIPOCTPaHCTBa, 0003HaAYeHHEbIe YIIOPsI0YeHHBIMY HaTy PaIbHBIMI YVICITaMIA
Pa3MepHOCTB TaKOTO IPOCTPaHCTBA PaBHSIETCS BO3MOXXHOMY UVCIIy paBHO-
CIWIBHBEIX OecripeneIbHBIX (HO He Oe3rpaHMUHBIX!) MaTeMaTWMYecKmX Aevi-
CTBUVI, HEOOXOAVIMBIX, YTOOBI OTJIMYMUTE TOUKM (IIOOpasyMeBaeM — 4VCIIa)
IPOCTPaHCTBa [IPYr OT ApyTa. st 3TOro HeoOXOAVMO YCTaHOBWUTBH, UTO
YVICIIOBBEIE IIOCIIEIOBATEIPHOCTY, B KOTOPBIX KaXKIBIVI WiIeH OIpeessieTcs
KaK HeKOTopas (PYHKIMS NPedbIIyIINX, SBIISIOTCS BO3BPAaTHBIMU WUV pe-
KyppertHbIMI [3]. IlociiemoBaTesrbHOe HaxoXXAeHMe TaKMX Uvcesl OIpere-
JISIeTCS IIPYL TIOMOIIN BO3BpaTHOro ypasHeHms. C 3Toro Mecra 1 gajiee (ecim
MHOe, TO Oy/IeT OTMeYeHO OTIeIbHO) 3aleViCTBOBaH TOJIBKO HaTypaIbHBIN
psan uncen [4]: (a,=1,23,4,..). OH uMmeeT Bo3BpaTHOe (PEKYpPPEHTHOE)

ypasaenne (144, =a,,,), B KOTOPOM IIepBO€ UNCIIO e0uHUYA HAXOMUTCS Ha

ocu peasibHOTI cuMMeTpun. [Iroc ocoboe umcito HyIIb, KOTOpOe HaXOMUTCS
Ha YCJIOBHBIX (IIpeJiIiojIaraeMbIX) OCSIX CUCTeMbl KOOPAVHAT U CJIyXXUT B TOM
YycsIe v ISl KOOVIPOBAHMSI BCETO MHOXKECTBA PalMOHAIBHBIX umcert. CunTa-
€M HeIIpOTMBOPEeUMBbIM CJIEAyIOIee yTBepXaeHVe. AprdMeTrdecKne nevi-
CTBMS HaI 4MCIaMM PaBHOCWIIBHEI pa3MepHOCTM (A-MepHOCTM) MaTeMaTu-
YEeCKOro MPOCTPAHCTBA KaK 00beKTa, B KOTOPOM (PUKCUPYIOTCST OTHOIIIEHIS
MEXIy HUM.

B mevicTBUTENIBHOCTY CYIIIECTBYIOT TOJIBKO TPU Decnpedeabiblx Vi DeckoHet-
HbIX MaTeMaTWM4eCKMX HeVICTBUS (OIlepaliyi) Hall HaTypaIbHBIMU YMCIIaMU
(A=3). D10 «CIIOXeHMe» UVCeTl, KOTOpOoe IOJDKHO OBITH eIfe B TOYHOCTU
onpe):[eneHO. <<BBIIIVITaHVIe>> qruicesl, Hpe,JICTaBTIeHHOQ MaTeMaTn4yYeCKM CrM-
BOJIOM KaK Pa3sHOCTh UVC/IOBBIX OIteparuil (Hebe3rpaHnyHbIX, HallpuMep, 13
MEHBbBIIIEero 4mciia HeJIb34d OTHATH GOHBHIGE qT/ICHO). <<CpaBHeHVIe>> qriceJl,
HpeHCTaBHEHHOG MaTeMaTnMYeCKMM CHMMBOJIOM KakK OHpeHEHeHHaﬂ CyMMa
YVCJIIOBBIX OHepaLH/HZ CJIOKEHV A M1 BOSMOXHBIM BbIUVMITAHVIEM.

ToJIbKO IS 9TMX TpexX MaTeMaTUYeCKMX UMCIIOBBIX OIEeparliil VICIIOb-
3yIOTCSL CMMBOJIBI (Ha3BaHWS) 4MCesI, KOTOpble MOXHO 3aMeHWUTb KOJInde-
CTBOM HATypPaIbHBIX IIPEIMETOB ¥ PasMeCTUTb B IIPOCTPAHCTBE B BUIeE
apudmerngeckmx Tadmil. V3 aToro crienyer, uro apudMeTirdeckue TaoIm-
1Bl B OTJIMHME OT BCeX APYTMX MaTeMaTUdecKVX TabJImiIl, MOXHO pacIIosIo-
XWUTb B HIpexMepHOM IIPOCTPAHCTBE, rIie 0bo3HaueHe I POBBIX CIMBOJIOB
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MOJKHO 3aMEHWUTh KOJIMUECTBOM BellleCTBEeHHBIX IIpeaMeToB. Torma IIoHITIS
Tabrmia besepanuunas vi Tabmmiia Oeckoneunas (OecripenernbHast) OymyT HedK-
BUBaJIEHTHBL DTO MOXXHO IIPOBEPUTD U CPaBHUTH C TabmiiaMut st ObICTpo-
ro c4eTa — yYMHOXeHHBIX umcerI [5]. Jasee, B apudmMeTmdeckmx Tabimiax
IUISL IIPSIMOTO HaXOJKIIEHMS BCeX IIPOCTBIX 4mcell [6] HaTypaIbHO OTCYyTCTBY-
eT omeparmns «HaejleHns» uvicerl. IloaroMy cpaBHMMOCTD umice (4) 1 (4) 1o
YICIIOBOMY MOAYJIIIO () O3HadaeT TOJIBKO BO3MOXKHOCTB IPeACTaBUTE (@) B
Bugte (a="b+qt), roe uncio (t) uesoe, Haripumep — Tabdimia 6, 8.

Bce cymiecTsyromie MaTeMaTdecKyie TaOJIMIIBI CBOMISTCS K OTHON 3Jle-
MEHTapHOV YNCIIOBOV OVCKPMMIMHAHTHOV Marpuie [7], B KoTopout pasme-
JIATEIIbHbIe BEPTUKAIbHBIE JIVHIUM 0003HAYaI0OT KOHKPETHEIe apudMeTide-
cKkue orepaumm (Tabi. 1).

