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HaxoxpaeHue cuMmeTpuiA ANa 3agayv 0 BOJIHaxX Ha Boae
C NOBEPXHOCTHLIM HaTAXEHUEM

B crarse T. bpyk benmxamuna u I1. k. Onsepa 1982 ro-
Jla MCCIIEeIYeTCs] BOMPOC O IMOBEACHUH TaMHIBTOHOBBIX CH-
CTeM ¢ OECKOHEYHBIM (ha30BBIM MPOCTPAHCTBOM. YacTHBIM
cllyyaeM JaHHOMW 3aJauMl SIBISETCS 3a/jaya O BOJHAX Ha BO-
Jie TI0 MOJIeNH MaeanbHol xuakocTu B R> u R® kak ¢ yde-
TOM TIOBEPXHOCTHOTO HATSHKEHUs, TaKk U 0e3. 37ech MBI pac-
cMaTpuBaeM ciydail JaHHO# 3amaun B R* ¢ y4eToM mosepx-
HOCTHOTO HATSDKEHHS M HaXOIUM ISl HETO CHMMETPHH, 9TO
He OBLIO OPOOHO Pa300paHO B YKa3aHHOW CTaThE.

Kniwouegvie cnosa: nuddepeHnnansHple ypaBHEHHUS, CHMMETPUH, Ta-
MHJIBTOHOBA CTPYKTYpa, 33/1a4a O BOJIHAX

1. IMocranoBka 3agaun. Ilycts (x,y,z) — QukcupoBaHHas
J€KapTOBa CUCTEMAa KOOPAMHAT, TA€ y — BEPTUKAIbHAs KOOPIH-

Hara. C‘-II/ITaeTCH, YTO HCCXKUMacEMas HCBA3Kas XHUIKOCTh, UMCIOIIIAsa
CAMHUYHYIO IIJIOTHOCTb, 3aHUMACT 0011aCTh Dﬂ' BCpXHH}l rpaHuna

Dﬂ — JBWXKYINAACA CBOOOJHAs INMOBEPXHOCTb S: vy =n(x,y,t).
3nech 7(x,y,t) — onHo3HayHas QyHKuMA. PaccMoTpum cuctemy
ypaBHEHUI

Tlocmynuna 6 peoaxyuro 21.05.2022 e.
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¢xx +¢yy = 0’
A: nt :cD(y) _q)(x)nx’ (1)
@, +(DF, +@F)) / 2+ gn—om,, [ (1+77)"* =0,

rae ., = (@)s q)(y) = ((Dy )s s Q= (@)s -
NuduHHTE3MMAIILHBIE CHMMETPUH OYIEM UCKATh B BUJIE

X=a0,+po,+10,+0,,

rae koadouuuentsl @, f, r U y — QYHKIHUH OT IEPEMEHHBIX X,
yut.

[lepBoe u BTOpOE MPOAOIKEHUS, Cy)KaeMble Ha MOBEPXHOCTb
S, IMEIOT BUJI

0
X(l)s =a0, + ﬂsay +750, + 7sa¢ +(00,)s E"'
(x)

0 0 0 0
+(09,)s P (09,)s P on, JJF on, .
) 0 ;

X

0 0 0
Xoy=0ad, +po, +z’8t+7/8¢+5(px£+§(oy£+5¢t%+
Y

t

371€Ch
6p, =D,y -p.D.a-¢,D.p-¢D.z, 2)
6p,=D,;y—¢.D,a-¢,D,-¢D,z, 3)
69, =D,y —p.Da—-o,D,f-pDr, 4)
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9p.. =D.0p, —¢.D.a-¢,D f-¢,Dz, (5)
op,, =D, op, -, D,a-¢,D b-¢,Drz, (6)
on, =D, (fs) - n.D (as) =D, (z), (7
6n, =D, (Bs) —n.D,(as) =D, (zs), (8)
0N =D (01,) = 1. D(s) = 17,.D(75)- )
Cnaraemoe D (f;) uMeeT BUI
D.(Bs)=(D.B)s + (B, )s7., (10)

a"ajornyHo it D (ag) u D, (7g).

