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WHBapnaHTHOCTb HEKOTOPbIX KNAacCoB NOYTM APMUTOBbIX CTPYKTYP
OTHOCUTENLHO OfHOMapaMeTPUYECKOn rpynnbl AudpcheomoptnamoB,
NOPOXAEHHbLIX BEKTOPHLIM nonem Jlu

PaccMOTpeHBI TOUTH 3pMHUTOBEI CTPYKTYPHI U CTPYKTY-
pet tuma W, B knaccudukanuu I'pes — Xepsemnsl. Pac-
CYX/IEHUS MIPOBEAEHBI C UCIOJIb30BaHHEM MHBAapHAHTHOTO
ncuncnenus Konrynsa. MccnenoBaHsl yCclIoBUS HHBApHAHT-
HOCTH KeJIepOBOW (pOpMBI OTHOCHTENBHO OJIHONIapaMeTpH-
yeckod Tpymmsl auddeomopPru3MoB, MOPOKICHHON BEK-
TOPHBIM 110J1eM JIu B cTpykTypax tuna W,, U nokasaHo, 4To
KenepoBa (opMa KOBAPHAHTHO ITOCTOSHHA OTHOCHTEIHHO
BeKTOpHOro nojis Jiu. MccnenoBansl yclnoBUs MHBapUaHT-
HOCTH PUMAaHOBOW METPHKH MO ACHCTBUEM OJHONAPaMET-
puueckoi rpymmbl  auGPeoMopPpr3MOB, TTOPOKICHHBIX
BEKTOpHBIM mosieM JIu. JlokazaH KpUTepHil MHBAPUAHTHO-
CTH TOYTH KOMIUIEKCHOM CTPYKTYyphl OTHOCHUTEIBHO JIO-
KaJbHOW Tpynnbl TuddeoMophr3MOB, MOPOXKICHHBIX BEK-
TopHbIM nosem JIu B knacce W.

Y CTaHOBNEHO, YTO MHBAPUAHTHOCTh PUMAHOBOU CTPYK-
TypBI g BJIEYET HHBAPHMAHTHOCTD ITOYTH KOMIUIEKCHOM CTPYK-
TYpbl Juis Kiacca W, MHOroobpasuii B KiacCH(UKaINU
I'pes — XepBesibl, MOIY4YEHB! YCJIOBUSI KOBAPUAHTHOIO
rocTostHcTBA GopMbl JIM B OTIENBHBIX KJIaccaX MHOT000pa-
3Ui pasMepHOCTEH BhIIIE 4.

Knrwouegvle cnoea: oyt 3pMUTOBA CTPYKTYpPa, HOYTH KOMIIJIEKCHAs
CTpyKTYpa, Bektop JIu, popma JIu
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Ilycte M — n-MepHOE TIafKoe MHOrooOpasue; 7 YETHO;
dimM>2, X(M) — C” (M) -MOIyJb INIAAKUX BEKTOPHBIX MOJIEH Ha
M; d — oneparop BHeuHero anepeHIUPOBaHU; 0 — ONepaTop
xoxauddepenuuposanus; L, — omepatop auddepeHnnpoBaHus
JIu B HanpaBiIeHUH BEKTOPHOTO HOJIA X.

Ioumu spmumosoii cTpyKTypoil Ha M Ha3bIBaeTcs mapa (g, J),

rZe g — pUMaHOBa CTPYKTypa Ha M, a J — NOYTH KOMILJIEKCHAs
CTpyKTypa Ha M, cormacoBaHHas C g, TO €CTh

JoJ =—id ; g(JX,JY)=g(X,Y)

Jutst moObIx X, Y e X(M).
Keneposou ¢hopmoii Ha 3pMUTOBOM MHOT000paznu M Ha3biBa-
ercs 2-bopma F Takasi, 9To

F(X,Y)=g(JX,Y) nna mobwix X, Y e X(M). (D

@opmoti Jlu naspiBaetcs 1-popma w, KoTopas onpenesseTcs
CIIEAYIOIINM 00pa3oM:

o(X) :n_—_lléF(JX). )

Bexmopom Jlu Ha3piBaeTCcs ABOMCTBEeHHOE (hopme JIM BEKTOp-
HOe moje & Takoe, 9To

g(8, X) = w(X). (3)

Hanomuum, 4o, cornacHo [3], ctpykrypa S={ 1}, ....,T, } na M
Ha3piBaeTcsd ¢ -MHBApUAHTHOM TOrAa W TOJBKO TOTZAA, KOrna
L.(T,)=0,k=1,...,n.