Tabauya 1

OvckpuMuHaHTHasI MaTpuna (4= 3)

a 0 a V/ a a
a 1 a - S «— | b a a
a 2 a Y a a

O0osHaumMm BepTUKaJIbHbIEC pa3feiIvTeIbHbIe JIMHVIN O6H_IerVIH${TBIMVI
CMMBOJIaMM KaK oIlepalnn CJIOKEHWM:, YMHOXEHWMs, YNMCIOBOro MOAYJIsS

cpaBuenusi () = (moda) . JIuHetHast O3S KaK CHCTEMa VIMeeT CJIefy-
fortui Bz [8]:
[a=0+a,a=1a),a=2(y).] - [b=a+a,b=a(a),b=a(y).].
[MoxTBepmymmM, uto, ecyin B apudMeTUUECKOM TPexMepHOM 00beKTe Tiep-
BBIM IIPOCTBIM YVCIIOM I10CTIE €IVHULBI SIBIISIETCSL YMCIIO 064, TOT/IA pelleHie

cucTeMBl uvices Oyaer ompererieHo ofHo3HauHO: (a=2,b=4). B atom ciy-

yae (Dis) — BellleCTBEHHBIVI IVCKPVMIMHAHT HATypPaJbHOTO MHOIOWIEHA.
ITpn sTOM umcroBot cumBoII (Q) OymeT o3HaUaTh TOIBKO CyMMY HeoOXomu-
MBIX apUdMeTHUecKnX OIeparivi IS OIpeJIeIeHNs TOPSIKOBOTO MecTa
4ncIia (4) B ero COOCTBEHHOM PSLY:

Dis(A5; Q) =[27b* +4a’] —
— [(xq —x2)2(x1 —x3)2(x2 —x3)2 =0(modq)]. @

HomnonaurenpHO M mogpoOHO cortacHO ypasHeHMio (8). IlpencraBum
CJIeAYIOIY IO AUCKPVIMMHAHTHYIO MaTpuIly pasmepHocTn (4 = 4) (Tabi. 2).
JIuneHas TTO3UIINS KaK CUCTEMA IOJDKHA MIMETh CIIeIY IO BU:

[a=0+a,a=1(a),a=2(y),a=3(A).] —
— [b=a+a+ab=a+a(a),b=a+a(y),b=a+a(1).].

PerrieHvie UmncIOBOVI CHCTEMBI JIOTDKHO ObITh (1 =2,0=6=2x3).
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Tabauya 2

OuckpumunaaTHas matpuna (4= 4)

CSENEENEEN
LN =R O
CSENEENEEN

!

)

T
SENENN
ESENEENEEN
R R NN
R R NN

B MaTeMaTVdecKoM deTbIpexMepHOM 00BbeKTe aprdMeTIIecKmyi CYIMBOJI
(1) obosHavaeT HekyIo OecIiperieIbHYIO UMCIIOBYIO OIIepallnio, SBJISIONTYIOCs
CYMMOVI OTIepalliil CJIOXKeHVs, BBIYUTaHs, YMCI0BOro cpapHeHws. s 3To-
rO MaTeMaTI4IecKOIro AEVICTBUS JOJDKHEI CYIIecTBOBaTh Psbl Oecripemerib-
HBIX YVCJIOBBIX TaOJIVII, KOTOpBIE Takke MOXKHO Pa3sMeCTWUThb B IIPOCTpaH-
CTBe, 3aMeHsisl Urcila KOJIMYeCTBOM HaTypaslbHBIX IIperMeToB. O0o3HaueHMe
(D) siBiIsieTcst OMCKPVIMMHAHTOM OVKBaIpaTHOTO MHOTOWIEHA, SKBUBAJIEHT-
HOT'O IPOM3BeAeHNIO OVICKPUMIHAHTOB ABYX KBadpaTHbIX MHOTOUJIEHOB!

Dis(A;Q) =[D] — [(x; —x3)* (x5 —x4)* = (49)]. 2)

IToueMy IpOCTPAaHCTBO TPeXMEPHO

ITousaTne «umicita M3MepeHU», WIN «PpasMEPHOCTM IIPOCTPAHCTBa», OT-
HOCUTCA K PyHIaMeHTaIbHBIM HOHATVSM MaTeMaTuKu 1 prsukn. Pasmep-
HOCTb — Hambosiee oOIlee, KOJIMYECTBEHHO BbIpPa’kaeMOe CBOVICTBO IIPO-
crpaHcTBa [9]. B HacTosIIIEe BpeMs omvicaHVe peasIbBHOCTV OepeT 3HaueHwe
pa3MepHOCTM B KadecTBe WMCXOHHOTO IIocTyiara. VIHoe He mpemyiaraercs
BBy OTCYTCTBVISI JOCTYITHOV BO3MOXXHOCTY OOBACHUTD, IIOYEMY IIPOCTPaH-
CTBO MMeHHO TpexMmepHo. [Tonck MaTeMaTHMuYecKOVi MOENV IIPOCTPaHCTBA
IIPEABOCXUTIII BOIIPOC O CMMMETPUM B IIPOCTPAHCTBEHHBIX UMCIIOBBIX (PU-
rypax. Kak mpovicxonut norepst cradwisHOV cuMmMerpun? O4eBUIHO, YTO
IIOJDKeH OBITh HEeKWIT BO3BPATHBIVI MOMEHT, (PVIKCUPYIOMINIL 3TO COCTOSHVIE
VHTEPBAJIOM OT CIMMEeTPUI K CTaOMIIBHOM (3HAUUT, He KPAaTKOBPEMeHHOTI)
norepu cummerpum [10].

OG6o3HauMM Ha ITOBEPXHOCTV T'€OMETPVYECKUVI paBHOOEIPEHHBIN Tpe-
YTONBHUK. Bce TOUKM IIpocTpaHCTBa BHYTPM TpPeyTOJIbHMKA II0CIIeOBa-
TeJIPHO IIOMETVM HaTypasIbHBIMM UMciIaMu. VI3 BooOpakaeMoro HecternHozo
KOJIMYecTBa TOYeK (29) oTcedeM OT BepIIVHBI [Be IepBble TOUKM, IIOMeYeH-
Hble 4ycIaMu o0uH wn 06a. IlojlyumM ycedeHHBIVI paBHOOEIpEHHBIV Tpe-
YTOJIBHUK C KOJIMYECTBOM IIOMEUYEHHBIX TOUeK (27 - 2). Terepp HeoOXoaMMO
OIIpeleINTBCA C OCHOBOIIOJIATAOIIMM CBOVICTBOM HaTypasIbHBIX uvcerl. Bce
unciia (27) ompemenvM KakK IIpMHajIeXXale K dicIaM HyJIeBOTo IIOpsiaKa.
Bce HeueTHbIe unciia (g), MMeroIe cOOCTBEHHBIE IIPOCTHIE HeINTEeNIN TOIb-
ko Buma (p+1)=0(modg), rnoc yMHOXeHHBIX umcest — (g27), Orpeem

K YmciIaM IIepBOro IopsiKa. Bee uvicia, merrsimyecs Ha 9mciIo mpu, oIIpere-
JIMM K 9MCJIaM BTOPOTO Topsiika. Bce HedeTHsble umciia (g), MMerornye cob-
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CTBEHHBIE IIpOCThIe enmTeny Toibko Biaa (p—1)=0(modyg), wmoc ymsO-

KeHHBIX umcesl — (g27), ompemenyM K UMCIaM TpeThero mopsmka. Ecim
YNCIIO MMeeT MPW3HaKM MepBOro M TpeThero MOPsIKOB, TOrTa TUII OIIperie-
JIIEeTCS 110 COOCTBEHHOMY umcity, Harpumep 245 (1), 175 (I11).