D,(6n,)=D,.(Bs)-n.D.(es)—n.D, () -

_ﬂtxDx(TS)_nthx(TS)' (11)
Beenem omnpepensioiine ypaBHEHUS! CUCTEMBbI:
Xy (@ +9,,)], =0, (12)

Xy (11, =@y + @ y1,)|, =0, (13)

A =
Xoys (q)u) +(DF, + D)/ 2+ gn—on,, [ (A+ni)? )‘A =0. (14)
Haiinem oOmwuit Bux kospduuuenroB «, f, ¢ u y UHGUHU-

TE€3UMaJIbHOMN CUMMETPpHUHU X.

2. IlepBoe onpeneJsiioniee ypaBHeHue. Paccmotpum onpeje-
nstoiee ypasHeHue (12), KOTopoe MOcCie MOJACTaHOBKH TMEPBOTO
MPOJIOJKEHUS IPUMET BUJL

(69, +3p,,)|, =0. (15)

Pacniuiiem ciaraeMele JIEBOM 4acTH, BOCIIOIL30BABIINCH BBIPA-
xeHusimu (2, 3, 5, 6), TpUHAB BO BHUMaHUE, YTO Dy =Py
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8¢, =D,6p, -9, D.a-9,D -9, Dt =y, +27,0,+7,0 +
+ VP~ P+, 0,) 9 (@, + 20,0 a0l +,0,)~
0 (B + B, 0) = Py (B + 2B, 0, + B2 + B0 ) — 0 (7, +

H7,0,) = (T + 20,0, + 7,00 + 7,0, )~ (@, +2,0,) -
0y (Be + B,0.) — 0u (7, +7,0,.),
5¢yy = Dyg(py _(/)xyDya - %yDyﬂ_%tDyT =Vt 27/y¢(py +
1 0oy = VP = Py (@, + @, 0,) 0. (@,, + 20,0, +a,,0; -
~, 0. )+ P (B, + B0, =0, (Byy + 28,00, + By = B 0rc)

_wyt (Ty + T¢¢7y) 'z (Tyy + wa)q)y + TW)(DE - Tgo¢xx) - q)xy (ay +
+a¢¢y) TP (ﬂy + ﬁ¢¢y) - ¢yt (Ty + T(ogﬂy )

[IpunsaB neByro dacts ypaBHeHHS (15) Kak MOIWHOM OT Tepe-
MCHHBIX qoxx 2 ¢xy > qoxt ’ q)}/t » IMEEM:

P — 2o, +a,0,)+2(B, +B,p,)=0, (16)
Py A, +a,0,)+2pB.+B,0,)=0, (17)
Pu:  TH7,0 =0, (18)
Pu: T, TP = 0, (19)

1 7y 4270+ 7,00 — (o, + 20,0, +

10, 02) = 0y By + 2B + i) = 9 (T, +
27,0, + T P2) + ¥y + 27,00, + 7 0P —

P (ayy + zayw% + aw(DyZ) ~ 9y (ﬂw + 2ﬂy¢¢y +

+B®,) = (T, + 27,0, +7,,0,) =0. (20)
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N3 ypasuennii (16—19) momyanm

O{X:ﬂy, 0[y=— . a¢=ﬂ§0:0’ Tx:z-y:z-w:o‘

Torma a=a(x,y,t), f=p(xy,t) u t=1(t). llepenumem
BeIpakeHus (2—4):

6¢x = Dx]/ - wxax - ¢yﬂx’ (2*)
5¢y :Dy]/_¢xay _qoyﬂy’ (3*)
69, =D,y —p.a, - ¢yﬂt — DTy (4%)

VYpasuenue (20) npuMeT BUA
Ve T2V coPs + Vgt = Pulle = Py B + 7,y +

) (20%)
+ 27%/)% TV ooy — Py, — (pyﬂyy =0.