B [4] noka3zaHo, 4To cTpyKTypa S sBisiercss £ -MHBapHAHTHOM,
€CIIM KaXX/10€ M3 TEH30PHBIX TOJIeH, ee COCTaBISAIOUINX, HHBApH-

QHTHO OTHOCHUTEJBHO JIOKaJbHOMH OZ[HOHapaMeTpH‘lCCKOfI rpynnbl

nudheomMopPpr3mMOB.

[Tonyuynm yciioBUSI MHBAPUAHTHOCTH J-IIOYTH KOMIUIEKCHOU
CTPYKTYPBI B HEKOTOPBIX KJAcCcax MOYTH 3PMHUTOBBIX MHOT000pa-
3UM.
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CornacHo knaccuduxamumu I'pes — Xepsemnst [1], xmacc W,

MOYTHU 3PpMHUTOBBIX MHOFOO6p33HI>'I OMpeaACIaCTCA TOXKIACCTBOM
-1
2(n-1)
— g(X,Z)SF(Y) - g(X,JY)SF (JZ) + g(X,JZ)SF (JY)).

Vy(F)Y,2) =

(8(X,Y)OF(Z) -

3aMeTHM, 94TO
OF(Z)=S8F(—-J(JZ)) = _—lléF(J(JZ))(n ~1)=
—

=(n-Dw(JZ), “)
SF(JZ)=(1-n)ax(Z).

CrnenoBarenbHO, U3 onpeneneHus knacca W, ¢ yaerom (3) u (4)

moJy4yaeM
-1
2(n—1)
-g(X,Z2)Y(n-Do(JY)-g(X,JY)1-n)w(Z)+

Vy(I)Y,Z)=

(g(X,Y)(n-Da(JZ) -

+g(X,JZ2)(1-nw(Y)) = %(—g(X,Y)a)(JZ) +g2(X,2)w(JY) -

-g( X, JN)o(Z)+g(X,JZ)w(Y)).

Bz X = £, cyderom (3) nomyanm

V(F)Y.Z)= %(—g(é, VXJZ) + g(&,Z)o(JY) -

—8(&,JN(2) +g(5,J2)o(Y)) = %(—GJ(Y a(JZ) +

+ao(Z)w(JY)-o(JY)o(Z)+ o(JZ)o(Y)) =0,
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OTKY/Ia CIIe/lyeT
Jlemma. B knacce W, ona nobwix Y, Z € X(M).

V.(F)Y,Z)=0. (5)

Teopema 1 (kpumepuil uH8apuUaHMHOCIU NOYMU KOMNJIEKCHOU
CMPYKMYpbl OMHOCUMENbHO JIOKANLHOU epYnnbl Ouggeomoppus-
M08, NopodicOeHHbIX eekmopuvim nonem Jlu 6 knacce W,). Iloumu

komnaexcuas cmpykmypa J & -uneapuanmna 6 knacce W, moeoa
U MOABLKO Mo20a, Ko20a

VJY§=J(VY§)' (6)

JeficTBuTenpHO, KOBapruaHTHO Tpoauddeperiuponas (1), mo-
JYYUM

V)Y, Z2)=g(V. ()Y, Z), )
a 3HAYMT, ¢ yderoM jemmsbl, g(V.(J)Y,Z) =0, uro BMecTe ¢ He-

BBIPOXKJICHHOCTBIO METPHKH g BieueT V. (J)Y = 0.

TTocKobKY
Lo(J)Y = L(JY) = J(L(V) =[£, Y] - J(I&,Y]) =
:Vg(JY)—Vchf—J(VéY)JrJ(VYé‘) =
==V, +J(V,E)=0.

Teopema nokazaHa.
Teopema 2. Iloumu xomnnexcnas cmpykmypa J & -uneapu-

anmua 6 knacce W, mozoa u moavko moeoa, ko2oa

V1 (@)1) 4V (@)JY) =0 ®)
ons modvix X, Ye X(M).
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JlefcTBUTENBHO, YUUTHIBAS, YTO
LeUX =V UX=ViE+JViS)
MOy YUM
(L)X, Y)=g(V(I)X,Y) = g(V 6. Y) +g(J (V). Y)) =
=V (F)X, V)=V (0)(Y) -V (0)(JY) =
= -V (@)(Y) =V (@)(JY),
u, nonyctus L, (J)X =0, momyuaem npsmoe yreepxaenue. O0par-

HOE OYEBHIHO CIIEyeT 13 HEBBIPOKIECHHOCTU (OPMEI g.
Teopema 3. Pumanoséa cmpykmypa g & -uHeapuanmua moeoa

U MmonvKko moeoa, ko2oa 015 1oowix X, Y € X(M) evinonneno
V(@)Y +V,(0)X=0. 9)

Jlns mokaszarenbCTBa BBIYUCIUM NMPOU3BOAHYIO JIM pruMaHOBOM
METpPHKH.