Ha ocHOBe BBIIIEN3IOXEHHOIO CO3/Ia[MM ¥ PacCMOTPVIM TeoMeTpude-
CKYI0 (pUTypy — yCedeHHYIO TPeyrojbHYyIO0 IMpaMiuly, Y KOTOPOI B OCHO-
BaHMV PaCIIOJIOKeH PaBHOOeIpeHHBIN TPeyrojbHMK. VIMEeHHO ycedeHHYyTO
OVpaMuy, TaK KaK y ee BepIIVHEI yaajleHsl IlepBble ase Toukn [11]. Mate-
pvasibHBIe TOUYKWM BHYTpPEHHEro IIPOCTpaHCTBa NMpaMuabl 00O3HauMM
HeyTopsiJ04eHHBIMY YVC/IaMI JIF000TO THIIa TIOpsi/iKa; OCHOBaHMe IpaMu-
Il — TOYKaMW HYJIEBOIO IIOPsKa; OOKOBEIe TpaHM — BCEeMW TOUYKaMU IIep-
BOT'0, BTOpPOTro u TpeTbero mopsAnkos. IloarsepxmaeMm, uro Ilndaroposeix

TPOEK UNCeN-TOUeK pasHbIX Turos Tmopsakos (5% +12% =13?) GeccuerHoe

YJCII0, TO €CTh VX HEBO3MOXHO nopcunTaTh [12]. Tak cosmaroTcs apudpmern-
YecKM IIPOCYMTAHHBIE IIPOCTPAHCTBEHHbIe 00BeKTh. CMOXeM JI MBI IIOfI-
CUUTATh WIIV XOTSL OBI cpadrums ¢ 4eM-1mbo HecYeTHOe KOJIMYEeCTBO UVCesl —
TOYeK, 3a0UTBIX (VI HaOUTBIX) B IIpeAIIoIaraeMyto IIMpaMuy? XBaTUT JIn
HAIIIeVI YVC/IOBOVI IIaMSITV [JISI 3TOr0?

Kaxxpapit BospacTarommi peKyppeHTHBIVI Pl dricell MeeT CBOIO 3aKo-
IOVIPOBAHHYIO OIIEPATMBHYIO «IIaMSTh», KOTOpasi PacIpOCTPaHSeT BCIO
apudMeTnIecKyo MHQOPMAIMIO IOCPENCTBOM CBOETO BO3BPATHOIO ypas-
HeHM (B O0IIIEM BUile — YMCIIOBOTO CpaBHeHws). [IprHMMaeM 1 oTMedaeM,
YTO HATypaIbHBIM Psf MMeeT aOCOIIOTHYIO apudMeTUIecKylo IIaMsTh:
(A; +1)=(A4.1). D70 BO3BpATHOE ypaBHEHVE COCTOUT U3 OJIHOTO IlepeMeH-
HOTO — [UIS HAaXOXIEHMS KaKIOro HOBOTO 4MCIa (JIeMeHTa) HOCTATOYHO
3HATh TOJIBKO OJHO IIpepImyIiee umciio. Ilocste 03HAKOMIIEHVIS € «3afadert O
€CTeCTBEHHOM Pa3MHOXEHMV KpOJMKoB» JleoHapo ITnsarckoro mwm Oubo-
Hauum [13] mpemcTonT IIpoaHaIM3MpPOBaTh HEKOTOPBIE BEIIECTBEHHBIE PSIIIb
4yICces], IMeIOIITie BO3BpaTHOe ypaBHeHwe OT ABYX (V1 Oojlee) TIepeMeHHBIX.

B Takmx ImocienoBaTeIbHOCTSIX IIPOLIeCC HaXOXKIEeHNs HOBOTO 2JIeMeHTa
rpovicxonut HernpepsiBHO (A, —A, 1 +A, ), 6e3 BO3SMOXHOV IPyIIINPOB-

kn — (A, +A, ,—A,_ 1), He Hapylas IIPaBWIO, YTO TOJIBKO W3 OOJIBIIIEro

YlCiIa MOKHO BBIUECTh MeHbIllee 4uciIo. B momoOHBIX YMCIOBRIX psafax U
BO3MOXKHA yTpaTa HellpephIBHOIO IIOTOKa apudMeTidecKoy MHPopMaIi,
a 3Ha4UT, U IIOTeps YMCIIOBOVI cuMMeTpuu (nosoxenue I). B mogTeepxaenme
3TOTO PACCMOTPUM JIBe IIOCIIeIOBATeIbHOCTH, VMeIoIlyie paBHbIe BO3BpaT-
HbIe ypaBHEeHVIs I HauMHAaIOIIIVe C TIePBOTO YVICIIa e0UHUYbL:

(V,)=1,6,14,24,36,..;(V, =4V, 6V, , +4V, 3),
U,)=1,7,16,26,36,..;(U, =4U, , —6U, , +4U, 3).
OTbICKMBaeM 1 YyCTaHaBJ/IMBaeM ITOCIIENYIOIIVE dMciia JJIS KaXKIIOTO psia:
V, = 4(36) — 6(24) + 4(14) = 144 - 144+ 56 = 56,
U, = 4(36)— 6(26) + 4(16) =144 156 + 64 = 52..

101



102

)\ B.JI. Lllepbans
-
~

PasymHbIl HaOJIIOHATE b, PACIIOIIOKEHHBIVI BHE 3TUX UVICIIOBBIX ILIEIO-
ek (psIOB), TYT e IOOTBEPAWT, UTO BEIII€Ha3BaHHBIE UVICTIOBEIE ecriecti-
Bennvle TIpaBIIIa HapyIlleHbl, a Yiciia peaJbHble HalileHbl. DTO MOXXHO O0B-
SICHUTB TOJIBKO TeM, YTO JaHHbIe psIibl He MMeIOT aOCOIIIOTHOV apudMeTn-
YecKOV TIaMsTH, a BCe IIOCIIeyIoNIye Yncila TMIIOTeTIYIecKy He IIpecTaB-
JISIIOT O CYIIeCTBOBAHMY COOCTBEHHBIX ITEPBBIX IISITH Yncesl. [IJIs HaryIsgHOro
IprMepa BTopovt psf, (Uy) pasmoXyM IPVHIAIIOM IIOCIEIOBATeIbHOIO BhI-
YMTaHMSA COOCTBEHHBIX 4VICelT I HaXOXIEHNsS BO3BPATHOIO ypaBHEHWS U
yOemmMcs B IPaBWIBHOCTY Hallero yTeepxxuaeHus (tads. 3). OOpaTuM BHU-
MaHVe ¥ Ha OTCYTCTBUE IIepBOHA4YaIbHOV UWCIOBOV cuMMMeTpum. [laitee,
3TVIM K€ CIIOCOOOM PasfIoXuM cremytormmit psan (W,) TeM Xe BO3BpaTHBIM
ypaBHeHMeM ¥ OOHapyXMM IIPOIIaXy W3 €ro apudpMeTHdecKor IaMsTW
IIepBOro umcia — edunuys: (Tads. 3).