3. Bropoe omnpenensiiomee ypaBuenue. [locine moacraHOBKA
MIEPBOTO MPOJIOJDKEHUS BO BTOPOE ompenenstomniee ypasaenue (13)
MOy IHM

[(51)s = (09,)s +(50.)sn, +(9.)s7. |
Pacnumem cnaraemele 07, W O7,, NPUHSAB BO BHUMaHHE

t=(t) un, =g, —@7,:

=0 @D

[B,+ B,(0, —0n.) - an, —an.(o, - n.)-1,(0, - 0.11,) -
~Vy =V Py ¥ A0+ B0, + (Ve 7,0 — P = B, )+
-0,

(B, + B, —an, —a e, |

2
PaCCMOTpI/IM JIEBYIO 9aCTh KaK IOJIMHOM OT IIEPEMEHHBIX 7], U
-

2

nx : ay<0x _ay¢x = 0’
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nx: _at_aywy +Tt(0x +7/x +7/(p¢)x _2ax(0x _ﬁx¢y :0/
1: ﬂt +2ﬂy¢y _Tt¢y _7/y _7¢¢)y +ay¢x +ﬂx¢x :0

Bropoe paBeHCTBO paBHOCHIILHO CHCTEME YPaBHEHUH Ha KO-
(buHEHTBI [0 CTENeHIM @, U @,

o +y,-2a,=0, 9 —a,-p,=0,1: —a,+y,=0,

YTO CBOJHUTCA K

T, +7,=2a, (22)
a, =B, (23)
o, =y,. (24)
AHAJIOTHYHO U3 TPETHETO BBHIPAKEHUS CIEIYyET:
T, +7,=2p,, (25)
b=y, (26)

4. Tpetbe onpenensioulee ypaBHenue. Ilepeiinem k paccMoT-
PEHHIO TPETHETO OMpeAeNsioniero ypapuenus (14):

[(60,)s +0.(50.)s + 0,(5p,)s + 8(51)s +

=0.

Bonn,on,(1+n2y " —o o, +n2) ]|

C yuetom, uT0 7 =Yy U O = [, NOACTABUM BBIPAXKECHHS IS

8¢, , 6p,, 6p,, O, n o,
[(D,y—¢.Da—¢,D,f—¢,D)s +¢,(D,y —¢.D,a—9p,D, f)s +
+¢,(D,y —¢.D,a—¢,D, p)s + §(B)s +30n.1,.(D,(Bs) -
~11,D,(t5) =1,D,(z5)) (1 +77) " =& (D,(n,) =1, D, (as) -

1.D, (e )(L+77) "] =0.
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Tenepp moncraBuM BeIpaxkeHus i ciaraembix D (as),
D.(f), D, (z5) u D,(n,), npuHsB Bo BHUMaHue, 4T0 7 = 7(t):

(7 + 7,90 =00, =9, B, = 97,)s + 0. (1, + 7,0 — 90 =0, B )s +
+0,(v, + 7,90, — 0.2, =@, B,)s + 8(B)s +30n.n..((B.)s +
+(B,)s1, — (@ )sm1. — (@, )s )1+ 1) =5 (D, (Bs) -
=20, )5 = 2@, s 1,11, = Dy (), ) (L2 )2 ]

Bamummem Boipaxenus wist D, () u D, (fs) :

=0.

Dxx (0‘5) = (axx )5 + z(axy )S 77x + (ayy )S 773 + (ay )S nxx/
Dxx(ﬂs) = (ﬁxx)s +2(ﬂxy)577x +(ﬂyy)5nf +(ﬁy)577xx’

U ImoACTaBUM UX B ypaBHeHI/Ie BBIIIIC:

(7 + 7,9 =00, =9, B, = 97,)s + 0.V, + 7,0 — 9.0, =0, B )s +
+0,(v, + 7,9, 0.2, =@, B,)s + 8(B)s +30n.n..((B.)s +
+(B,)s1. = ()51, = (@,)s1 ) A+12) "2 =0 (B )s +2(Byy)sT. +
By )stx +(B,)s e = (@)st =2, )s117 = (@, )51 =

_3(a}/ )5 nxnxx - 2(ar )S nxx ) (1 + 773 )73/2 ]

Beimoaaum IMOACTaHOBKY':