L.(g(X,Y)) = L(g)(X, V) + g(L.X,Y) + g(X,L.Y).

Orcrona

L ()X, Y)=c(g(X, V) -g(l5, X].Y)-g(X,[5,Y]) =
=5(g(X,Y)—g(V X, 1)+ g(Vye,Y) - g(X, V. Y)+

+8(X,V,9).
ITockonbky
Veg X Y)=C g KY)=V, g) K.Y }gV XY )
+g(X,V.Y),
MoJy4yaeM

L ()X, Y)=g(Vye,Y)+g(X,Vy5).  (10)
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KoBapuantHo nmpoauddepenimpoBas mo X paBeHcTBO (3), m0-
ayqaem g(X,V,&)=V,(w)X, daro ¢ yuserom (10) 3aBepuraet
JI0Ka3aTeNIbCTBO.

B [2] ObutO mokazaHO, YTO ISl COOCTBEHHBIX MHOTO0Opa3wii
knacca W, @ W, (a 3Hauut, u B nmoxkinacce W,) pasmepHocTeit

dimM>4 dopma JIu 3aMKHYTa, TO €CTh CIIPABEAIUBO PABCHCTBO
do=V (@)Y -V, (@)X =0 (11)

TSt moObIX X, Y e X(M).

CaeacrBue. B xnacce coocmsennvix mno2ooopasuii uz W, pas-
MepHocmu eviute 4 & -UHBAPUAHMHOCMb PUMAHOBOU MEMpPUKu g
enevem & -uHBAPUAHMHOCHL HOYMU KOMNJIEKCHOU CMPYKmMYypbl J.
Ipu smom ghopma Jlu xogapuanmuo nOCMoSHHA 8 PUMAHOBOT CE513-
Hocmu V, mo ecmb V() = 0.

HeiictBurensro, u3 (9) u (11) cnenyer, uto V(@)Y =0, uro
BIIEYET BBIITOJIHUMOCTH yCIOBHSA (8).
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Invariance of some classes of almost Hermitian structures
concerning to the one-parameter group of diffeomorphisms
generated by the Lie vector field
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Finding the conditions for the invariance of geometric objects under
the action of transformation groups is one of the main objects of geomet-
ric research. Almost Hermitian structures and structures of the Gray —
Hervella classification on smooth manifolds are considered in this paper.
All arguments are given using invariant Koszul’s calculus. Conditions for
the invariance of the Kéhler form in type structures are investigated and it
is shown that the Kéhler form is covariantly constant with respect to the
Lie vector field. Conditions for the invariance of the Riemannian metric
under the action of a one-parameter group of diffeomorphisms generated
by a Lie vector field are studied. A criterion for the invariance of an al-
most complex structure with respect to the local group of diffeomor-
phisms generated by the Lie vector field in the class W, is proved.

Conditions for the invariance of an operator of an almost complex
structure, a tensor of a Riemannian metric, are proved. It is established
that the invariance of the Riemannian structure g implies the invariance of
the operator of an almost complex structure for some class of manifolds
according to the Gray — Hervella classification, and conditions for the
covariant constancy of the Lie form in certain classes of manifolds of
dimensions above four were obtained. It is proved that the Lie form is
covariantly constant in some classes of the type of dimensions above four.

Keywords: almost Hermitian structure, almost complex structure, Lie
vector, Lie form

133


https://orcid.org/0000-0001-5065-7674
https://orcid.org/0000-0003-4032-650X

[nchbepeHumanbHas reomeTpns MHoroobpasnin duryp

References

1. Gray, A., Hervella, L. M.: The sixteen classes of almost Hermitian
manifolds and their linear invariants. Ann. Mat. Pura ed Appl., 123:4,
35—58 (1980).

2. Ignatochkina, L. A.: Vaisman — Gray manifolds with J-invariant
conformal curvature tensor. Sb. Math., 194:2, 61—72 (2003).

3. Kobayashi, Sh., Nomizu, K.: Foundations of Differential Geometry.
Moscow (1981).

4. Aminova, A.V.: Projective transformations of pseudo-Riemannian
manifolds. Moscow (2003).

910, SUBMITTED FOR POSSIBLE OPEN ACCESS PUBLICATION UNDER THE TERMS AND CONDITIONS OF THE CREATIVE
= m COMMONS ATTRIBUTION (CC BY) LICENSE (HTTP:/CREATIVECOMMONS.ORG/LICENSES/BY/4.0/)