Tabauya 3
ITocrenoBaTenbHOe passioxkeHue psamos uvicesn (Un) v (Wy)
(U)= 1 W)= 1
7 6 5 4
16 9 12 |7 3
26 10 22 |10 |3
36 10 36 |14 |4 1
52 16 |6 60 |24 |10 |6 5
96 44 |28 | 22 112 |52 |28 |18 |12
216 | 120 | 76 | 48 | 26 232 | 120 | 68 | 40 | 22

Ocrasiock IIpoaHaIM3MpPOBaTh OCTABIIVECS TPW pPsila C PABHBIMU BO3-
BpaTHBIMI ypaBHEHVISIMIL: (A,)=1,2,6,16,36,...;(B,)=1,3,8,18,36,...;
(C,)=1,4,10,20,36,...; (C,=4C,_,-6C,_»+4C,_3). [TogrBepxmaem, uro Te-
IIepb Bce 9ricia Byaa (29) OeccriopHO KOAMPYIOTCS OTHOCUTEIBHO CBOETO II0-
PpsAIKoBoro MecTa 6e3 yTpaTel IlepBOHAYaIBHOV YMCIIOBOVI CIMMETPVINL.

BHOBE BepHeMcs K aOCTpaKTHOMY W3JIOXKEHNIO, HO BHa4aJle ITOKakeM
IeVICTBUTEJIbHOE CYIIeCTBOBaHVe CJIeyIolero mnoyoxeHmns. IIpencrasum
S 9ucesI BTOPOro HOPsiIKa ¢ OnHuUM epemenHbiM: (A, = A,_; +4a). Paso-

KVIM Ha ITecuyaHOVI IIOBePXHOCTV TaKOVI Psifl, B BU/e KyueK KaMHel (IBa KaM-
HSI €CTh YMCIIO 064, TPY KaMHSL — 9UCI0 mpu...). IIpensioxmmM KakoMy-To pa-
3yMHOMY HaOJIIojaTesTio, yMeIoIeMy CIUTaTh 9ciia TOJIBKO [I0 TPpeX, oIpe-
IeIUTh pas3indre OBYX KOHKPEeTHBIX cocemHMX KydeK. KoHedHO, KaXmayro
Ky4Ky KaMHeV 3TOT HaOJromareslb II0C/IeqoBaTe/IbHO pa3IoXUT TOJIBKO Ha
paBHBIe KYUIKM, MIMeIOIIIVie TOJIBKO 10 TPY KaMH:.

Terrepp pasymHBIM HaOroyatesieM CTaHET HEKUVI KYpamop, CIIyCTUB-
IMMVICS K HaM U3 YeTbIpexMepHoOro muipa [14] u He oOmamarormi HarmMm
IEeCATIIHBIM CYeTOM (HO UMCIIO OAVH (e0uHuya) OyaeT paBHO 10 3HAYEHMIO).
DTOT MOTYCTOPOHHMI HaOJIIOaTeslb, pa3IoKMB Ha IIecKe Tpu OoJipline
Ky4KM KamHet1 ¢ ymcitamu 37, 133, 301, mpeioXmil ITIOCTPOUTh MHOTO TaKMX
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obpasoBanmit. OH B3sUT M3 IIEPBOVL Ky4y OVIH KaMeHb U 3apbUI €r0 B I1eCOK,
a ocTaBIIIMecs KaMHVI CIPYIIIMPOBaI 10 TpK. [Jajlee IIOBTOPII TO JXXe caMoe
CO BTOPOV KydYer KaMHel, HO CHaYajla CrpyHIIMpOBaJI €e Ha CeEMb paBHBIX
Kyu4eK. A II0CJIe 3TOTO 3apbUI B IIECOK M3 KaXXIOV 00pa30oBaBIIeViCs Ky4KH I10
OIHOMY KaMHIO... VI II0Ka3aJl Ha TPEThIO Ky4dy KaMHeV 1 MeCTo Oe3 KaMHerl.
VI3 yero cTajio OUEBWIHO, YTO IIpeylaraeTcsi OTCTPOUTEH 3aHOBO OecKOHed-
HBIV PSIT Ky4eK KaMHeVi, B KOTOPOM BCe Ky4M-4uciia VIMEIOT B CBOEM COCTaBe
TorbKo TipocTele Aenmrermt Buma (p—1) =0(mod3). TToce mayssr Kypartop
BO3IBUT ellle NIBe Ky4M KaMHeV, paBHbIX umciiaM 541, 853, maB ocosHaTb, 4TO
VIMeeT BO3MOXKHOCTB TIOCTPOUTh MHOTO-MHOTO Takux (A, =2A, 1 —A,_», +72).

HaTb eMy OOCTOVIHBIVI OTBET yIIasioCh, COOPYAUB IISITh Ky4eK KaMHeV 13
uycen TpeTbero mmopsimka — 313, 73, 1, 97, 361 — u notrpeboBas OT HETO IIO-
CTpOUTH elte ofHy Kyuy Kamuer: (A, =2A, 1 —A,_, +168). VcuesnoBeHue
HaIIleTo OIIIOHEHTa IIPOM30IUIO CKOPOTEYHO, BUAVMO, 3aMKHYJIO YTO-TO B
€To pasyMHOM cyIecTse. Eite Obl, Bellb IIpoBepUTh 000CHOBAHHOCTB PACIIO-
JIOKEHWMS psifia KaMHeV IIOCPeICTBOM 3aKallbIBaHVS B IIECOK OTHOTO KaMHS
SIBHO HEJIOCTaTOYHO (nosoxerue II).

Kak Bunmrcs, mpenrosiaraeMoe 4eTbIpexMepHOe IPOCTPaHCTBO He 00-
JlajTaeT TaKMM MaTeMaTMYecKVIM KadeCTBOM, KaK ITOTepsl yCTOVIYMBOVL UMC-
JIOBOVI CMMMETPUM ¥ TOCIIeyIollee ee BOCCTAHOBJIEHMe (CM. notoxerue I).
YetBepToe 00sI3aTe/IbHOE MaTeMaTIUeCKOe JIEVICTBIE He JaeT BO3MOXKHOCTI
o0pa30oBaTh aHTUCUMMETPUIO COMIacHO dopmyite (2). B TakoM MaTeMaTyde-
CKOM 00BeKTe IIPV OIIpere/IeHMI UMCITIOBBIX CPABHEHWV YeTBEPTOVL CTEIIeHN
(8 TourocTy, GuksampatHOM (z* +az” +b)=0(modg)), HeT BOIMOXHOCTH
BOCIIOJIB30BAThCS PE30JIBBEHTOVI TPeTheVl CTeIleHV, IVMCKPVMIHAHTEL § KO-
TOPBIX CPAaBHVMBI C HaMOOJIBIIIMM ITPOCTBIM YMCIIOM (g), & TOJIBKO YMCIIOBBIM
rpeobpasoBarveM (z1z, =Xx). IloaroMy 00BEM IPaBWIBHBIX reoMeTpide-
CKVIX TeJI B YeTBIpeXMEePHOM IIPOCTPAHCTBe PABHOCIUIEH KBafpaTy CyMM IIpo-
sBenient A(X;X, + X3%, ), Tie urcnio (1) — upparmonasbHoe. [Todemy?