=0.
A

¢ =9 +¢))/2-gy+on, (1+n2)™"*
U OIyCTUM S :
(7= @2+ 07, /2= 8yy, +on.y,(1+02) " — o, ~ 0, B, +

+H@; + )7, [ 2+ gyr, —on, r,(1+m) " + 0.y, +7,0,
-p.a, —p,p)+o,y, +v,0, -0, —¢,p,)+ 8B +30nn,. (B, +

141



[nchbepeHumanbHas reomeTpns MHoroobpasnin duryp

+Bn, —an, —an)1+1.) " —o (B, +2B,1, + B,mi +
+ 10 = 20,00, =Bt 1,10, — 1, = 200,170 — 173 )
) 2\-3/2 _
(L+77)2] =0.

2
PaccmoTpuM 51eByIo 4acTh Kak MOJIMHOM OT @, U ¢ :

2

. 7, /247, /2=, =0, .0 —a,+y, -9, -9pa,=0,
1y, =007, /2= 8yy, +on.y,(1+n) " —p B+ @7, / 2+
+8yt, —on,7,(1+72)" +0,(r, + 7,0, - 90,8,)+ 8B +
+30 1,1, (B + B, =B~ Bl )1+ )" =0 (B +
28,11 = By + Byl = 28,1 + 380000~ Byt +
28,717 + By )(L+77)>2 =0.

W3 nepBoro BeIpak€HUs MOJYyYUM BBIBEICHHOE paHee TOXJIe-
cTBO: 7, +7, =2a,. PaccMOTpUM BTOpOE BBIPOXKCHHE KaK IOJIH-

HOM OT ¢, :
@, P.=-a, 1: a,=y,.
AHaJOrMYHO, PACCMOTPEB TPETHE, MOTYUUM
2. _ . _
Py - 7w+7t_2ﬁy’ Py - ﬂt_yy’

1: y,—-gyy,+on.r,1+n2)°? +gyr, —on,r,1+n])""* +
+8B+30 1,1, (B, = BnD)A+12) > =0 (B + Byt = Byl +

+3ﬂx77x77xx +ﬂ*cx77,\2 +ﬂ¢\y77?)(1+77§)73/2 :0.

3 IMMOCJICAHETO BBIPAKCHU A MMOJTYyYUM
axx = ayy = axy :ﬂxx = ﬂyy :ﬂxy = O’

Tt_j/(p:ﬂy:ax/ yt:_gﬂ_gyﬁy‘
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5. O6mwmii Bua kodpunuentoB o, B, r u y.Paccmorpum
kodpdurment y . Tak kak

Vo +1 =20, =2, 1,-y,=p,=0a,

3HAYUT,

v,=0,/2=p,/2, 7,=3a, /2=3p,/2=3y,.
OueBnaHO, YTO ¥, HE 3aBHCHT OT IIEPEMEHHON ¢, TOr1a
Y=o,y o+ x(%,Y,t)-
Haiinem Bun c,. [lponuddepenumpyem ko3pGuLMeHT ¥ 1o me-
pPEMEHHBIM X, Y, L
7/x:at5(c0)x€0+/’{x’ }/y:ﬂtE(CO)y¢)+Zy’
Vi = _gﬁ_gyﬂy =(co)i @+ 2,

Otkyna (¢y), =(¢o), =(co); =0, a 3maunr ¢, = const :

27)

Y =cp+ x(x,y,1).
Haiinem Bun @ n f. C yuerom, uto a, =2y, =2c¢, , TA€ 1pa-
Basi 4aCTh 3aBUCUT TOJBKO OT IEPEMEHHOU f, o TPUMET BH]
a=cyx+o(y,t).
AmnanoruuHo ans ko unueHTa f:
L=coy+ o(x,t).
[TpuHsB BO BHUMaHKE BUA @ U [, iepenuiieM cuctemy (27):
Ve =X =0 =0y,
v,=x,=B =01,
7= 2 =—4c,8Y — 8O-
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Paccmotpum opmyy
(0,0,) (x,0,8) (x,y,t)
x= f xdt+ I X.dx + _[ X, 4y +const.
(0,0,0) (0,0,t) (x,0,t)

Pacrmmem IIpaByIO 4aCThb:

(0,0,t)
I x,dt +const = ¢(t),
(0,0,0)
(x,0,t) (x,0,t)
I x.dx = I o,dx =x0o,,
(0,0,t) (0,0,t)
(x,y,t) (xyt) .
I x,0y = I oidy =yo:.
(x,0,t) (x,0,)

Toraa hopmyina (28) mpumer BUA

;(=¢+x(7t+yc~7f.