PasymHBIT HaOIoaTEIb, HAXOAAIINUVICS B JBYXMEPHOM IIPOCTPAHCTBE,
II0 oIIperieJIeHNIO oOJIaaeT AByMs Oe3rpaHVYHBIMYU JIEVICTBVSIMU Hall HaTy-
PaJIbHBIMM YMCIIaMU — CJIOXKEHVEM U IIPeeSTbHBIM BerumTaHueM. [TIoHsITHO,
YTO 3TOT HaOJIIOHaTeNIb IIPENCTABUT IIPABWIBHYIO TPEXTPAHHYIO IIVIPaMUILy
B TPeXMEPHOM IIPOCTPAHCTBE, a IMIIOTETMYECKIIT 00BbeM IIMpaMUIbl OIIpe-
nenmT paseHcTBoM V = Sh, o6o3Havast (S) Kak 1uIomans GOKOBOVI ITOBEpX-

HOCTY, () KakK IepIIeHANKYJISIPHYIO BBICOTY M COMHOXWTENb () Kak IIo-
IIpaBOYHOE MppaIoHaJIbHOe UMCII0. TepMuUH «MpparoHaIbHBIN» TOCIIOB-
HO O3HAuaeT «He MMEIOINI OTHOIIeHMs». Hamportus, myis HabmomaTers,
HaXOMSAIIETrocs yXe B TPeXMepPHOM IIPOCTpaHCTBe, COMHOXMUTENb () Oyder
peasIbHBIM OTHOIIEHVEeM MeX/y 4YuciaMy U paBHBIM opHou Tpetu! Vinu B
toyroctu: {3=2(mod3)} (tabu. 1).

BepHeMmcst k caMoMy Hadasly JaHHOTO IIYHKTa, I7le MBI OIIpeiesIvIn yce-
YeHHBIVI paBHOOEIpPEHHBIVI TPeYroJIbHMK C KOJIMYeCTBOM OOO3HaYeHHBIX
Touek (24 - 2). Ecimnt mpocTpaHCTBO TpexMepHO U IIpelCcTaBiMO B Buje Oec-

103



104

)\ B.JI. Lllepbans

——
e

IIpefeTbHO OO BEMHOV TPeXIPaHHON IIMPaMUIbl, TO KOJIMIeCTBO TOYeK-UN-
CeJI y OTCeUeHHOV BepXYIIKM IIMpaMUILL IJId Toboro HabmomaTerns Oyder
T/IppaHT/IOHaHBHO n BOCHpVIHVIMaTLCfI KaK HayaJlo 6ECKOHe‘lHOF0 YrcJIOBOTO
pacuiupenus.

Haxo>xnenve apmdpMeTmaecKmx TaOImI
¥ yCTaHOBJIEHME VX UVMCJIOBBIX CBOVICTB

Yro MOXeT moBemaTh HaM HaOJIIofaTesIb, HaxXOMAIIUIACA B 08yxmepHoM
POCTPaHCTBE VI VMEOIINI JOCTYII B OJJHOMEPHOe MPOCTPaHCTBO MO €ro
onpenernenuio [15]? ITpemioxnM eMy HOOTBEpANTb CyIIeCTBOBaHVE TaKOIO
IIPOCTPaHCTBA M Pa3MeCTUTh B HeM OeCKOHEUYHYIO OIHOMEpPHYIO Tabimiry,
VIMEIOIITYIO B COCTaBe OCOOBIe UMCiIa — HY/AU, PAcIIOIOKeHHBIe B IITaXMaTHO-
pomMbosoM Buze (TabII. 4).

Tabauya 4

OnHoMepHas1 apudMeTdecKas TabImIIa

0(..000... 0|...010... 1111...
0]..0000.. 1]..0110... 2345...
0]..000... 2 |..01210... 361015...
0]..0000... 3 1.013310. 4102035...

B srom mepsBom 1o cuery apmdpMeTV4ecKom TadJMIle IIPUCYTCTBYeT
TOJIBKO OIIVIH 3aKOH CJIOKEHVIS, KOTOPBIVI IVIACUT: KaK[oe YMCIIO SIBJISIETCS
CYyMMOTI ABYX O/IvDKavImx K HeMy 4vcesI IpeAplAyIeit (BepxHerl) TOPM30H-
Tay. 3aMeHVIM OIVH W3 HyJIel Ha eqVHMUIly U IoTpeOyeM, 4TOOBI 3TOT 3a-
KOH coxpaHsuica. Torma «Bo3MyImeHMe» OyHeT paclpOCTpaHSATBCS B BUJE
TpeyronpHMKa llackass, BbIpakeHHOTO B paBHOOempeHHOV dopme [16].
Kaxmnas ropmsoHTaib (CTpoka) JO/DKHa VIMEeTh CBOVI (PMKCHUPOBAHHBIN IIO-
PSOKOBBIVI HOMED, IIO3BOJISIIOIINIL CO3IATh CJIEAYIONIYIO aprdMeTHYecKyIo
TabJIMITy B CHICTeMe ITO3UIIMOHHOrO (IIOMECTHOro) cuera (Tabit. 5).

[o repBoHaYaIbHOTO 3HAKOMCTBA C apUdMETNIeCKMMI TabJIniamMi He-
00X0IVIMO OOCTOSITEIIPHO 03HAKOMUTBCS C IIPOCTEVIIVIMY CUMMETPUYHBIMU
MHOTOWIEHAMU CTelleHHBIX cyMM [17]. [Ij1st 9Toro HeoOXOmVIMBI CIIeAyoLye
0003HaUeHHbIe MHOTOWIEHBI:

A, (x) = O(modq) )
A, (x)= A x4, v a4y,
Ap) = /)mx" T +(/2)axx" 2+ 5)asx" 4+ ey

Ag(x) =(*/1)ax"! +(1/3)‘12xn_2 +(1/5)“3xn_3 tot (M 2 )y

Dis(A,) — 4wmcnoont puckpymyHaHT MHorowtena: A, (x), Res(A; A, ) —

YVCIIOBOVI Pe3yJIFTaHT MHOTOWIeHOB: A (x); Ay (x).
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Permmres apmndmermaeckoe cpapHeHme (3) — 3HAUMT HaWTHM BCe 3Hade-
HVISL HEM3BECTHOTO YNCIIa (1), eMy yIoBIIeTBopsromye. [IBa cpaBHeHMS (Min
Oortee), KOTOPBIM YIOBJIETBOPSIOT OHN U Te XXe 3HaueHUs (%), Ha3bIBaloTCA
PaBHOCVUIBHBIMY, MJIVI SKBVBAJIEHTHBIMIL.

ITocite BBINMIEM3IOXKEHHOIO CTAI HOCTYIIEH OOIIVII METOJ, COCTaBJIeHVIS
Bcex apudMeTrrdecknx Tabmil. Pacrionoxmm umcrta paBHOOeIpeHHOTO Tpe-
yrornpHMKa [TacKkass B IpsMOYTOJIBHBIV BU. 3aTeM BCe YmcIIa, JIeXallye Ha
PUKCUPOBAHHBIX BOCXOMAIINX AMArOHAISAX, Pa3sMeCcTUM II0 OTHEeIbHBIM TO-
PVI3OHTAIAM. B 3TOM Cjlyyae cyMMBI dmcerI, JIeXKallyIX ITOC/I€NOBaTeIbHO Ha
(PUIKCMPOBaHHPBIX TOPM3OHTAIIIX, OKaXKyTcs umciaaMy PdrboHavun (Tabn. 5 —
C). CosmagyM MpOM3BOIHYIO OT Hee apndMeTrIecKylo Tadmmily (Tadbm. 5 —
B), B xoTopov kKaxmas puUKCHpOBaHHAs TOPW3OHTaIb OTMeUeHa IOPSIKO-
BBIM HOMepOM (g). B pe3ysibTaTe I0Iy4nM fBa YMCIIOBBIX TPEYIOJIbHMKA, KO-
TOpble Ha30BeM OCHOBOIIOJIATAOIIVMIL M YCTAHOBMM WX TEOPEeTVKO-UMCIIO-
BBbI€ CBOVICTBA.

Tabauya 5

OcHoBomoJ1araronias Taﬁnuua YMCI0BBIX CpaBHeHVIﬂ

q B c

1 0 0

2 1 1

3 2 1

4 3+1 1+1

5 4+3 1+2

6 5+6+1 1+3+1

7 6+10+4 1+4+3

8 7+15+10+1 1+5+6+1

9 8+21+20+5 1+6+10+4

10 | 9+28+35+15+1 1+7+15+10+1

11 | 10+36+56+35+6 1+8+21+20+5

12 | 11+45+84+70+21+1 1+9+28+35+15+1

13 | 12+55+120+126 +56+7 1+10+36+56+35+6

14 | 13+66+165+210+126+28+1 | 1+11+45+84+70+21+1
15 | 14+78+220+330+252+84+8 | 1+12+55+120+126+56+7
6 | .coo... ]

T'opusoHTaIBHBIE YNCIIA, MCKITIOYAs! IIOPSIKOBbIe HOMepa (), HaIEXNUT
KOAMPOBATH CIIENYIOIIVIM cItocoOoM (Tabit. 5). B rounocty, Tabimiia (B):

B,(x)=0(modgq), B, (x)=b;x"" +byx"? +bx" +..+b,,

qncIio (g) — 0OO03HaAUEHHBIVI TIOPSIKOBBIVI HOMEp MHOTOWIEHa; YMCIo (1) —
00o3HaUeHHOe KOJIMYeCTBO uwcesl (4), CTOAIMMX Ha (PUKCUPOBaHHBIX TOPU-
30HTAJISX.

CootsercTBerHO, Tabimra (C):

C,(x)=0(modq), C,(x)=c;x" " +c,x" 2 + 32" + . +¢,; (¢ =1),

k=ci+cy+cy+...4c,.
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Ymncro (k) sirstercst amcaoM @ubonawyum. 3aduKcrpyeM HeIIoCpencT-
BEHHYIO CBs3b MEXY YVCIIOBBIMY MHOTOYIEHAMM!

B,(x)=B, 1 (x)=C,(x).

OTMeTVM TOJIBKO IIPOCTEVIIIINE YMCI0BbIe cBovicTBa Tadym (B) 1 (C).
Cucrema cpasrennyt Muorowienos B (x) = 0(modg), C,(x)=0(modg)

PpaBHOCVITIbHA IS BCeX IIPOCTHIX UvceTI (4 > 3).
JoKa3aTesTbCTBOM 3TOTO yTBEPXKIEHW: SBJIIeTCs ycioBue dpopmytsl (5).
CooTBeTcTByOIIVE IPUMEPHIL:

B, (x) =6x" +10x +4 = 0(mod7),x + 1 = 0(mod?7),
C,(x) =x? +4x +3=0(mod7),x +1 = 0(mod?7).
Cucrema cpaBHeHU
Cy(x¥) =0(modgq);Cy, () = 0(modg); By, (x) = 0(mody)
paBHOCWIIbHA IS BCeX MPOCTHIX uviceT (g > 3). I1pumep:

Cia(x) =1x° +10x* +36x° +56x7 +35x +6 =0(mod 91) ; x+1=0(mod7),
x+1=0(mod13).

Teneps crrenyeT 3adpMKCMpOBaTh HETIOCPEICTBEHHYIO CBA3b MEXKIy UiciIa-
My PrboHaYYM VI CTEIIEHHOVI CyMMOVI OT [IBYX HAaTypaJIbHBIX TlepeMeHHBIX:

Sg=x1"+x,7, fr=x1+x, f =x1%y,
(ff +xf,)=0(mod27" -1), 2B, (x)-B, 4 (x) =Y, (x). (4)

B tounocty, (9 > 3) — HeueTHOe umcio, v ganee: (Xq,X,,q)=1.

Hanpumep, Bocrionssyemcs dpopmysiont Bapuara [18], mo xoropoit mo-
JIy4aeM sIBHOe BhIpaKeHWie JIF000VT CTETIeHHOV CYMMBI — (.S):

Si3 = fi2 + f1 /9 (13x° +65x* +156x> +182x7 +91x +13),
2B5(x) = Byp (x) = Yi5(x) = 13x° +65x* +156x> +182x2 +91x +13,
2B15(x) = B4 (x) = Yq5(x),

Yy5(x) =15x° +90x° +275x* +450x> +378x% +140x +15.