(28)

(29)

Haiinem BUI KO3QQHULIUEHTOB 7, 0 U o. [Mponuddepenum-

pyeM 1o nepeMeHHon f BeIpakeHue (29):

X, =4, +x0, +you =—4c,gy - gO.

PaCCMOTpI/IM JaHHOC€ BBIPAXKCHHUE KaK IIOJMHOM IIO0 IIEPEMCH-

HBIM X U Y :

X O'”=0, y: gtt:_4cog/ 1:¢t=—88,

Tak kak 7 =7(t) u 7, =3y,, 10 7=3c,t+c; . Toraa ¢ yuerom

BuAa K03 dunreHTa ¢ o U O NPUMYT BUA
- 2
o =-2c,8t" +ct+cy,

O =C t+cCs.
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PaccmoTpum K03pPUIeHT @) :
¢ =—-g0 =2c,8°t* —C,8t — 3.
3HaYUT
$=2c,8°t° | 3—c,qt’ /2—c gt +c,.
Tem cambiM KO3pPULUEHTH @, [, ¥ U T TPUHSIA BUA
t=3ct+c,, a=2cyx+c,t+cs,
B =2c,y —2c,8t" +c,t+c,,
y=cop+2c,8°t /3—c,gt" | 2—cygt +c, +c,x — 4 gyt + Y.

IMoncraBuB kodpduumentsl ¢, f, ¥ u ¢ B BolpaxeHue (20),

MOJIy4YUM TOXKACCTBO.

6. Nndunutezumaabuble cummerpun. [loacraBum HaiineH-
HbIe KOOQPUIUEHTH @, [, ¥ U T B BbIpaXCHUE JJISI HUHPHHUTE-

3UMaJIbHOI CUMMETPUH:
X = (2c,x + ¢t +¢5)0x + (2c,y — 2¢,8t” + ot +¢5)0y +
+(Bcyt +¢, )0t + (cop +2¢,8°t /3 —c,gt> /2~
—c, 8t + ¢, +c,x —4c, gyt +c,Y)0.
['pynmumpys Mo KOHCTaHTaM ¢, MOy YHM

X=c, X, +¢, X, +6,X, +¢, X, +¢,X, +c X5 +¢, X,

e
X, =2x0x +(2y —2gt*)oy + 3tot + (p+2¢°t> / 3—4gyt)op,
X, =2, X, =toy+(y - gt* / 2)0p,
X, =0y—gtop, X, =tox+x0p,
X5 =0x, X, =00.
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Finding symmetries for the problem
of water waves with surface tension
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T. Brooke Benjamin and P.J. Olver “Hamiltonian structure, symmet-
ries and conservation laws for water waves” study the behavior of Hamil-

tonian systems with an infinite-dimensional phase space. The methods of
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variational problems and infinite-dimensional differential geometry are
applicable to this problem. A special case of the problem is an abstract
problem of hydrodynamics for an ideal fluid. Its configuration space is
the group of volume-preserving diffeomorphisms of some manifold in

R? or R® filled with fluid. Even more special is the problem of waves
on water. Its non-standard nature is due to the presence of boundary con-
ditions on the free surface. These boundary conditions can be interpreted
in terms of the functional derivatives of the energy integral, which plays
the role of the Hamiltonian. Here we consider in detail the case of this
problem in R’, taking into account surface tension, and find symmetries
for it, which was not considered in detail in the article. Finding symmet-
ries can be achieved without recourse to the Hamiltonian structure of the
given problem.

Keywords: differential equations, symmetries, Hamiltonian structure,
wave problem
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