HO):[TBep)KL[aeM, qTO CmcTeMa ypaBHeHVH?I 148 CpaBHeHT/IVI MHOI'O4JIEHOB
(4) VIMEIOT TOJIBKO OTHO HeTpPVBIMaJIbHOE peIleHue:

Res(Y, ;x+4)=0(mod 277" -1). (5)
ITpumepsr:
Res(Yy3;x+4)=0mod2" -1), Res(Y;5;x +4)=0(mod2™ - 1),

Re (Y35 +4) =0(mod2'® — 1), Res(Yyq5;x +4) =0(mod2'™ - 1)
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ITocnecnosue. Ilopsaxosemmm Homepamm (g) Tabmmusl (C) 3adpuxcupo-
BaH psan PuboHauwdy — cyMMa Uvicel], JIeXXaIX Ha OTHAEe/IbHBIX TOPU30HTa-
ysx. Kaxnoe uncrno psapga @ubonavum (1) paBHO cyMMe [IBYX HPEIBITYIIINX
umcen (nosoxenue III): 0,1,1,2,3,5,8,13,21,34,55,89,...; (Vq =Vq,1 +Vq72). Ilo-

PAOKOBBIMM HOMepaMmu (4) B HpomspogHou Tabmmubl (B) sadwmkcuposaH
CIIeMy IOV YMCIIOBOM Psift (CyMMa 4wcerl, JIeKallyX Ha OTIeIbHBIX TOp-
soHTAIIAX) (nosoxenue IV):

(W,)=0,1,2,4,7,12,20,33,54,88,..; (W, =W, 1 + W, +1).

Ot nBe mociefoBatestbHOCTH paBHosHauHbl — (V, =W, , +1) — u

pacrosararmT ITPOBEPOYHBIM YVMCIOBBIM CPaBHEHMEM IS BCEX TTPOCTHIX UM-
cest (Tabu. 6): 2W, —W, 1 =0(modyg) .

MeToanka rocrpoeHus apudmMeTndecKmnx TabImIL

BepTukaibpHBIe BO3BpaTHEIE (peKyppeHTHBIE) UMCIIOBBIe PSABL, IS KO-
TOPBIX OCYIIIECTBVIMO IIOCPEACTBOM IIPaBII BBIYMCIIEHU (CJIOXKEHWS, BBIYN-
TaHWS M YVCIIOBOTO CPaBHEHMS) HaXOXJIeHVEe IIPOCTEVIIIX CBOVICTB IIEJIBIX
4ucesl, SABJIIIOTCS apudMernyeckumm Tabymramu. OCHOBHOE YMCIIOBOE
CBOVICTBO TaOJINIT PpasmeraeTcss moCPeacTBOM IEeVICTBUN (or[epam/n?[) Haa
YMCITaMy, JIeXalMI Ha (PUKCUPOBaHHBIX ropm3oHTassIX. Ha ocHoBe mper-
CTaBJIEHHBIX UYMCIIOBBIX CBOVICTB (TaOiI. 5) 3JIeMeHTapHO COCTaBIISETCS CIle-
IyIoIasi, IPVHLOUIINAIBHO BaXKHasd apudMeTndeckas Tabimiia (tads. 6). B
3TOV TabJIMIle OHOBPEMEHHO IIPVUCYTCTBYIOT Cpa3y TPY BO3BpaTHBIE UNCIIO-
BbI€ IIOCIIEMIOBATEIIBHOCTI: COOCTBEHHBIV s 4vicelI () M JBa yCTaHOBJIEH-
HBIX psiaa umcent (1) v (Wg) (em. nosoxernus I u IV).

Tabauya 6
Haxo>xgeHwe Bcex IIPOCTBIX UMceT
Vq Wy q Vq Wy qg Vq Wq q
0 0 1 » | 55 143 11 » | 6765 17710 21
1 1 2 89 232 12 10946 28656 22
1 2 3 144 376 13 17711 46367 23
2 4 4 233 609 14 28657 75024 24
3 7 5 377 986 15 46368 121392 25
5 12 6 610 1596 16 75025 196417 26
8 20 7 987 2583 17 121393 317810 27
13 33 8 1597 4180 18 196418 514228 28
21 54 9 2584 6764 19 317811 832039 29
34 88 10 4181 10945 20 | .l

Ipumeuanue: MeTop, DemdPOBKMU TaOINIIBI YHUBEpCcaJIeH I BCeX IIOCTIeyIo-
IVIX TaKyX TaOJINALI.
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Uucrosoe cpashenne V, + W, =0(modg) paspenmmo (to ectb vimeer

pettieHne) 11 Beex mpocThix umcet (q). [Ipumepst (Tadi. 6):

Vyy + Wy, =987 +2583=0(mod17),
Vio + Wiy = 2584+ 6764=0(mod19),

HaHHBIVI pe3ysbTaT AoKasblBaeTca dopMmysion (4), B KOTOPOW CyMMa
UMCIIOBBIX KO3 duimmeHToB MHOrowrleHa (Y, paBHa (m), wu pasee:
(V, + W, =m).

HeKOTOpOE IIOsICHEHME O CYTM YV CJIOBOTO AMCKPpMMMHAHTA

Apudmernaeckoe orpenesieHNe AUCKPVMMHAHTA KyOWM4ecKOoro Tpex-
WjIeHa M3BeCTHO — JIBa BEIeCTBEHHBIX KOPHS TaKOro MHOTOWIEHa pPaBHBI
(cpaBHUMBI). Hem3BecTHO IOHATME TeOMETPIUIECKOTO AVICKPVUMMHAHTA PaB-
HOOeIpeHHOTo TPeyro/IbHNKa, Y KOTOPOTo ABe CTOPOHBI paBHBI (CpaBHU-
MbI). B apudmeTrnke Kak HayKe O UmciIax HeT VI OIIpelesIeHNs YVCIIOBOTO
IVICKPVIMMHAHTA CMMETPUYHBIX cTelleHHBIX cyMM [19]. TToatomy BriepBbie
IIPEeIOCTaBUIM TOJIBKO UVICIIOBBIE BBIKJIQAKM TaKMX IOMCKPMMWHAHTOB Oe3
dopMyIMPOBKYM X KOHKPETHOTO M3MepeHns — Dis(D: ).

[Byw@wIeH ¢ B3aIMHO IIPOCTBIMW HAaTypaIbHBIMI II€peMEeHHBIMV VIMeeT
BT,

S,=x"+yT=A,; 00 =x+Yy, 0 =xY;

Dis(x,y) =k+4; (67 +kop)=0(mod27™" —1).

JInGo kxak B Texcre, 310 popmyste (4) u (5). CozmaeM mpocrenimyto apud-
MeTI4IecKyIO TaOImILy.

Bocronesyemcst popmysiont BapuHra /st mosrydeHMs CTeTIeHHOV CYMMBI
OT By X IIepEMEHHBIX Yepe3 2JieMeHTapHble MHOTOWIEHBL:

S, —of =400, +207,
Ss -02 =-5030, +50,07,
S —0Y =—6010, +90i07 205, ... .

IIpaBast yacTh IOCTIENHMX YpaBHEHWMIT II03BOJIIeT 0Opa3oBaTh TaOIIMITy
YUCIIOBBIX KO3 PUIMEHTOB B abOCOMOTHBIX BemumHax (tadi. 7). Ilocne
pacimdpoBKI IIOC/IeAyeT YCTaHOBJIEHVE ee ITIaBHOIO apidMeTIIecKoro
CBOVICTBA.

TopusoHTaIBPHBIE YCIIa, MICKITIOYAasi IIOPSIKOBEIe HOMepa (), Ha/IeXXNUT
KOAMPOBATD CIIENYIOIIVIM CIIOCOOOM (Tabrt. 7):
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_ -1
Y, (x) =0(mod 207~ 1),
_ n-1 n-2 n-3
Y, (x)=y1x" +yx" +ysx T oty (6)

4ncIIo (g) — 0OO3HAYEHHBIVI TIOPSIKOBBIVI HOMEP MHOTOWIEHA; YNCIO (1) —
0003HaueHHOe KOJIMYEeCTBO uvcerl (i), CTOAMMX Ha (PUKCUPOBAHHBIX TOPVI-
3oHTasIAX. [Tpumepsr:

Y, (x) = 7x* +14x +7 = 0(mod?7),
Y5 (x) = 13x° + 65x* +156x° +182x% +91x +13,
Y5 (x) = 15x° +90x° + 275x* + 450x> + 378x% +140x +15.
Tabauya 7

DparmeHT K03 PUIMEHTOB CTEIIEHHOV CyMMBI OT ABYX IIepeMeHHBIX

Y

q

4 4+2
5 5+5
6 6+9+2
7

8

9

7+14+7

8+20+16+2

9+27+30+9

10 | 10+35+50+25+2

11 | 11+44+77+55+11

12 | 12+54+112+105+36 +2

13 | 13+65+156+182+91+13

14 | 14+77+210+294 +196 +49 + 2
15 | 15+90 + 275 + 450 + 378 + 140 + 15

151 Bcex HedeTHBIX umcesl () MHOrowieH (6) MMeeT TOIBKO OXHO He-
TpusMasbHOe perterne — (5). [Tocsze sToro — (4).

TpexwieH ¢ B3aMMHO IPOCTBIMM HATypPaJIbHBIMW IIepeMeHHBIMIU, B OC-
HOBe KOTOPOTro pacrosaraercs dpopmyia (1):

Sq:x'7+y'7+zq :A3,' SqEO(moqufl—l)} (7)

S,=0(modoy), oy =x+Yy+2z, 0y =Xy+x2+Yyz, O3 =XYz;
Dis(x,y,z) = 4k —27 ; (o5 + ko) =0(mod27! —1).
Ecsi unciioBoe cpaBHeHMe
(o3 +ko3)=0(modyg),

TOra

D = 4(xy +xz +yz)® +27x*y*z* =0(modg), x+y+z=0(modyg),

z=-x-y(modyg).
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):[VICKPVIMVIH&HT IOOJDKeH 6])ITB CMMMeTleqHBIM OTHOCUTEJIBHO Tpex I1e-
PEMEHHBIX!

Dy =4x°® +12x°y - 3x*y? - 26x°y> —3x?y* +12xy° +4y°® =0(modyg),

Dy =(x=y)*(x+2y)* (2x+y)* =0(modg),
D(x,y,2)=(x~y)* (x~2)*(y~2)* =0(mody). ®)

151 HedeTHBIX "wcelI () pa3IoXuM 10 dopMysle BapuHra crerneHHyIO
CyMMy OT Tpex IepeMeHHbIX Takoro Buaa — S, =0(modoy) (7):
Sy =..—90303 +303, Sy; =...+ 110505 110,03,
Si3 =..—130305 +136305, Si5 = ...+ 150505 500505 + 305 .

ITpaBast yacTh ITOCIIEAHNX YPaBHEHNMIA TIO3BOJISIET CO3IATh TaOJIMITy UmC-
JIOBBIX K03 PUITMEeHTOB B abCOMIOTHRIX BeimumHax (Tabs. 8). ITocie pac-
1 POBKY TIOCIIEAYET YCTAHOBJIEHE €€ [JIABHOIO apndMeTIIecKOro CBOvI-
CTBa.

Tabauya 8

®DparmeHT K03 PUIMEHTOB CTeIIeHHOM CYMMBI OT Tpex IlepeMeHHBIX

q G
9 9+3

11 | 11+11

13 | 13+26

15 | 15+50+3

17 | 17+ 85+ 17

19 | 19 +133 +57

21 | 21 +196 +147 +3

23 | 23+276+322+23

25 | 25+ 375+ 630 + 100

27 | 27 +495+1134+324+3

29 | 29+ 638 +1914 + 870 + 29
31 | 31+ 806 + 3069 + 2046 + 155
33

Topu3oHTaIBHBIE YVCIIa, MICKITIOYasi IIOPSIKOBEIe HOMepa (), HaJIeXXUT
KOIMpPOBaTh yXXe M3BECTHBIM criocoboM (Tabir. 8): G, (x) = O(mod 2071 1)

ITpumepsr:
Gys(x) = 15x2 +50x +3 = 0(mod214 -1),
Gy (x) = 23x% +276x% +322x +23 = 0(mod 2?2 —1)..

BeccriopHOe (cTasto OBITH, KOTOpPOe HEBO3MOXXHO OIIPOBEPTHYTH) apud-
MeTIYEeCKOe CBOVICTBO TaOJIVIIBI BBITTIANUT TaK:

Res(G, ;4x —27)=0(mod 277" —1).



Ilouemy oxpyikarouee nac npocmpancmbo uMeHHO mpexmepro

W

ITpumepsr:
Res(G,5;4x—27)=0(mod2™ -1,
Res(Gygs;4x —27) =0(mod2'™ 1) .
Cnenylomero TaKOro AMCKprMIMHaHTa OT MHOro4jIeHa

=¥y yT 429 449 =
Sp=x"+yl+z"+ut = A,
He CyIIIeCTBYeT, ¥ 3TO MOATBepXKaaeTcs yCiioBreM pOpMyIIE (2).

)11 0OBbsICHEeHVA CyIIIeCTBOBaHVIA BellleCTBeHHOV YVC/IOBOVI CMIMMETPUIN —
aHTUCYMMETPVW TIOTpeOOBaylach IOMOIIb YAVBUTEIBHOV PeKyppeHTHO
IIoC/Ie0BaTeIbHOCTY (CM. TTos10KeHwe 1), HaumHaroIerics ¢ IepBOro uncia

(J;=1): ..,361,97,1,73,313,721,1297 ,2041,...; (J, =2],_1 — J.—o +168).
Bce umciia aToro psia MMMEIOT ITPOCThIE OeJINTeJIVT TOJIBKO Briga
(p—1)=0(mod3).
Hammpmmep:
J4 =721=7x103

v majee —

(7-1)=0(mod3), (103-1)=0(mod3).

3aksrroueHme

Bo3MOXXHO JIMI HOCTYIIHO OOBSICHWUTB, IIOYEMY IIPOCTPAHCTBO VIMEHHO
TpexmepHO? [la. MoryT i OTHOMEpHOe U IByXMEPHOe IIPOCTPaHCTBa pac-
cMaTpuBaThCsl KaK pacliojiararomiyecs B TpexXMepHOM IHpocrpaHcTse? [a.
CaMO OHO MOXeT CUMTaThCS YacThIO MOIIEIV YeTBIPeXMEPHOIO IIPOCTpaH-
crBa? Her.
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